
lNTEGRATION OF FRACT10Ns

IntegratioⅡ of fracdons

:   ExampIe4 Find∫ i;∶::}d豸
·

Ⅱ   so△ uTION
¤

鬟  When thC powcr on thc numcrator^h皂 hCr than,or cqu缸 to,thc powcr

罗  on the den。 minator,we flrst dhide the numerator by the dcnominator。

:  Hence,we have

雩         ∫:号之扛:d另 ==∫ (1一先)dx
艨

愚                    =艿一号tan l(昔)+c

豇   ExampIe5 Find∫ :钅|∶讠;⒌i⒈:d*·
鼹   sOLuTION

饔  Dhiding,wc obt缸n

詈 销 纠+揣
号   1Γo integrate瓦万1:|:】:T=石,we use

膏          ∫i社;}dx==lnft艿)-卜 c
盂  ldCrived。 n pagc422of rrf'ε JJrc扔gP仍 rc J彳℃r乃g阴砑招θ。

ˉ
  曩   ;￡厶J笞】珲呙:l∶犭l∮:专:t∶:;营⒒∷

nerat° r a rnu1tiplc of the differcntial Of

:   =笼扦丌to:::;÷:J∶;:÷i:亏∫L
笆  Wh妃 h gives

量        ∫1争羊钅:∷:子
d艿 ==∫ (1+Ⅰ歹羊讠⒌昊Γ丌)dx

蓍                    =∫
(1+i挈

f钅;1?∵
+T「
T￡氏T∶丌)d豸

∶                       =∫ 1dx+∫橼 。豸-卜 2∫晶
蠹  ThCrCforc,wc have

量          ∫:钅
|∶÷;∶号⒈:d豸

二=x+:ln(x2+2豸 +4)|卜
丐丐
tan-l(爷
)+c
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CHAPTER 12 FuRTHER INTEGRATl0N

Note When thc denolninator is thc squarc root of a linear,or quadratic,

function,a shnilar rnethod is used,

EXampIe6 Find∫
Ⅰ氵专喾÷圭歹

dx·

sOLVTION

Ignoring thc squarc-root sign,、 ve notc that the dⅨ erential of豸 2-卜 9is2豸 ,

Hcncc,we spⅡ t the integral to obtain

∫(旆 +√x2+9)d艿
which giⅤ cs

√艿2-卜 9-← 3sinh_l(昔
)+c

Thcrefore,we haⅤ e

∫黠 dx=ˇ/J2-卜 9~← 3sinhˉ l(昔)+c

EXampIe7 |ind∫

sOLVTlON

山

Ignoring the square-root sign,wc note that thc df℃ rcntial of豸2+4豸 +9
is2艿 -← 4.Hence,、ve exprcss thc integra1as

∫Ⅰ7砉÷等斋辜T歹
d艿 =:∫

v勹、+4豸 -卜 9dx+∫

=3ˇ/豸2-卜 4x-← 9+2sinh_l(苄
)+f

=3√豸2+4丙 +9+2llnl√′豸2+4抖 9+艿 +⑷ h叫 +c
which givcs

∫Ⅰ7贡昙羊≡亭葶÷F歹
=3~/艿2^卜 4艿 ~← 9+21n(ˇ /豸2-卜 4艿 ~卜 9+x-卜 2)-卜 c′

ExampIe8 Find∫
            d豸

.

sOLVTION

PrOceeding asin Examp1cs4and6,wc obtain

∫i芳台革莒告专号莒吉dx==∫ (i芳台芝莒夸专芎莒吉-卜瓦石万芒言亏亭石
=歹

)d豸

=∫ ˇ/艿2-卜 2x-卜 9d艿 +∫
瓦7亏乒号F釜争石F歹

dx
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EXERCIsE 12^

Taking thc flrst intcgral on thc RHS,wc havc

√
/豸2+2x+9dx=x

√ 艿
2-卜 2艿 -← 9d豸 =:艿 d`2-卜 2艿 -← 9+:∫

           d豸

Hence,wc ob切in

wh妃h giⅤcs

2∫

→∫

wh忆h givcs

Exerc:se12A

∫           d艿 =

=:豸ˇ/艿2+2艿 +9+:~/艿2+2J~卜 9+sinhˉ 1(考
云冫宇)-+c

=√
豸2+2艿 +9r3+豸

)→ ln(卫至千蛋磊平≡互+考亏岩讠+c

∫瓦;钅f号f言∶专÷乌i dx=:(3+艿
)~/艿
2+2x+9-+ln(ˇ /豸2+2苋 +9+豸 -← 1)-卜 c′

1 Find cach of thcsc intcgrals。

a) ∫2艿 (豸
2-←
1)5d兀

d)∫豸2(1— J3)4dx
g) ∫s1nh3豸 GOsh43艿 d豸

b)

e)

h)

‰
 
 油
 
 渊

J
 
 
c
o
s
5
 
 
 

徊

∥
 
 ·咖 
 涵

∫

 
∫

 
∫

c) ∫
f) ∫

豸3(x4-1)7dx

cosh艿 s1nh4艿 d艿
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CHAPTER 12 FURTHER lNTEGRATlON

2 Find cach oft纽 ese intcgrals.

a) ∫excos x d豸          b) ∫exs1112xd苋         c) ∫c2x cos艿 d豸       d) ∫e3x9os5豸 d豸
e) ∫e4艿 cosh2艿 dJ‘      f) ∫eˉ 7艿 sinh3艿 d艿

3 Integratc cach of the fo1lov注 ng with respect to豸 。

⑴击  ⑴氘  Θ捃  ⑴湍
Θ歹笋芒￡|l丁  0揣  ω黠  ⑴
D  D

4⑴∏m∫币膏芒寺万漉
b) HCnce flnd the exact Ⅴaluc of∫∶湍 d艿,giving your answer in the for11△

`-+g冗
,、VhCre

`,g∈

R.  (EDEXCEL)

5 If艿 =5⒍ng~3,show that16-6艿 一豸2=25cos2g.

Hcnce,or othcrwisc,flnd

∫̌/(16~ˉ 6艿一苋2)d艿    t°C⑷
6 D Express

※艿)≡
艿3+3豸2+8艿 +26

in partial fractions of the form

四+击+男
Ⅱ) Hence show that

f※
苈)dx=3+41n2_f;   (ocR)

7Express`=7艿
2+Ⅱ豸+13in partial fractions。

Hcnce show that

f`d艿
=:ln26+号

   (ocR)
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REDVCTION FORMVLAE

Reduction formuIae

Wc nccd rcduction for111ulac tO facⅡ itatc thc integration of functi。 ns whosc
integrals cannOt Othcrwise be found dircctly.

