
CHAPTER 10 HΥ PERBOLlC FUNCTIONs

Exercise10B

We can express this rcsult as

护n(苄√Ι≡:ΙEη牝
wh忆h ghes

∫            d艿 =:ln(勺/(x-1)2-5+艿一
=:ln(§

`2-2艿
-4+豸 -1

`
l
丿

'
 
+

1
 
 
 
) —

:ln√
t+c

C

日 E冫 ifferentiate cach Of the fo11owing with rcspcct tO x.

a) sinh~15豸

e)sinhˉ
1艿2

b) coshˉ
13x

f) sechˉ
1艿

c)蛀 nhˉ
I√Ξ豸

g) COthˉ
1x

d) COsh_l导 x

∫I7=詈芊
=丐
亏

∫瓦7了告÷÷∶万歹

of羔

o1

2 Find cach ofthe foⅡ ov注ng intcgrals.

3 Eva1uatc caCh of the fo11oⅥ 注ng dcflnitc intcgra1s,giving the cxact Ⅴaluc of your answcr。

㈤∫嵩
⑴∫诜
ω∫揣

㈤1冉
⑷f羔

刨f揣

⑴∫瓦7i号÷÷T歹
Θ∫磊
⑴∫揣

⑴f冉
硕滏

⑴f羔
⑶f

4 EⅤaluatc eacll of thc fOl1ov注 ng integra1s,giⅤ ing your answzer in tcrms oflogarithms.

Θ茗

‖T石雨訾岢T≡
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10

ng your anm吖 er as a single logarithm.

(EDEXCEL)

a,ShoW that⒍nh l豸 =ln(F+√
′艿2+1).

帅洫眦11 ·σⅢQ
a) Find∫艿sech2Jd豸。
b)Find thC gcncral solution of the differential cquation

cosh x旦∠_`⒍nll艿 =.

匪ving your answcrin the form y=fr艿
)。   (EDEXCEL)

4艿
2+4x+5≡

o艿 +02+r
a) I△nd thC Ⅴalucs of the constants`,~r and r.

b) Hence,or otherⅥ砬se,Ⅱ nd∫
亏≡7Γ丐∫;顶∶T∶歹

d艿·

c) Show that

∫             d艿 ==ln[(2苋 -卜 1)+~/(4x2-← 4x-← 5丬 +庀

where Ft/is an arb⒒ rary constant。   (EDEXCEL)

a,Show th扯 sinh lJ=1n(x+√
′
1+x勹。

b) Evaluatc∫
i、/`艿2~← 6豸 +10’

giving your answcr cOrrcct to four decimal places。     fWJEC)

a,EⅩpress4x2+4x+26in the form O艿 +g)2+r,wherc`,g and r arc constants.

b)IHence dctcΠuinc∫
v/t4x2爿卜4苋 -u26)d艿

·   (EDEXCEL)

i)Find Z,B and C such that

(NICCEA)

EXERCIsE 10B

3艿
2+24J+23≡ /(x+B`+C

Ⅱ)Show that

∫丐丐歹歹苄夸箐丁军甬百
:=钅

告
COsh-1(呷

)+c

12EⅩprcss艿2-6J+8in the form(x_`)2— g2,for positive integcrs`and rF.

血agoauanfomCnCwnauοygnvg

卢

丨

J
4

eauaveecneΗ
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CHAPTER 10 HVPERBOLIC FuNCTIoNs

13al Simplify(ex+Cx)2— leJ_ex)2and hence deduce that cOsh2豸 一 蚯nh2艿 =1.

b)Given that y=arsinh凡 show that望⒓=湍 .

c)Find∫ arsinh x d豸 .   (EDEXCEL)

彐4 A curⅤe has equation`=艿 sinhˉ
1x。

D Show that

d2y~ 2+豸 2

dx2  (1+艿2)号

ii)DCducc that the curⅤ e has no point ofinflexion.   lOCR)

刂5 Starting from the defInition of cosh in terms of exponcntials,show that

∞sh—△=h[为 +√←2-1)]

ShOw that

f汕山=:<罅)⒅
16 GiⅤen that y=tanhˉ

1圪
dcrive the res哏lt{;÷ =宀。

[No credit wi11bc gi、
`cn for merely quoting the result f1ˉ

om the L打 r‘!`rFε r卩?饣叨J'zc.]