An cxample of a reduction formula is

∫∶s1n″ x dx=丝圬亍⊥∫∶s1n″
-2ˉ
t dx

which cnables us tO convert,for example,厅 sin6x凼 intO=、 sin4·山 ·

∶dJ,and hence to=、 Sin0x dx,which is

We usuaⅡ y obtain a rcduction fOrmula by changing thc forⅡl ofthe intcgrand
into a product which can bc intcgratcd by parts。 But wc Inust eⅩ crcisc

discrctiOn,For examplc,a possiblc product Of∫ sin刀犭dx is∫ 1 ×sin″ x dx·
Bt1tths诫Ⅱ llot bc heohl,Ⅱ∫l山 ^x alld x⊥血

″x^all awkward
d艿

integrand。 Thus,、Ⅴe rnust usc

because

Hence,

∫:S1n″x dJ=∫:s1nJs1n″
_1△
dx

、Ⅴc Can intcgratc sin J easily。

wc have

∫ ∶

Sin J sin刀

ˉ 1x dx== [_cos x sin刀 一 la]∶
-∫

膏

一 cos x× (Jf-1)sin″
-2x cOs)cdJ

=0+⒄ -— 1)∫子Sin刀
一2xc。
s2J dx

=⒄—Df茫‰0瑞θ山
=(刀 -1)(∫

:sin″

~2豸
dx— ∫̄∶sin″x dx)

Wc usuaⅡ y obtain the intcgra1with、 Ⅴhich、Ⅴe startcd as Onc ofthc tcnus on
thc right-hand side.SO,wc takc this intcgral to thc lcft-hand sidc,which gives

r,∫∶sin刀xd.==(J9- 1)∫∶sin刀
-2xd艿

→
 ∫∶s1n刀艿dx=丝污子⊥∫:S1n″

~2△
dx

press this rcduction formula as
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CHAPTER 12 FURTHER INTEGRATION

畿

鼹

翳

鑫

鏊

豳

0
嚷

0

鼹

EXampIe9 Use the reduction

1∶

sIn7艿 d··
sOLVTION

Intiereductionformula几 = (罕
)‰
-2,we put PB=7,which giⅤ es

马=∫
;s1n7豸

d艿 =号∫∶s1n5艿 dx
Using thc formula again with刀 =5,wc obtain

几=营
1∶

⒌n3艿 d艿
wh忆h ghes

马=号×营∫∶⒏n3x dx
Repeating thc proccdurc with P,=3,、 Ⅴe havc

马==÷
;×营×:∫∶s1n艿 d*
=号×萼×:[— cos豸]:
=号×营×:=篑

Hence,we flnd∫子sin7豸 dJ=:⒊

SiⅡⅡlarly,wc can flnd the reduction formula for=、 e口
xcos刀

jλε dˉ△̄,when伢 is not

equal to0.In this casc,the integrand is alrcady a product,and e〃 ×is a tcrm

which can bc rcadⅡy integratcd。 Thcrcfore,we differentiate the terⅡ 1cos刀豸
,

wh忆h ghcs

∫子

e纰cos刀苈 d艿 == [:e弼 cOs’
9艿

l∶

-ˉ

∫子

一

:e粥
刀cos″
-1苋
sin艿 d豸

The ne、v intcgrand is not in the forl11of∫子C曰
yGOs刀
9f,and thercfore、ve lllust

rcpeat the integrauon by parts,、汀hich g1vcs

fC曰

xcos刀
艿凼 = 

陪

卩 cos刀艿

l⒈ 钅;=、
-— C￠
xcos〃 _lx sin豸

dx

=—
:+券 {0— :∫:[-ˉ

(刀 -— 1)C°
ik cos刀 -2x(1

=-ˉ
:-Z⊥ ∫

2[—
(刀 -1)e夕

为
(cos刀

ˉ 2艿
一 cos刀 艿 )-← e刀

丌
cos刀 J]d艿

=—
÷

一

量 ∫子

冫 e咖 cOs″ 豸
一 (刀 -1)e钳 cos″

ˉ 2苋
]dx

for11△ula for∫∶sin″艿d~Y to evaluate

丶

I
>
Ⅰ

丿

JdχocC+χoc_
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REDUCTION FORMuLAE

Hcnce,wc havc

(刀
2→
一 f/2)∫

:e@x cos″

苋 d艿 =-△ →
-刀 (刀 -1)∫

∶

e狃 cos刀
-2另
d豸

EXampIe10 ahwo
h艿deJ

f
2
l
J
o

〓几r

几 ==2″
2̄e:一

晋
‰~1

Hence nnd∫∶丙3e4x dx。
sOLuTIoN

The rcduction for1nula requires that thc power of艿 is rcduced.Thcrcfore,

we differentiatc thc tcrm in觅刀and intcgratc thc tern1e4x,obtaining

∫ ∶

x刀 e4∝ d艿 == 

丨

豸

刀

×

雩 l∶

-⋯

∫ i刀

豸

刀 一 l 
×

雩

d艿

=21苎 ~丢∫∶豸″-1C⒋ d豸
That is,wc havc

几 =2刀
-2e:ˉˉ

晋
几~1

as rcquircd.

To flnd∫∶艿3e绗 d汽 wc Ⅱrst put刀 =3,which gives

∫iJ3e4xd豸 =2c:_:马
Then wc put刀 =2,which givcs

∫∶

豸
3e4xd艿

=2c:_:(C:一
子

r1)=2C:一

号

e:+:rl

Finally,we put刀 =1,wh忆h gives

∫∶豸3C4xd艿 =景 c:+÷ (:e:_÷ j%)

=昙矿+f歹 e:~龛
fe4λ
d艿

=昙 e:+素e:击 H∶
Hence,wc Πnd

fx3e⒋
d兀 =糕 e:一击
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CHAPTER 12 FuRTHER INTEGRATl0N

量   ExampIe11 If几
==∫
|T7言萼:F了

dx,show that几 =(罕
)丿
‰-2·

鼹    sOLuTION

聂 when we∞parate几 into a part to be integrated and a part to be
镫 dfferentiated,we must take accOunt of the following∶
囔

ξ·∫击¨岫·喻咖n山Ⅱ【。-rto be l△ elp趾

曩   
·
 苫;(币歹嘉≡了) =T亏Γ::T子手  This result increases the powCr。

f the

蠹   denominator,and so止 also o unlkely to be hclpftl1.
●

:点
呈 J鞋

罐

咖 咖
击

唧 舳

笋≡歹了
×Ⅸr— l because、Ⅳe can integrate

∶渍T⒅C√雨·
:  So,we haⅤ e

叠         
几 =∫
∶涛
dx=∫
|溃

×豸
刀一ld艿

I   =[√tΓ·T叫一1√tΓ·T⒄丬/气
晕                         =_⒄ -ˉ 1)∫|【兰】i冫÷÷≡i羊LZ∶ d苋

鬈                         =_@-—
1)j|(砉 一

丐鸶鲁≡T)d艿

瑟              =~(刀 -1)(几 一几~D
留

鑫  wh允 h giⅤes

爨       刀几 =⒄ ~1)几 ~2 => 几 ==(竺
亏

卫

)几
一2

益   as rCquircd.

Exercise12B

1 If∫
子

COs刀 x dx=‰ ,prove that刀殇 =(刀 -1)几 ~2,(刀 ) 1).

EⅤaluatc

a)j∶
icos6豸

d丙             b)|∶∶cos7Jd觅
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EXERCIsE 12B

刀

_〓
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⑷
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CHAPTER 12 FuRTHER 【NTEGRAT∶ oN

b)ProⅤe the idcntity

cosh艿 一scch艿 ≡⒍nh豸 tanh艿

Hence eⅤ aluate

∫丨
3(sech x+sinh x tanh艿

)3d豸    (AEB98)

12 Given that几 =∫子艿
刀
c。sxd汔 show that,for刀≥2,
几= (膏

)刀

一刀@-1〕IⅡ~2
Hcncc flnd the area ofthc rcgion enclosed by the curⅤ e y=豸4cos尼 thc艿-axis and thc lincs

豸=0and x=号.  (wJEC)

13 GiⅤen that j‰ ==∫子sin刀 gd⒐ show that,for刀≥2,
鸟=(刀 ^1)几 -2

Hence eⅤ aluate∫子sin5gd9.    (wJEC)
丬4         殇 ==∫

|苋

知C-知 d豸  刀≥ 0

∶}抚详扌〖户盂￡至i叮「
告’刀≥2·

c) I△nd,using the resu1ts of parts a and b,the valuc of砀 in terms of e.

d) Show that thc approxhnate Ⅴalue for r using Shnpson’s rule with thrce cqua11y spaccd

ordinates is

告

(2√z^e~去 +c一告)   (EDExCEL)

15 Considcr j‰ =二
:、

旦
::;箬

旦J,`祧 ere PJis a non-negativc integer。

D"蜘 /钿 ≡恤
∵
蚰
∵
洳 vC tl△e咖 on for岫

几一殇 l=≠

叩血f塄⒑㈧⒁
16 AssuⅡ1ing thc rcduction fOr【mula

∫

tan刀艿d豸 :=厉
士Γ丁
tan刀
-1豸
一

∫

tan刀
~2豸
d豸

where PB≥ 2,Ⅱnd the exact valuc of∫
子

tan5艿 d艿。   OqCCEA)
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EXERCIsE 12B

17 Chven thatj‰ =∫ sec″艿d凡
al show that

(刀 -1)几 =tan J sCc″ 2̄× +(刀 -2)几 ~2  刀≥2

b) HCncC Ⅱnd the exact valuc of∫∶scc3Jd吖 ,giⅤing yOur answcr in terms of natural logarithms
and surds。   (EDEXCEL)

18 Find the value of each of thc constants/,B and C for、 vhich

T亻\F≡湍 +谔塥
Hencc cvaluatc∫

|t了1古丐孑T dx·
Givcn thatェ″==∫∶(1+丌 3)″ d~l,、Ⅴherc刀 is an integer,show that

(3刀 +1)几 =2刀 +3″几~1

H℃“B￡vd咖 1o+09汪 ⑿刈叨
igD r焉 =∫ 仰 ~机 y"汕 ⒄ 厄 =加杠 b ll’hCrc汕 唧 ⒕ 岫 ⒈

⑷ Show搁
1巾
一θ
告d←
尧
.㈧ CE㈤

20 Chvcn thatj‰ =∫
|·

刀
cos冗 X dX forrJ≥ 0,Sho、Ⅴ that

′△+刀 (刀 -1)几 2+刀 =0 for刀 ≥2

Hcncc sho、Ⅴ that

∫|艿

4cOS冗
Xd△ =±m钅

亍
三1   

“DCF。

21 sho、Ⅴ that

击Ⅳ
~I√(16· 2Ⅺ =上爷秆舌≡珲舒÷T属箬雨

Deducc,or prOvc Othcr、 vise,that if

几=f丐
T芷≠⒈t万 dx

thcn,for Ja≥ 2,

刀几=16(刀 -1)几 ~2-2″√t

Hencc nnd the eⅩ act value of J。 ,  (ocR)
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CHAPTER 12 FVRTHER INTEGRAT10N

22 show that

导
田 +向勹=←刀+叩 +勾刀 侧 +垆 l

Thc intcgral丿‰is dCfnned by J1二 =∫
|(1-+r4)″

d矽 .

Show that(4刀 +1)几 =4刀‰~l+2刀 .  (oCR)

23 Let‰ ==∫
|cosh″
豸d豸。

I) By con蚯deⅡng

刂:F(sh· hJ‘ cosh刀
^l艿
)

Or otherw心c,show that

刀几=四3刀 1̄+(刀 -1)几 ~2

whcrc曰 =⒍nh(1)and D=cosh(1).

:D shoW that几 =忑 (2四D3+3四3+3).  (ocR)

24 It is given that

几=∫∶λ(ln J)刀 d艿    (刀≥0)
By cOnsidering茗

;卜

2(ln艿
)刀],or othen碱 sc,show that,for刀 ≥ 1,

几 =:e2—
:刀
几 -1

Hence flnd J3,lcaⅤ ing your answer in teΠ ns of c。   (oCR)

25 For each non-ncgativc integer刀 ,lct j‰ =二∫cos刀 g dg·
D show thatif刀 ≥2,then

刀几=sin g c。酽
—1g+(刀 -1)几 ~2

⑷Show枷 f耐 g dε =竽 ㈧CCE㈤
26        几==∫讠::号|d艿   刀)0, 刀∈Z
a,By considering几 +2一 几 or otherwise,show that

几+2=Ψ +几

b) Hence evaluate∫∶是号f言 d豸9giving your answer in thc for11f1`、 /’ +-g√t,lvhere`and g arc
rational numbeⅡ  to be found。   (EDEXCEL)
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EXERClsE 12B

a
 
 
 
b

72 Writc down the valucs of coshcn2)and sinhlln2)。

For PB≥ 0,thc integral丿 ‰ is givCn by几 =∫
丨

2cosh刀

艿 d艿 .

i)By writing cosh刀艿as cosh″
_l艿
cosh豸,provc that,for刀 ≥≥2,

Ir几 =珲 +⒄ -1)几 ~2

ii)EⅤaluate几 .  (AEB9bl

几=∫∶s1n2″艿d艿   刀∈N28

29

30

b,show m乩 几 =暨 钿 ,刀 ≥⒈

c)Find凡 in ternns of冗 .

嚣:∶骷窍弦宥、当〗r岩;甫Ι萎ζl丿I扌:::⒊ve
cOnstant.

d) Using your answer to part c,or other、 x严ise,Calculate

exactly the area boundcd by this curve.   (EDEXCEL)

a)AssuⅡⅡng the derivatives of sinh g and c。 sh g,prove that

刂:T(tan11g)==scCh2g
卩

J
o
agCnCheoned巧CLb

∫sinJ9∞ cos刀ε dε =-
where阴 ≥ 2。

tanh2rgdg f。r intcgcrs r≥≥0。

sin婀
1̄gc。

s刀
+lg
+钅气孑÷∫s111J9。 -2gc。 s刀 +2gdε

1擀⒒廴丬_乃 =卉⑶∵
i") IICncc prove that

∫丨
2tanh2刀ε dg==ln2_:∶营氵T∑|±习丁(击)'

iˇ) 1Deduce the suln Of the inflnite serics

善西⒈丁(击)r←E:9⑴
Let I9F and刀 be non¨ negative intcgcrs,

i) DCtCrⅡ1ine∫ sin ε cos刀 g dε。
∶D Show that

″+1
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CHAPTER 12 FVRTHER INTEGRATION

iⅡ ) If丿‰,″ ==∫∶sin抑 g cos刀 g dg,sh。 w that

‰″=钅∷舌;‰
Ⅰ̌)浅琵f〖晃氙ult in part i:i and the si1nilar result,
朊刀=豸厅膏钅妩←2

where刀 ≥ 2,show that

∫子
sin6g cos4ε dg==∶

歹ΓΣ    lNICCE护
o

几=∫√(1+艿2)d豸
a)Show tlaat刀 几 =艿

″ l√(1+艿 2)— (刀 -1)几 ~2,刀 ≥ 2.