shoW that∫∶tanh~12艿 dⅩ =言 ln孚昏   (oCR)
彐7i) Let豸 ==sinh叨。By flrst cxprcssing豸 in ter1⒒ s of expOnenuals,sh。w that

sinh1艿 =ln[艿 +√(艿
2+1)]

ii) By using an appropriate substitution,show that

∫丐π万|「万万d豸 ==s1nh_l(芳
)+c

where c and c arc cOn虬 an“ (曰 >0).

iiD Evaluatc

∫∶Ⅰ7T歹Ⅰ;·T=丌T dx

giⅤing your answer in terms of a natural logarithm。     “)CR)

18 a) State the Ⅴalues of x for which cosh~l艿 is deⅡ ned,

b)A curve C is deⅡ ned for these values° f x by the equation y=~△ -̄ˉ coshˉ
1x.

i) Show that C hasjust onc stationary point.

ii) Evaluate`at the stationary point,giving your answer in the forn1p_ln%wherc`and

~r are numbers to be deteΠnined.   (NEAB)
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19

EXERCIsE 10B

a) Using the substitutiOn笏 ==cx,f1nd∫ scCh艿 d艿·
b)SkCtch the curve with cqua住 on y==scch艿 .

Thc flnitc region R is boundcd by the curvc with equatiOn y==scch圪 the1ines艿 =2,艿 =-2
and the,‘ -axis.

c) 1Jsing your result froⅡ l part a,flnd thc area of丿 t,giving your answer to three deci1nal

places.  (EDEXCEL)

1
The diagran△ shows the curⅤ e with equation`=

(x2+4沪
·

The flnitc rcgion boundcd by the curve,thc豸 -aⅩis,the`-aⅩ is and the line觅 :=4is rotated

through onc ftl11turn about thc豸-axis to forⅡ1a solid of revo1ution。

Use integration to deternjne thc volume of this sohd,giving your answer in terms of冗 and a
natura11ogarithm。   (AEB98)

a)1Jse the deflniuOn of c。 th艿 in terms of cxponential functions to provc that

arcoth艿 =:ln(=)

T∶ⅠJ;ll;∶1:扌Fedbyft艿

)=arcoth(昔
),艿

2)9·

c)Find f′ (艿).

d) EⅩpand fr艿 )in a series of ascending powers of∶
;as far as the term in亏 ;Γ

 anq state thc

coefflcient Of苋
2刀 +1.

e) HCncC,or otheb耐 sc,deriⅤ c thc eⅩ pansion of9~豸
2in a series Of ascending powers of÷ as

far as tl△c tcrm in⊥ and吼乩e the coeⅢ cicnt of∶
万

。 @DExcE°
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CHAPTER 10 HΥ PERB0LIC FVNCTlONs

Starting from the deⅡ nitions of sinh x and cOsh豸 in tcr1ns of exponcntials,show that for

|x|(1,

artanh x=:ln(÷〈⒈劳)
a) Expand artanh,饣 as a scries in ascending powcrs of,‘ ,as far as the ter1m in,‘

5and state the

coeⅢcient of x2″ +l in this eⅩpansion。

b) sOlve the equation

3sech2豸 +4tanh豸 +1=0

giving any anp汀 ers in terms of natural logarithms。

c) sketch thc grap纽 of y=artanh艿 and cψaluatc thc area Of the flnite region bounded by thc

curve w⒒ h cquaton`=artanh苋 and thc Ⅱncs艿 =告 and`=0·   (EDEXCEL)

a)1JsC integration by parts to show

∫x2cosh x d艿 ==豸
2s1nh艿 ~ˉ 2艿 cosh艿 -← 2s1nh豸 +c

b) ConsidCr the twO curⅤ es whose equations are

乃 =sinh x  y2=2_cosh艿

and which are shown in the fIgure on the right。

∶)  show that they cross at the point(logc2,导 )。

ii) Find the area boundcd by thcJ'-axis,thc

Curvc`1and thc curvc`⒉

Ⅱi) ThC area boundcd by thcJ`-aⅩ is,the1ine

`=昙
and thC curvc`1is rotated about thc

J′
-axis to forln a so1id of reⅤ o1ution.Show y2=2-cosh艿

that its cxact vOlumc is

毋m岵刁2-1Ob&2+刨

卜
阢 獭 m Ofrcv濒m跏 咖 麻 ⒅ 峋 冗

卜

2叫 N⑼

‘1Doub1e■angIe’ formuIae

To integrate cosh2豸 an0sinh2x,we must express each in a form which cOnt疝 ns

cosh2J,in a sknilar1nanner to integrating cos2豸 ahd sin2豸 (see rrF莎 ro歹伢C扔g

P笏r召 Mα r屁召rPG砑 ″fs,pagcs451-2)。

To obtain thc idcnt此 y rclating cosh2豸 tO cOsh2艿 ,We haⅤe

cosh2艿 =:(ch-← C-⒉ )==:[(e丌
~← e_o2-2]

=:[4COsh2豸 -2]

wh妃h ghes

轰       GQsh2豸
=2cosh2x-1
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‘DoVBLEˉ ANGLE’  FoRMuLAE

To Obtain the idcntity relajng cOsh2J to sinh2x,we take

cosh2x=2cosh2x~1

and1nakc the substitution cosh2豸 ==1-+sinh2豸 to obtain

cosh2λ =2(1+sinh2丌 )-1
、Ⅴhich gives

¤       COsh2x==2sinh2J+1

S虹nⅡarly,we have

sinh2x=:(ch— e~2x)二 =∶
;(Cλ

C̄_x)(C·
ic-+C-D

which givcs

E      s1nh2· ==2s1nh J cosh x

Hencc,wc sec that∫ cosh2曰x dx is givcn by

∫cosh2f/x dx=∫ :(cosh2r/丌
+1)dx

which gives

[       ∫cOsh%J dx=甘:s1nh2cx+昔
+c

ExampIe14 LTsing the subs伍 tu伍 on x=3sinh Fr,flnd the value Of

E)iffercntiating the

dx

dfr

substitution x=3sinh rr,wc obtain

3cosh Ir

d豸 = 3cosh Jf dEr→  α豸 ==5Cosh Jf dEr

Substituting for x and for d△ in∫ /̌9+x2d凡 、vc havc

=∫ 9cosh2ff drr

=:∫ (cosh2仍 -← 1)d〃

=:(:s1nh2仍爿卜J/)+c
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CHAPTER 10 HYPERBOLIC FVNCTI0Ns

Thercfore,wc havc

Using sinh2叨 ==2sinh cJ cosh aJ,we obtain

∫̌/9-卜艿2d艿 =:sinh叨 cosh笏 +:仍 +c

As thc question inⅤolvcs an intcgral in tcrms of∶ ,(,,thC answcr rnust be

given in terms of犭 .

Lrsinε  c。 sh仍 =√
/sinh2JJ+1and sinh仍

=昔,wC obtain

∫~/9+艿2dx=

I
翳

攮

麟

豳

鑫

蠡

■

¤

礓

裰

涵

■

●

■

●

●

●

¤

蠹

皤

镫

■

●

Ⅱ

缛

鼹

酃

●

蟊

■

●

蟊 ∫v/9+豸2dx=羞√5歹 -卜 9+:1n(ˇ /5歹 +9+豸
)+c′

l
_
刊

〓ε0〓夕

Power senes

On pagc177,wc used bΙ aC1aurin’ s serics to flnd thc powcr scrics for sin豸 and

Cos X.

In a sknilar way,wc can Ⅱnd the power serics for sinh豸 and cosh艿 。

Power series for sinh男

Lct⒍ nh艿 =ε 0+日 1豸 +日 2豸
2+伤

3X3+。 ¨ ,where thc ε
’
s arc constants,

When艿 ==0,sinh0==ε0.But sinh0==0,thcrcfore c0==0.

Differenthting蚯 nh∝ =c0+四 l艿 +c2X2+ε 3豸
3+.¨

,We obt缸 n

cosh艿 =ε1+2ε 2豸 +3围 3豸
2+4ε

4艿
3+。 ¨

When x=0,cosh0==q。 But cosh0=1,therefore四 l=1。

EXfferentiating again,we obtain

sinh豸 =2c2+3× 2c3觅 +4× 3c4豸
2+5×

4ε5艿
3+.¨

Whcn艿 =0,⒍nh0=2四2 →  四2=0。

E、fferentiating yet again,we obtain

cosh艿 =3× 2免 -← 4× 3× 2c4豸 -← 5× 4× 3曰 5艿
2+.¨

l
When艿 ==0,cos廴 0==3× 2ε3 => 曰3ˉˉ

3!

Repeating thC differcntiauon,we。 btain

ε4~0 纰 ==击
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Power series for coshjr

Wc can usc thc procedurc for sinhJr to flnd the po、 Ⅴcr scries for cosh J。

Howcver,it is1nuch casicr to start f1ˉ om thc cxpansion for sinh x,Hcnce,、 vc
havc

cosh犭 =击血hJ=击
lR·

+击
'+击

垆+贵 /+· D
which givcs

臬      cosh x=1+击
J2+六 豸

4+击
x6+· ¨

By d’ Alcmbert’ s ratio rest,this scrics is cOnⅤ ergcnt fOr a11rcal x.