Thc curⅤ c C has equation

`=√
(1+') `≥

0

Thc flnitc rcgion R is bounded by C,the豸 -axis and thc lincs with cquations x=0and豸 =2。
Thc rcgion R is rotatcd through2冗 radians about the x-axis。

b) Find the volume ofthe soⅡ d so formed,giving your an⒏ 吖cr in tcrms Of7E,surds and natural

logarithms.

An estimate for the vOlumc obtaincd h part b^found u蚯 ng Simpson’ s rtlle with t廴 ree

ordinates。

c) Find the percentage error resulting from using this estimate,giving your answer to three

dcoma1p1accs.  (EDEXCEL)

+d芮,y+ay)

Arc length

Carte⒍ an form

Con蚯der two points,P and Q,on a curⅤ e.P is tⅡe
point(艿 ,`)and Q is thC point(苋 -卜 J豸 ,`-卜 J`).

Let s bc thc lcngth of thc arc fron1a point T,and Js

thc lcngth ofthe arc PQ.

⒏ncc Js^very small,we can appro虹 matc thc arc PQ

to a straight hne.HcnGe,using Pythagoras’ s thcOreⅡ1,

wc havc

Θ艿)2+⑺
`)2=ω

s)2

E)iⅤiding by(a艿 )2,wc。btain

1+(哿
)2=(螽)2
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ARC LENGTH

〓艿mo
△`〓xeVuce

hfocaCh
r
Ι

A
s
 
 
 
 
 
 
 
T
h
 
 
 
 
 

磕
甚

雾

墅

雩
蕙
攮
甑

E)iffcrcntiating with respect to△ ,wc havc

3x2==6丿
睾

dx

Substituting`2=三 二,wc。 btain
3’

χd

F
I
I
J

`
~
幻

 
 

〓

_
_
 
 
 
 
t
h

句
面
 
 
晚c

→ 
 
 
v
e
s
 
 

▲A
r

ghchw

〓

\
丶

丿

/

7
_
4

/
(8

~
9

_
“
~
9

〓
hgnec

v
e
s
 
A
r

ghchw

√砰 山
Putting 14-i扌 E=`and differentiating,wc havc

2庐L=旦 → 里叨dJf=dⅩ
dx  4     3

Substituting thcsc in the original integral and changing thc lnnits t。 cf=2

α1Olll yv=4)and伢 =、。:(fr。Ⅱ1x==1),WC obtain
:`d彻
=

3

:(64-7√
。

[罟

仍31

(芳
)2
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CHAPTER 12 FURTHER INTEGRATION

ParametⅡc form

To obt缸n the parametr忆 form,we dvⅡ c ωθ
2+ω
力
2=ωs`

ris thc parameter,、vhich gives

(智;):+(智;)2=(軎 ;)2

AsJ艿 → 0,叩d thus Jr-→ o,we have

(号管)2+(鲁)2= (号号)2

wh妃h ghes

s==4∫子̌//r2sin2g-+r2c。 s2g da

=4∫子rdg=4[r叫暴二=2冗r

by(氵 r)2,Where

〓
打

~
凼

◇

\
l
Ⅰ

/

锷+
\
丶

`
/佬

熹
爨
爨
鲮

锪
爨
鬈
鬟
覆
鼍
跚

wh允 h gives

s=∫√文2+92dr

wherc艿二=旦∠and,=|:扌
Note Wc usc thc dot notation only when thc indcpendcnt variablc is莎 ,and
mostly whcn r rcprcscnts tkne.Thus,力 usually cxpresscs βpeed and文

acceleration。

EXampIe13 Find the circumfcrcnce of t⒒e circ1e豸 2+y2==r2.

sOLVTION

The paramctric equations for a circlc are艿 ==rcos g,、 ==rsin g。 Thercfore,

、ve havc

Using just that part of the circle in thc Πrst quadrant and then rnultiplying
by4,we obtain

s=∫、/(者;)2+(告 ;)2
We somethnes eⅩpress this as

s==∫∶
π
、∫(号管)2+(:苦)2dg
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ARC LENGTH

Polar form

To obtain the polar form,we consider two points,P and Q,on a curvc which

is cxprcssed in its polar equati。 n.P is thc point(r,g)and Q is the point

←+ar,g+Jg)。

As Jgˉ 0,we can approxi1natc1Γ P to an arc of a Circle
of radius r,and hcncc oflength r(:9a.Als。 ,、1ve Can

apprO虹mate TPQ to a r坨ht-angled trhngle,for wh忆 h,

by Pythagoras’ s theoren△

PQ2=TP2+TQ2

Thus,wc havc

(rδ g)2爿u(Jr)2 == (Js)2

EXviding through by(Jg)2,we obtain

(:告
)2=(:吉)2+r2

Thcrcfore,asJε o0,we haⅤ e

Hencc,thc lcngth ofthc arc of a curve between thc ha1孓 Ⅱncs g=α and g=卩
is given by

/
丨

九
〓s

暨
窭
鳗
爨
鳢

ˇ
∫
孺

dg

ExampIe14 Find the length ofthe arc ofthe curve r==rIc2a bet、 Ⅴeen

g=0and9=卫
.

2

sOLVTION

E)ifferentiating r=四 e2ε with rcspect tO⒍ we haⅤ c

dr==2.e2a

dg

Hencc,thc required arc1ength is given by

=√tε∮∶e2ε dg
=√t砑
[:e2al子

→  s=卫
￡
互(e冗 ~1)
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CHAPTER 12 FURTHER 】NTEGRATlON

Area of a surface of revo1ution

Let/be thc arca ofthe surfacc foIⅡ Icd by

rotating thc curvc y=※ 豸),between thc lines
x==ε and艿 二=3,about the x-axis。

Let the curved surface arca of the strip shown

shaded be J/。

Treat’ ng the strip as being bounded by two

cyⅡnders,we haⅤ e

2”历s≤ J/≤ 2冗0+J,’ JJs

Asa艿 0o,Js~→ 0,so we have

耆
=2冗
`

→ /=∫ 2冗y ds
→ /=∫ 2v睾 d豸

wh妃h ghes

/=∫ 2冗
`

or,in parametric form,

d矽  or /=∫ 2冗
`~/竞

2~卜夕2d矽

EXampIe15 Find thc surface area,'至 ,of thc sphere艿
2-← y2-卜 z2==r2。

sOLVTlON

Thc sphere艿2+y2-← z2==r2is obtained by rotating the
circle J2+y2=r2about the∝ -axis.Hence,we have

d艿

Differentiating豸2+y2=′,We obtain

2艿 +9,,睾 =0

wh妃h ghes

×=∫∶r2冗√
′
r2— x2×√tTl吾山

=∫
∶r2冗
√r2一 艿2ˇ∫

!I:;;I三 d豸 =∫
∶r2冗
rd冗

\
丶

J
/
匆
面

/
f
l
\

=∫ 2冗

`勺

∫1+(号券)2
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EXERClsE 12C

裰

邋

镶

蟊

籀

鑫

蟊

鑫

簸

攮

攥

啜

攮

灞

藩

鼹

皤

汪

●

破

攮

鼯

簸

攮

镶

曝

■

■

■

By syll△l11etry,thc integral froⅡ l觅 =_r to艿 ==r is tWicc the integral from
x=0to x=r.Therefore,we haⅤ e

/=2∫∶2冗rdX== [4冗 r苋 ]∶ =4冗′
Hence,thc surface area of a sphere is4冗 r2.