Osborn’s ruIe

Taking thc powcr serics f0r cosi苋 ,we have

岫艿=I击σ+击d¨
=1+击

`+去
/¨

、Ⅴhich is thc powcr serics for cOsh J.Hcncc,wc havc

鳜        Cos1X三
≡Cosh X

For s1n1x,we have

蚰h=⑴ 击σ+击σ¨

=i← +替 +蔷⒈D
、vhich is the pO、 vcr scrics for isinh x,Hcnce,we havc

躞 蚰x≡ 内血x

Since cOs2g~+sin2g≡ 1f。r any angle⒏ wc know that

cos2iJ+⒍ n2i△ ≡ 1

wh忆h ghcs

cosh2豸 +c sinhx)2≡ 1
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CHAPTER 10 HYPERB0LIC FUNCTIONs

T⒒ercforc,we have

cOsh2豸 一 sinh2艿 ≡ 1

The twO idcntitics

cos2ε +蛀n2ε ≡ 1 and cOsh2x_“ nh2苋 ≡ 1

are typical of the shnⅡ arity bctw/een the standard Ordinary trigonometric

identitics and the standard hyperbohc identitics(see pages191-2)。 Osborn’ s

rulc giⅤes guidancc On the sknilarity bctween such identities based on sin i兀

being cquiⅤ alcnt to isinh丌 .

Osboin’ s rulc statcs that to change a standard Ordinary trigonomctric idcntity

into the equiva1ent standard hypcrboⅡ c identity,change the sigⅡ  of the tcrm

which is the product of twO sines,aⅡd subsJtute the correspoⅡ diⅡg hyperboⅡc

funcdons.

Thus,for example,

cos2豸 ≡ 1-2sin2艿  gives cosh2豸 ≡ 1+2sinh2艿

Whcn applying the rule to1+忱 n2艿 =sec2豸 ,we trCat tan2豸 as业 。Hcnce,

thc cquiⅤ alcnt hypcrbohc idcntity is

1_tanh2x≡ sech2x

Exercise10C

1 Expand each ofthc fo11o、 ving expressions up to and inc1uding the tcrm in豸
4.

a)cosh2觅 b) sinh3x

c,(1+艿)COsh5艿   dl(1+2豸)蓝nh6艿

2 By means of the substitution豸 ==3cosh乳 fInd∫、//豸2-9d豸·
3 Using thc substitution豸 ==4sinh ε,flnd∫ /̌/16+x2d*.

5 Find∫ ~/′苋2-ˉ 25d豸。
7 Find∫

i劳台革÷夸;d艿·
4 Find∫

6∏们∫砉 缸

LTse the substitution艿 ==2sinh叨 to f1nd∫ ˇ
/(艿

2-卜
4)d艿 .   (oCI辶 )

tJse thc deflnition cOsh豸 =告 (铲 →-e-o tO prove that

∞sl△ /+cosh B=2cosh告 ⒄+③ ∞曲告(/— Bl

For刀 冫≥0,thc function P刀 is dCined by

P″(x)=1— (刀 +1)cosh刀 x+刀 cosh(刀 +l)艿

D Evaluate P0(艿 )。

25+艿2d豸
.
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EXERCIsE 1oC

Sho、Ⅴ that

Pr(x)— P'~1(x)∶

whcrc r≥ 1.

Hcncc,or othcr、Ⅴisc,Ⅱnd

PrOvc that

=2r cosh rx(cOSh x-1)

ΣErcoshr.fOr x≠ 0,

″=l

√16'+91+c

(NEAB)

10i)

∶i)

蚯nh IlOgc(Ⅰ +v/△ 2+1)l

sho、Ⅴ that

∫I7了言÷圣茸F歹
=丌 IogC I4x+

":)ShoW that

击(x√
/16x2+⑵ ≡2

iv【 HCnce shOw that

∫|√
/16x2+9dJr

lOgc3

13 a)ThC locus of a pOint(x,`)dCflned by thc

parametric equations

J=COSh V

`=s1nh v
tOgethcr w⒒ h the point P at which v=“

,

where rr>0,is shown in the flgurc,

i) ShO、Ⅴ that thc area bounded by thc

CurVe丿尖P,thc Ordinate1ine PN and
thc x-axis is given by

∫丨s11· h2vdv

ii) Sho、Ⅴ thatthe arca bOundcd by thc curve AP,

9
_
8

+

5
~
2

〓

√
′I6J2+9

(NICCEA)

11 i) ShoW that

∫I7了言兰÷亏∶了
d艿 =万

∫
sin2ε dg

:i)If g(x)iS a c。ntinuOus ftlnction,shOw that

12 Find thc gcncral solution of thc di浞 ercntial cquatiOn

(蚰h△):劳 +(2cosh犭)y=蚰 hJ fNEAo

J2揣血=:f驴吒叫扬N⒁

215
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CHApTER 10 HΥ PERBOLIC FUNCTIONs

b)Sketch the curvc deflned by豸 ==cos g,、 ==sin g.

If the co-ordinates of P′ arc(cos彳’,sin勺9),shade a regi。 n whose arca is告 勺;.Clomment on

thc shnⅡ a⒒ues betwccn the ftgure on page215and your sketch.  (NICCEA)

Diffcrcnuatcˇ /(苋2-1).

Show that

fcosh-l豸
d攵 ==rJ ln2+3

where ε and D arc rational numbcrs to bc deter1nincd.    lNEAB)

Thc diagraⅡ 1on the right shows a region丿 R in thc x=`p1anc

bounded by the curve y==sinh豸 ,the Ⅹ-axis and the line AB

which is pcrpendiGu1ar to the,‘ -axis.

a)Ghen th狨 AB=营,show th狨 OB=h3.
b, O Show that

15

i扌

c) ∶)

佬
2+1

cosh(1I1五σ)=  2庀

Show that the arca of the rcgion丿 t is号 .

Show that

f3勰础=扣血⒄助ln9l

Hence flnd,correct to three signiflcant flgures,t五 e Ⅴolumc swept out when thc rcgion R

is rotatcd through an angle Of2冗 radians about the x-axis。     oⅪEAB)

16a,Given that仍 =告 (ey_Cy),provC that`=h(仍 +√ (叨
2+1)).

b) Using the substitution艿 ==sinh a,sh。 w that

∫揣
缸 =:M+沟 刊 x+昶 +砌 +尼

where庀 is an arbitrary constant.  (EDEXCEL)

17 The diagram shows a sketch ofthe curve deflned

by thc paramctric cquau。 ns

J=蚯nhr y=cosh矽  矽≥ 0

togcther with the tangent to the curve at the point P

(⒍nh`,coshf,).The curve Fneets the J`-axis at the

point Q and thC tangent at P1meets the J`-axis at

the poht R.

a) show that the equation of the tangent to the

curⅤ c at P is

`cosh`一
艿“nh`=1

bl Given that R o the pont⑩ ,告 ),show that

`=ln⑿
+√勿
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EXERCIsE 1oC

c,ShOW that thc area/(shown shadcd in thc diagram)bOundcd by QR,RP and the arc PQ必
givcn by

/=∫∶cosh2rdr一至￥亘
d)HCnce flnd thc valuc of'in the forln

夕ln@+√臼 +3√t

where四 and D are rational numbers to be dcter1△ incd,  (NEAB)

18 a)Use thc po、 vcr serics for sin x to show that,for smaⅡ valucs of x,

⒍n3J≈ x3←一苦+击)3

b) HencC,or otherwise,flnd the constants‘ 7,:),c in thc approxknation

sin3x≈ “ 3+Dx5+cx7

c) Find a si1nⅡ ar approxhnation for艿 2sinh x for sma11values of觅

dJ Show that

l曳
垫 垫

十
垫 止 E=: (NEA。
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11Conics

T/l夕 r伤刀 c× 佗 刀s氵 V召 r乃召oψ 刃 勹 乃召 co历 ‘s″ 饣so3彻 沏 召

'沁

召rog仞 召刀rr召s莎

`昭

o刀

`莎

o莎乃e3rf〃 沏 刀c召

犭 Zrc乃 Jr99“拒s硼歹却 ε

'勿

刀砌⒊

JEREMYJ GRKY

Generating conics

If we takc a sohd,right circular cone and,in any dircction,cut a plane sectioη

through it,we obtain a curⅤ e、〃hich is a rncmber Of the class Of curves knOwn

as conics or conic sections。

It fo11ows that the shape ofthc0urve so Obtaincd is deterFylincd by the

direction in which wc lllake thc cut∶ that is,on the incⅡ nation,ε ,of the plane

scction to thc aⅩis,as the flgure belOw shows.