Using thc parametric form,丙 =rcos乱
`=r sin g,f。

r thc

rotatcd circle,、 ve haⅤ e

/== 
∶~咒
2冗r sin ε~/r2sin2ε -+r2cos2g dg

=2∫∶2冗 r°
zsin g dg=~4冗r2[Cos叫子=4冗r2

Hence,thc surface area of thc sphcrc is4冗 r2。

Exerc:se12C

1 Find the length Of thc arc of艿 3=`2froⅡ 1豸 =0to丌 =3。

2Find thc lcngth of the arc of艿 3=6y2from x=l to艿 =2。

3 Find the l。ngth ofthc arc ofthe parabola苋 =曰
`,`=2伤

矽,betWeen the points(0,0)and(印
2,2唧
” .

4 Find thc lcngth of the arc of the cyclOid苋 =c(莎 +sin θ,y=c(1-ˉ cos θ,bet△vCen the points
r==o and矽 :=冗。

5 Find the length ofthe arc of the catenary'==c cosh(管
),bCtwecn thc pointo where艿

=0and

艿 =f。

6 Find thc arca of the surface generated by rotating about thc豸 -axis cach ofthe foⅡ ov注ng。

a【 Arc Of thC curⅤ e艿 =2莎
3,`=3矽2,between the points whcrc r=0and矽 =4.

b,Arc of the curvc艿 =′,y=2r,bctwccn thc points whcrc莎 =0and矽 =2.
c) Part of the astcroid艿 二=砑 cos3r,`==Ω  sin3r,which is above the艿 -axis.

d,CurⅤ e`=⒌涝,from x=4tO艿 =9。
e,Curve`=cosh豸 ,bctwecn x=0and x=1。
o CurⅤe`=e3x,from豸 =l to兀 =4.

7 Thc diagran△ shows a whccl of radius曰 which ro11sa1ong the

hnc O艿。Thc ccntrc ofthc whcclis()and P is a point flxed

on thc riIn ofthc whcc1.Initia11y P is at O.When CP has

rotatcd through an anglc g,sh。w that the coordinates of

P arc

豸=g(g— ⒍nO `=四 (1— cos O
Hence flnd the length ofthe pat⒒ of P when the wheelrO11s

tllrough onc complctc rcⅤ olution.    (l、丁EAB)
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CHAPTER 12 FVRTHER lNTEGRATl0N

8 a) Find the valucs ofthc constants Ⅱ and B for which

÷芒吖砉≡/+丁∈廴万
b)ThC function fis dcⅡ ned for-1(艿 <1by叉艿)=-1n(1-x2).The graph ofthc curve w⒒ h
cquation`=frⅠ)^shown.

iD ProvC that the length oftlle arc of the curve from J=0to x=昙 跽 ln7一
争   (AE:96)

a)lJsing the deflnitions of the hyperboⅡ c functions cosh尢 and sinh x givcn in thc infor1△ ation

booklet,show that

:)cosh2豸 一 sinh2~Nˉ =1   ii)2cosh2艿 -1==cosh2艿    Ⅱ :)2sinh豸 cosh艿 =“ nh2艿

b) Show that thc lcngth ofthc arc ofthe curvc y=犭 2bctu,een thc Origin and the point(1,l)is

÷(2√5+shh12).(WJEQ
A curve C is give11parametrica11y by

~lˉ =e′cOs矽  '=e矽 sin矽  (0≤ 莎≤冗)
Show thatthc lcngth of C^√,o冗 ~1)。

Show also that in polar coordinates thc cquation of C is严 =cε (0≤ ε≤冗),and hence sketch
〈(∶∶∶I。

Find thc arca ofthe region bounded by C and the x-axis。     (l、TEAB)

A curve is def1ncd parametrica11y by

艿=:庐  y=`-2矽 +4
The points A and B on thc curve are dcflned by r=0and矽 ==l respectively.

i) Find the length ofthe arc AB.

Ⅱ) Show that the area ofthe surface generatcd by one complcte revolution ofthe arc AB abOut

仉
`砥
s厶等⒎ ⑩㈧

10
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EXERClsE 12C

12 The paramctric cquations Of a curve are

J=伤 (矽 一sin莎)  `=ε (1— COs o

wherc四 is a positiⅤ e constant.ShOw that

(孥
)2+(鲁)2==4c2sin2(告

D

The arc of this curve betw/een矽 二=0and矽 ==2冗 is rotated completely about the Jˉ aⅩis.Show
that the area of the surface of revolution formcd is

8冗C2∫∶
冗
[1_c。 s2(告矽)]sin(:Odr

and hcncc Ⅱnd this arca。   (oCR)

13 Thc curve C is dcflncd parametrica11y by

豸=3+er。。s矽 +⒍nθ  `=4+e roosr一 盂no

Find the oxact valuc,in terms of冗 and e,Ofthc lcngth ofthe arc of C f1· om the point where

矽=0to thc point where莎 =告冗。

This arc is rotated about the,f-axis through onc reⅤ olutio11。 Express thc arca of the surface

generatcd as a deⅡ n⒒e integra1.(You arc not required to evaluatc this integral。 )   (oCR)

14 Thc parametric equations of a curve are

兀=3cos ε_cos3g  y=3sin g_sin3g

Sholv that

(括
):斗

-(括
)2==36s1n2ε

Hcnce【 1I△d the length ofthe arc ofthc curve betWeen the points given by g=0and ε=告冗.
(oCR)

15 Thc arc ofthe curve`=e艿 frO11△ thc point whcre`=异 to the point where`=昔 is rotated

througⅡ one revolution about thc x-axis。 Show that the arca,s,of the surface generated is

givcn by

s=2冗∫∶V/r1+丿2)d9
By using thc substitution`==sinh仍 ,show that

s==冗丨{号景+ln(:)l   (oCR)
16 A curⅤe C is deflned parametricaⅡ y by

3           3
艿=2(1+r)^ y=2(1— θΞ

whcrc0≤ 莎≤ 1.Find

i) the length Of([;

")the arca of the surface generated when C is rotated through one rcⅤ
olution about the x-axis。

(oCR)
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CHAPTER 12 FuRTHER INTEGRATION

18

17The curⅤe C始 deflned parametⅡ cdly by the equatons x=昔 r3_r,`=矽 2,Wherc矽

^aparamctcr.

a) ShOw that (:;;)2→ -(鲁
)2==(r2-←

1)2.

b,The arc of C between the points where r=0and矽 =3is denotcd by L。 Deter血ine

i) the length ofj【;

:i) the area of thc surface generatcd、 vhen J乙 is rotatcd through2冗 radians about the艿 -axis.

(AEB98)

The flgurc abovc shows the curvc C、 Ⅳith parametric equatiOns

艿=四 ∞ s3矽  y=ε 蚯n3r 0≤ 矽≤冗

where四 is a positive constant.