Hence,with the cOnc standing On a horizOntal planc,if wc cut in a direction

para11el to thc slant height ofthe conc,whcreby g=α ,wc。 btain a parabola

If、Ⅴc cut in a dircGtion for which Or<e<号 ,wC obtain an eⅡ upse。

If、Ⅴe cut in a direction,not through thc vcrtcⅩ ,foF which g(α,we obtain a
hyperbola。

If、ve cut horizOntally through thc cone (that is,ε 干=∶
:),wC obtain a circle,

Thc study of the parabola,thc c11ipse and thc hyperbola as sections of the

samc conc Originatcd with the Grcck geomctcr Apo11onius,who flourishcd

about280BC.They wcrc not deⅡ ncd analytica11y as1oci untⅡ  the seⅤentccnth

ccntury,largely due to thc work of thc rcnollzned Frcnch Inathematician

Reno Dcscartes(15961650),and of thc English mathcmatician John Wallis

(1616— 1703).

Parabola EIⅡpse Πyperbola
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PARAB0LA

Conics as loci

Analytical1y、 Ⅴe dcfinc a conic as the lOcus of a point which IuOvcs sO that the
ratiO of its distance frOⅡ 1af1Ⅹ ed pOint to its distancc frOm a f1xed linc is

cOnstant。

The丘 xcd point is callcd the focus,and thc sxed linc thc directriⅩ .Thc constant
rau。 is kn。 wn as the eccentricity Of thc conic and is denoted by召 。

Hence,in the Ⅱgure on the right,whcrc the point P is

describing a cOnic,、 vc haVe

PF=gPT

When召 =1,the cOnic is a paraboIa,
Whcn0(召 <l,thc conic is an eⅡ ipse,                       T
When召 )1,the conic is a hyperbola。

Thc circlc(whch wc mctin rJfrr。 〃伢c氵

`饣

gP叨 r召 M⒍r屁 cJ,P曰 r氵cs,

pagcs220-7)rnay bC treatcd as the lirniting case of an c11ipsc,

in which c=o6cc pages2226).

ParaboIa

Lct thc focus,F,bc(四 ,0)and thC dircct⒒ x bc x=_rr,Thcn
for thc point P(x,`),we havc

PT=J+曰    PF=

But PT=PF,sincc for a parabola召 =1.Hencc,we Obtain

(x一 曰)2+y2=(x+夕 )2

、Ⅴhich givcs

y2=4四x

This is thc standard equation fOr a parabola,an cxamp1e of

、Ⅴhich is shOwn at bOttOlll right

CoⅡ1I⒒on paramctric equations for thc parabOla`2=4frx are

J=四r2  and y=2frr

where ris the paraⅡ 1cter

The chOrd of a parabola through its focus,and pcrpcndicular

tO its axis,is cal1cd the latus rectum,Thus,in thc diagram On

the right,CD is thc latus rectum。

Half thc length of this chord(FC or FD)is knOWn as thc

semi Iatus rectum

From the equation y2=4△凡 we scc that thc coordinatcs of

C arC(四 ,2日)and those of D arc(曰 ,-2四 )。
Hcnce,thc lcngth

of thc latus rcctum is4四 and that ofthc scΠ Ⅱ latus rectum

is2曰 ,(Scc alSo pagcs223and231,)

Dilcct11x

(J一 夕)2+y2
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CH^PTER 11 CONlCs

Note

● All quadratic curⅤ cs are parabolas。

● AⅡ quadratic curves are shnⅡ ar。

罡   ExampIe1 Find thc focus and directrix of each of the parabolas

鼋   a)y2==32艿    b) 艿2=160+1)

秽   sOLUTION
镏

:   F。r a general parabola y2==4四 艿,the focus is at(ε ,0)and the directrix is

镶   豸 ==一 曰 ,

盂 al For the parabola`2=32苋 ,伤 =8.

蠡  Therefore,thc focus o rs,0),and the directrix is苋 =-8.

爨 bl F。r the parabola苋 2=16o.· +1),the艿 ~and冫 -axes havc been

器     interchangcd and y has been translated to`ˉ ←1.
0

∶   FrOm the equ狨 on,曰 =4.Thus tl△ e fOcus for thc parabola豸 2=k”

畲    WOuld bC(0,4),wh忆 h,aftcr translation,becomes(0,3)for the

∶  parabola`=16o+1).
∶  ⒐m匝arly,thc dircctrix for艿

2=16`,which would be`=-4,bccomcs

:  `=~5after translation.

∶  ExampIe2Find where the tangent to thc parabola`2=8J at the point
:  (2矽

2,4θ
 mee“ tl△e drectrk。

:
■    sOLVTlo"

:  wC have
∶    豸=⒉2→ 业 =斩
∶                    dr

∶      `=4矽  →
 者=4

〖  wh允 h give

爨   Φ ψ 。(】 ,‘ 1

蠹     百歹
^dr t dr~T

瑟  Using`—
`1=昭

(冗 一 艿1),wC flnd the equation ofthe tangent at(2矽
2,4θ

∶

蓍        y-4矽 =÷ (艿 -2莎
2)

:    → /=艿 +2r2   [11
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PARAB0LA

Ι

蘩

爵

鑫

灞

饕

攮

巍

■

璁

鑫

豳

鐾

鑫

攮

Thc directrix of thc standard parabola`2=4夕 艿is yY=_fr。 Therefore,fOr
the parabola`2==8豸 ,曰 =2.Hcnce,thc directrix is J=-2.

Substituting x=-2in[1],wC Obtain

`=2r一
旦
r

Thcrcforc,the tangent rnccts the directrix at

Example3

a) 子i;%∶遇t;quation ofthe normalto the parabOla y2==8x at thc point
b)Find wh∝ e tlle normals to the p盯 abola at tllc pollts P〔 勿

2,仞
)and

Q(2g2,4g)intCrsc∝

Note When givcn the paramctric cquatiOns for a parabOla,it is Fnuch

casier tO stay、 vith thcsc equations.So,dO not revert to thc cartcsian

equation

sOLVTION

a) We havc

→ 旦兰=钉
dr

→ 业 =4
dr

d`~Φ .dx~1
dx  dr  dr   r

Thercfore,thc gradient of thc nOr1mal is_r.

Using`_`l=’ ’T(J一 汕 ),wC flnd thc cquatiOn Ofthe normal at
(2莎

2,4rJ∶

`-4r=_r(x~2r2)
→  `+“ =4r+2莎3

b) To snd the equation Ofthe no∏ nal at the point P,we just substitute`

for矽。Thereforc,the cquation Of thc nor1nal at the point P is

`+`x=仞
+即 3

[1]

Similarly,the equation ofthe norm破 at Q is

`+gx=4g+2g3
囫

Subtracting[丬 frOm[11,we Ⅱnd that th∞ c nOrmals interscct whcn

`J_gI=彻
+勿

'-4g-2g3Note  In aⅡ such situations,where`and g are si1nⅡ arly cOnsidcred,

o— O will bC a负 ctOr.Thcrefo∞,we loOk for tllis factor,￡move“
and check that the ans、Ⅴer is syIllllletrical in丿 9and g。

\
丶

J
/

2
_
r

一
0
彡

0
∠

_

/
丨

`

x=2r2

`=4r
which give
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CHAPTER 11 CONICs

Using`3一 圹=0— ⑺o2+`g+'),we。btain

o— g)艿 =40— g)+20— g)o2+`g+g2)

→ 艿=202+`g+'+勾
Sub“ituting[31into[11,we havC

囵

y=4`+2`3一 助几尸+`g+g2+2)

→ `=一勿gO+o
Therefore,the norm缸 s intc“ ect at⑿俨 +`g+'+⑷ ,一纫日0+ω ).

Exerc:se11A

1 Find the focus and directrix of cach of the fo11o、 ving parabolas.

g,0一 纷
2-8(豸 一ω=0

2 Find in cartesian forrll an equation Of thc parabo1a`Ⅳ hose fOcus and directriⅩ  are respoctively

a)`2=16x
e,`2+12豸 =0

a,f~s,0), 豸+3=0
c,(0,2), `=-2

b)`2=28艿
f)l,’ +1)2=32x

c)艿2=8`

bl(4,0), 豸=-4
dl⑩,— ①,y=5

b)thC point P(~sF2,1Q`)

d,thC point R@0,2Ol

d,'=1Φ

3 Find thc equation of the tangent to thc parabola y2=20豸 at

a)the point T(5`,10θ

c)the point S(5,10)

4 a) Find thc equation of thc normal to thc parabola`2==8豸 at thc point(2,4).