Thc curve C is rotatcd through2冗 radians about the豸 -axis.show that the arca of the surface

of rev♀hjOn forlned o12冗
'。
 tEDExcED

The arc ofthc curⅤ e`=x3,beⅡ吒en J=0and x=1,is rotated through2冗 radians abOut the
艿-axis.DetcrⅡ1ine the exact Ⅴalue of thc surface area gcnerated.    。

`EB98)

The curvc C has the paramctric equations

艿=easin g   、==eε cos ε   for0≤ g≤
 号

a) Show that the area s ofthe surfacc gcncrated whcn C is rotated through four right angles

about the艿 -axis is givcn by

s=2√Ξ冗∫子e2ε cos g dε
b)Find the Ⅴaluc of s。   CwJEC)

a,D Using on1y the deΠ nitions cOsh g≡ 告oa+ea)and蚯nh g=告 fc?-eε ),proⅤ e the
identity

∞ sh2ε 一蓝nh2g=1

ii)Deduce a relationship bctween scch‘ 9and tanh‘9。

19
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lmPRoPER lNTEGRALs

b)A curve c has paramctric reprcsentation x==scch g,y==tanh g.

i) Show that (号管)24-(锯)2=sCch2g·
Ii) ThC arc Ofthe curve beⅡ吖ccn the points where g=0and ε==ln7is rotated through one

full turn about the,‘ -axis.Show that the area。 f the surface generated is|;;9T squarc

units.  (AEB9D

钔咖卜oshzr岫扯
The curⅤc C h皮s parametric equations

豸=∞sh2r y=2sinh r o≤ r≤ 2

The curvc(3is rotated through2冗 radians about the艿 -axis。

b) ShoW that the arca s of thc curⅤ ed surface gencratcd is given by

s=8冗∫∶Cosh2矽 s1nh rdr
c)EⅤaluate s to thrce蛙 gniΠcant fIgures。   (EDEXCEL)

Improper integraIs

An improper integral is onc`〃 hich has cither

● a liInit of intcgration Of土 OO,or
● an integrand which is inflnite at One or othcr ofits ⅡⅡ1its of intcgration,or

bc小Ⅳeen thcse l虹 nits。

In thc flrst case,we replace=士 OO with刀 ,say,and then flnd the lhnit ofthe
htegral灬 刀→土∞。When this hmit^Ⅱ mite,the integral caⅡ be found lsee
Example16).When this lhn“ is Ⅱot ⅡⅡite,the intcgral canⅡ ot be found(see
EⅩample17).

In the sccond casc,wc replacc One or other of thc lknits ofintegration、 Ⅳith`,
say,and then fInd thc lⅡnit of the integral as`tcnds to thc Ⅴalue of the lhnit it
has replaced(scc Examplcs18and19)。

譬   ExampIe16 DetcrⅡ 1ine∫F甘;d豸·
■   sOLVTION

瑟 The upper1imit心 ∞,sO we replace it with刀 ,which匪vcs

ξ         ∫Ⅰ嘉dx=,!苎%∫∶甘:d艿
莒       =艹虫卜刳←艹虫←;+1)
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CHAPTER 12 FVRTHER lNTEGRATION

Fxamp∶e17 DeterⅡⅡne∫
:;:d豸
·

sOLVT10N

裰

■

骧

●

蟊

骧

■

艨

镯

瘳

□

簸

攮

礴

爨

鍪

豳

冁

鼹

●

掇

●

●

镏

镶

螽

Ⅱ

蟊

鼹

攮

畲

瘸

¤

■

确

Ⅱ

镄

鼹

蘧

镳

髂

臼

饔

窈

蟊

■

蟊

鼹

●

■

●

■

馥

■

●

翳

As刀 →∞,⊥ → 0∶ wh妃h giⅤes
刀

墚←;+0=1
That1s,we haⅤ e

∫∶甘扌d觅 =1
This shows that the area undcr thc curvc y=嘉 is

J(∶iinitc cvcn though thc boundary is of inflnite length.

,!苎‰∫∶;d攵
舰卜亻
1im Cn刀 一ln1)

which is nOt flnitc since lhn ln刀 is OO.

Thisshowsthatthearcf瓦 J托 r、 =⊥ is n。 t fln9tc

a1th∶ughtiecurⅤ elooksverysilnⅡ ;Ⅰ tOy=甘彡which
has a flnite area。

We have

〓艿d

1
一

艿

∞
 
 
l

r
I
l
J

咖

囱

■

镶

鲺

碾

皤

畿

EXampIe18 DeterⅡ 1ine∫
|T;亏
d豸·

sOLVTION

ms^汕咖r。pCr h℃gr洫nce the洫 grand,¨∶
i∶

}}∶;∶∶,k hⅡ血lvhm
豸=0。 So,we replace the lowcr hmit with`,which giⅤ es

1→
=d豸

=J!%芳÷眚dx
=J曳卜刊:=J曳 @2诩

⒏nce乒玑2√7=0,we纽ave

J!、
(2-2√fD==2

That is,we haⅤe

∫|去 dˉ·̄=2
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IMPRoPER lNTEGRALs

量   ExampIe19 Detρ rⅡ1ine∫∶̌//(夕 ~x)(x— D)·
黛    soLuTIoN
鑫

蕊  At both limits the integrand o inflnite,so we rcplacc the upper hm止 w⒒h

髯   犭岁1∴皆eⅠ∶莒:;丿rll氵皆
ith g and flnd thc hnit ofthe integral as`→曰and

∶     J币币≡箐渍≡万
=土乌;吨 茗̌/

景                =Jt骂乒骂笱

黢

△

_
_
 
 
 
 
 
 

〓

邕  wh妃 h ghes

营 掭钴,·甄屮罅
口

蓄                   =J垫%J!骂 [sin~1旦
L亏芒‰革
至Σ
l∶

量    讹 蚓
尸
[2丝

L亏

∷竺∴扌
二聋
∴l-∵
⒍rf·
丨
2丝⊥
亏|竺∴;二
至立
l}

白

攮

                          +卫晷      =蛀 尸 1一 蚯尸 ← D=罟
2

△

鑫  That。 ,we have

晷       ∫∶
丐 丐
丌 罢 豢 了

≡
万

=冗
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¨
竿

科 2(钊 ,舛 3留
)⋯

3

Hence,the su11△ ofthe areas of a11`饣 rectanglcs‘ inside’ the integral,shown on

Figure A,is

⒄宁+f(伤 +宁)宁 +f(四 +^宁)宁⋯
+f(c+冫 -1l宁)宁

CHApTER 12 FVRTHER lNTEGRATlON

SuⅡlⅡⅡation of series

On pages19⒍ 7of r沈莎rod伢 C切gP叨 r召 MG矽力召r9cc矽招s,We

noted that the dcflr吐 te integral∫∶1【豸)d艿 isanlrea
boundcd by the curve y==ff豸 ),the豸~axis,and the

lines苋 =ε and觅 =D.

Wc arrived at this result by dividing the given area

into a scrics of inflnitcsi1na11y narrow‘ rcctangular’

strips of cqual width,J豸 ,and su11ming thcir areas,

vδ艿:that is,fr艿 )J豸。

If we divide thc interⅤ al四 ≤艿≤D into刀 equal

strips,the,‘ -coordinates of thc strips are

Figure A Figure B
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sVMMATION OF sERlEs

sho、Ⅴn1nAnd the suΠ1of thc areas of al1刀 rectanglcs‘ outsidc’ thc integral,
Figurc B,is

f(c+∵)宁 +《四+2∵)宁 +f(伢 +3罕)宁⋯
+f(日 +冫一刂∵)宁 +⒅∵

Thc actual valuc of the deflnite intcgralis betwccn these two values。 As刀 tends
to infinity,these t、Ⅴo suⅡ 1s tcnd to the samc valuc。

Hence,wc haⅤ e

韦+士 +圭 +嘉 +·  ̈> ∫1嘉 dx
)士 +责 +砉 +圭 +¨

1
~
r
2

∞
∑

~

>

一_ 
 
 
>

山
 
 
1
~
r
2

_̄
`
∞

Γ
臼

∞
 
 
1

r
l
l
J

ecns 1(sCe pagc260),this givcs

加汕=舰阳宁+f0+宁)宁亻(“ +2宁)宁 +···l
which givcs

[     Jflx)dx=艹虫乏蛋
f(曰 +r垒
亏
卫
)垒亏
里

That is,thc intcgral is thc lhnit as刀 tends to inflnity of thc sulll of thc scries

This1nethod may be used to flnd upper and Iower bounds ofintegrals and

ser1es,

COnsⅡ cr,for example,tllc cu§ 汜
`=丁万
·

The arcas of the rectanglcs‘ inside’∫∶亻i dx are
1  1  1  1
22’  32’  42’   52’

  ···

The arcas of the rcctanglcs‘ outsidc’ the intcgral are

1   1   1   1

12’   22’  32’  42’
  ¨·

Thcreforc,wc have
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CHAPTER 12 FuRTHER INTEGRATION

EXampIe20 Prove that

萧<÷ +击 +¨斗赤<钅标
sOLVTION

Since we requirc terms」 ⊥,we take the curⅤ c y=甘扌

Thc flrst two rectanglcs‘ QutsidC’ the c讧rⅤe,areas 
ⅠL and li|}:ˉ∶are show1∶ L in

Figure C.

Ⅵ厂e Could continue in a siInⅡ ar1nanncr untⅡ we obtain

÷+击 +¨斗赤)f÷山

Figure C

Using rectanglcs‘ insidc’ thc curvc,as shown in Figure D,wc obtain

÷+¨斗赤(f0去山
Evaluating both intcgrals,we obtain

f÷
d豸 =卜爿》一击 +责 =萧

∫∶

0;甘

dγ = [一
嘉 l∶
=一
恧:J+亻:=彘

Therefore,wc have

4    1   1 1    91

441<币
+s3+· +̈9O3(丁

灭雨

as rcquircd.

FigⅡre1D
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EXERCIsE 12D

Exercise丬 2D

Find thc value,where it cxists,of cach ofthe fo11o、
'`ing。

1 ∫|甘甘d豸                 2 ∫|甘瞥d劳                 3 ∫∶tΓ1÷Ξ
'ˉ

d艿

4 
∫FⅠ1i;万了

d∝            5 {石 d豸              6 
赏 歹筝

d艿

7 ∫l岛 d豸            : ∫∶ 南 d艿            9 ∫
22瓦

T÷∶Ξ dx
10 |!:tan艿 d豸

the Ⅴaluc of this integra1.    (l、 丁EAB)

Ⅱ⑴腼℃down伍 ev猁uc of舰
赤
。

b)EⅤ aluate

∫Ⅰ(÷—Ξ÷午T)dx
givlng your answer in the form ln庀 ,whcre Ft/is a constant to be detcrn1incd,   (NEAB)

13 a) Find(in terlns of thc constant及 )the li1nitofΨ asx ˉ 1·

⑴ DR岣 d咖 w冱
旆
咖 刨 to tl△ e arca uⅢ叫 咖 呀

南
bctween豸 =0and~tˉ =1.

∫∶∶lt∶∶∶∶
ll,;clude a diagram· You rnay assumc that南 is an incieasing function

⑷ EⅤHu肫C血 ⅡⅢtL=舰
冱 万
Γ午币
·

⑾ 趾 ow t纽at L<z1万
轩 云
(L+嘉 · (MEIJ
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CH^PTER 12 FuRTHER INTEGRATl0N

刂4i)

i:)

Find the exact Ⅴaluc of∫∶Ⅰ1:∶万d艿·

r
J
_
刀

彳
牛
一
刀

ハ
ハ
~
刀

0
彡

~
刀

·
Ι
_
刀

The graph of`=1+艿 ’f°r0≤ 艿≤ 1,0shown in the西 agram togcthcr with刀 rectangl∝ ,

each of width⊥ ,Sh。w that thc tot缸 area of all刀 rcctanglcs^
刀

钅
{亡考
+诧+击⒈̈+:}

State thc liFnit,as刀 一)OO,Of the expression in part∶ i。

By considcring an appropriate graph,nnd the hnit,as刀 ˉ ∞ ,of

爿1畲
+=鹜+1鹜¨
丬
⒅

〓Ⅱ

 
ˇ
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EXERCIsE 12D

15 Provc by induction,or othcrwisc,that

Σ≥r3=÷″
2⒄ +1`

The diagran△ shows a skctch ofthc graph of

`=J3 (0≤
J≤ 1)

Thc arca ofthc rcgion between the curⅤ e and thc

丌-ax`is dhided up into刀 strips,each Of width⊥
,

刀

by lines drawn para11el to the`-axis.Show that

thc arca''.1ofthe rth strip BCDE,shown in the

diagram,satisⅡcs thc incqua1itics

←
亏铲
)3</r<丢

Hcnce show thatthe sum s ofthc arcas of a11卩 o strips satisfles

÷(罕)2<s<÷ (∵)2
Deduce thc valuc of the integral∫

|豸

3dx·
    0Ⅺ EAB)

16 In this qucstion,you1nay assumc thc foⅡ o、Ⅴing thrcc results∶

/)旦苎→0"v→ ∞。
W

oy=旦笋is a decrcasing ftlnctiOn for△ >2
丿f2

C) 
∫

3丌
女
ln x d丌 =至竺I⊥

℃争厍亻
三二凵旦里~ˉ 至

;;|亍i钅卢
⊥
,、ⅤhCre0(<rT<<D and庀 ≠-1.

D脚 阢 b血仇jng v=去 砥 tlle¤呲 h/,show悃 诌 hx→ 0as冖 ⒍

Show that圬
孝
-0as x-∞ 。

⒌ 阳 n why付 :∴

|{∶∶}∶∶∶}∶
∶山 怂an咖 rop∝ h喈 扯,and Cv缸 u狨c脉 h卿 d.

Draw a diagran△ to shO、Ⅴthatz:}丐屑Γ(∫∶÷拓÷dJ,and、Ⅴritc down a silnilar integral J forf2

咖ch芭罟>Ⅰ
Dcduce that thc insnite serics冫

:∶

」号:二 is convcrgcnt,and sho、Ⅴ that
⒊57<之蚤肾(⒊:1 αη

iD

〓Ⅱ
 
 
 
 
v

V)
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13 NumericaI methods

`刁

”c屁 沁 so sP,J夕 〃 r勿￠莎″ s‘钅rcer,￠ d阴 f矿s orc叨 c笏 Jr/rfo刀 .

DAⅤID HUME

So1ution of po1ynoⅡliaI equatioms

bⅠost equations cannot be solved using algebraic procedures which giⅤ e exact

solutions,and so wc haⅤe to turn to numericalrnethods to solVe them.

WhⅡe there are several,distinct numerical rnethods aⅤ aⅡable to usc,thcy a1l
havc Onc propcrty in Col111110n∶ if we repeatedly apply any of the rncthods to a

prob1en1,we wⅡ 1norma11y be able to obtain the solutiOn to any desired degrce

of accuracy。

InitiaⅡy,we need to deterⅡ 1ine an intervalin which the

root1忆 s。 Hence,genera11y,to flnd K艿 )=0,We fInd※α)
and fr卩 ).If thCsC arc of opposite sign,and frx)is
continuous betllzeen α and几 thCn fl豸)=0has a root for
somc艿 sat跽 fying α<x<卩 .

If f(J‘)is not continuous,itrnay be asin thc graph on thc
right,where※ 1)and※ -1)are of oppo蚯 tc蚯gn,and

※x)≠ 0for any value between-1and1.

ExampIe1 Find an approxknate value for the root of

※J)≡ x3+5x-9=0。

sOLVTION

We havc

※1)=1+5-9=-3
fr2)=8+1o-9=9

We know that K苋 )is continuous for1<齐 <2。 Hence,there is a root of

※θ =0for a valuc of艿 bctwccn1and2。

TO flnd thc valuc of thc root Inorc accurately,、 ve could rcpeat this

method,Ⅱ nding fr11),fl1.2),※ 1.3),and so on,noting that the values of

※x)changc sign between1.3and1.4,and thcn inding※ 1.31),fl1.32),
etc.

The1nethod used in Examplc1is tiInc-consuFning,although with a sensiblc

choice of values of x it can bc rcasOnably effective in nnding a s。lution

Ⅵ注thout too1nany unnecessary calculations。

口

钮

蟊

爨

Ⅱ

癍

攮

翳

踊

囤

璩

礴

谡

曝

镏

畿

曰

¤

■

豳

巍

疆

蟊

霰

鼹

裰

蟊

扭
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soLuTlON oF POLVNoⅢ IAL EQuATIONs

The proccdurcs which are normaⅡy used to solvc polynoⅡ 1ial equations such as
thatin Example1are intervaI bisecJon,Ⅱ near interpoI岔 tioⅡ ,the Newton-
Raphson IⅡethod,and iteratioⅡ .

Interval bisection

As the namc suggc“ s,if we know that there^a root of ftⅩ )=0between豸 =α

and觅 =卩,we try艿 =(α
+卩).The蚯gn of※艿)determines which⒍ de of

@+卩) the root lies.
2

The Inethod is repeated untⅡ  we obtain thc same answzer to the degree of

accuracy required.

瑟  ExampIe2Find,by血 terⅤal boedon,an appro虹 mate value for the root

蠢  of fr玢 ≡豸
3+5x-9=0,corr。 d to two⒍ gnifIcant flgures.

鑫    s°LuTION

爨     fr1)=1+5-9=-3

璺     fl2)=8+10-9=9

饔 Theref。 re,the roOt lics between艿 =1and艿 =2。

矍  We now put x=1.5,which gives
0

瑟       fl1.Sl=1.875

霭  wC note that※ 1.5)and ft1)arC of oppo⒍ te sign。 Thercfore,thc root Ⅱes
腰 bctween艿 =1and△ =⒈ 5.

:  wec。 ntinue to bocct thc interv扯 in wh忆h wc knOw thc rootlies,until we
嵬  obt缸n the requ△ed accuracy.Hence,we have the following resul“ .

镏

蠹     ※⒈25)=-0.796875
愚         ※1·25)and fl1.5)of oppo⒍ te sign∶ root betwecn艿 =1.25and1.5

毒          繁l∶ ::;∶ⅡJ%“:f;;:F:pp。 site sign∶ root bctlvecn艿二=1,25and1.375
蠢     叉⒈3125)=-0.17651367
爨     ※1.3125)and※⒈375)of opposite⒍ gn∶ root betwccn豸 =⒈ 3125and1.375

∶       ※1· 3437匀 =0.1451l1
爨         fr1.34375)and fr1.3125)of oppos“ e sign∶ root betwccn豸 =1.3125and1.34375

鼷  Only n。 w arc we able to“ ate that the solution of K艿 )=0。 1.3to two
蠹   signiflcant flgures.

Intcrval bisection is a very long and gencra11y slow method.Also,it faⅡ s if the
graph ofJ:}(豸)is not continuous oⅤ er thc interval in qucstion,as in the casc of

thc graph Of ft艿 ):=觅 +⊥ on page268。
豸

(The actual value of the solution is1.329744122to ten signifIcant Ⅱgures。 )
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CHAPTER 13 NVⅢ ERlCAL METHODs

I丿inear interpolatioⅡ

A more eⅢ cicnt method of progrcssing from※ 1)= 3and fl2)=9。 to
dcducc that thc root of R∝ )≡ 豸3+5豸 -9=0is likely to be much ncarer to1
than to2,⒍ncc|fl2) >|R1)卜

This intuitivc approach is formaliscd in Ⅱnear iⅡ terpolation,、 vherc the two

points(1,-3)and(2,9)arejoined by a straight hne and the艿 -value of the

point on this1ine is caIcuIated.

Using sknilar triangles,w“ h the root at豸 :=1+`b
wc havc

弩=⊥亏红 → `l≡去
Thercforc,a better approxhnation to thc root of

fr艿)=o^1.25,which giⅤ es

※1.25)=-0.796875

Hence,thc root is bctvl,ecn1.25and2。

Using shnⅡar triang1cs again,we have

F,2  ~0.75_`2
0.796875      9

=> 9.79687笾
`2=0·

75× 0.796875

→  f’2=0· 061004784

Thercfore,the second approxhnation to the root of

fl苋)=0is1.311004784,which gives

fl1311004784)=-0.191708181

Hencc,the root is betwcen1.311004784and2.

C0191708181
Rcpcating thc procedure。 gain(see flgure above),w。 obtain

p3 ~0.688995216-`3
0.191708181          9

=》   9.191708181`3==0.688995216× 0.191708181

→  `3≡ 0.014370127

1   C/96:75

0688995216— J,l
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s0LUTl0N 0F POLΥ N0MIAL EQUATIONs

Thcrcfore,the third approxhnajon to thc root is1,325374912,which giⅤ es

ft1325374912)=-0,044947145

Hcnce,thc root is bcⅡ Ⅳccn1.325374912and2.

0044947145

Repeating the procedurc yct again(see flgure abovc),we Obtain

`4
~0,674625088_f,4

0.044947145          9

=>  9.044947145`4==0.674625088× 0.044947145

=>  `4=0· 003352421099

TherefOrc,thc fourth apprOxhnation1.328727333is to the root

Both thc fourth and third approⅩ hnations arc1.33corrcct to t、 vo deCiInal

places TO chcck that this is the correct ans、 Ⅴcr tO two dcCknal places,we find

ft1,335)∶

fl1.330=0,05427

wh妃h has thc oppositc sign to fr1.326),

Hencc,thc root is 1,33correct to t、 Ⅴo dcCimal placcs。

丿⒋lthOugh lincar intcrpo1ation is rnuch quicker than intcrval biscction,it sti11

docs not takc into accOunt the shapc ofthc graph Of fl∶ 9(;)bCtv△’ecn thc starting
points

The proccdurc which does is thc Ncllton~Raphson1ncthod。

Newton-Raphson1nethod

If α is an approxirnatc valuc fOr the rOot of

flx)=0,thCn α-flal、 gcncrally a bettcr

apprOx虹nation

Considcr the graph of`=Rx)DraW the
tangent at P,、 vherc豸 =α,and lct thc
tangcnt rneet thc· (-axis at T

、

`、

厂e scc that the,f-valuc at T is closcr than

α is to the x-valuc at N,、 vhcrc thc graph

cuts thc axis。

0674625088—
`4
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