b) Find where this normal rneets the parabola again。

EIⅡpse

Let the focus bc(伢 e,0)and tho dircctrix bc

艿=旦.⒏nce,for an e11ipse,召 is less than1,
召

thc dircctrix is further frO1n the origin than

the focus。

For thc point P(J,y),WC havc

PF==、 /(x一 四⊙
2-+y2    PT==」 竺 一 艿

召

Sincc thc ratio Of the distance of P fron△ thc

focus to thc distance of P from thc dircctriX

1s召 ,WC haVC

PF=召
→ PF=cPT

PT
wh忆h gh∞

(x一 貂)2+`2=四 一“
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ELLIPsE

Ceh
w

鐾

饔

蟊

露

鬟

蠹

鬈

鏊

鏖

鼍

鬟

纛

爨

髯

纛

署

跷

Squaring both sidcs,we obtain

(豸 一cg)2+y2=(c— cJ)2

◇ x2-2四α +砑 2召2+`2=ε2-2四召艿+'艿2

→ '(1—
')+J·

z=′(1—

')
→

羞
+揣 =1

We express this in the form

羞
+羞 =1

where

32=ε2(1_') → 召2=1一
管

Hcnce,the standard equatioⅡ for an cⅡ ipsc is

羞
+荃 =1

'=1~丝
.

四
2

Note An eⅡ ipse is syΠ 1Inetrical with rcspcct to its aXcs。 Hence,it has two foci,

onc at(伤c,0)and the othcr at(-△ 召,0),and tWo directrices,艿 =旦 and x=~里。

B

C

/
F,

\
F1

(— ￠纟,0)     V (夕召,0)

/
D

勿

~
纟洫

_
_
i
r
c

犭
 
D D△cC钌lX

The longer axis,AC,o callcd the m刽or ax心 ,and the sho⒒ er axis,BD,is called
the minor ax、 。Wc see that the length ofthc m苟 or axis is2夕 and that of n△inor
aX1s ls2D.

A chord which passes through cither focus,and which is pcrpcndicular to the

m旬 or aⅩ is,is called a latus rectum。 Halfthc length ofthis chord is known as a

semi Iatus rectum。 (Sce甜so pages219and231。 )
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CHAPTER 11 CONICs

The parametric equauo“ br the dlip∞ 三+∠ =1are

魑        
兀=rrcosε  and `=Ds1nε

where9is the eccentric angle of the eⅡ ipse.(Further discussion of this

parameter and its use in prQjectiⅤ e gcOmctry is bcyond the scope ofthis book,)

蟊

鼗

裰

■

囟

饕

镩

鼹

攮

●

■

¤

痴

鹭

翳

●

●

蟊

皱

●

噶

播

■

¤

攮

蟊

醪

穰

Ⅱ

n
■

Ⅱ

磴

簸

翳

■

●

猥

磴

蟊

镶

攮

■

I
扭

蟊

籀

鑫

擞

痴

¤

鑫

涵

⑴∏nd thC∞centricity of the eⅢ p∞ 兰+∠ =1。

b) State thc cOordinates Of its foo.

c) State the equations of its directrices.

sOLVTION

al Tl△吒 ⑽ 狃 equa妯 n ofall dⅡ阝沁
羞

+釜 =⒈ ⒒ 盹 for th涮Ⅱ ∞

罟
+学 =1,WC havc伢 =3,D=2.

For an c11ipse,纟
2=1一

釜
,which in th厶 case giⅤ cs

'=1~±
=至

Therefore,the ecc∶∶tri|;ty is±￡三。
b)The foci arc(士 εg,0),wh忆h in tho case gives(√ 5,0)and(_√5,0).

c,The directriccs arc艿 =土里,which in t纽is case纽ve
e

豸 =士
素

3

Therefore,its directrices are

x=丐
丐 and 

艿=~雨

Examue5Find the切 ngent and the nOmalto thc dlip∞ 工+∠ =1
at the point(曰 cos g,3sin ε

)。

sOLuTION

We have

艿=四 Cos a→ 至王=~日 sin ε
dg

y=3s1nε → 业 =Dc。 sg
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ELLIPsE

氇  Which匪 ve

_D cos ε鼍       业 = 
砑s1ng:          dx

麽 Using`— yl=阴 (x-均 ),wC Ⅱnd thc cquation ofthc tangent∶

曩           `_D sin g== 
D̄c° sε

(.~四 cos g)

蠹      → 四sin ε、+D cosg x=ε D(cOs2ε +蛀n2o
霸
                   =围 D簋     → 伤sin ε、+D cOsg x

: N。te wc can clleck由泌by takhg三 +∠ =1,alld re,aong

昱      艿2by(x× absc^Sal and `2by0× or山n狨cJ

:   to obtain thc cquation ofthc tangent,

獯  HencC,wC havc

景  缨 +酽丬
■
                                =frD丫D cos ε-+`曰 s1na=莒    →

:   as ab。ve.

垒  To Πnd the equauon。 fthe nor1mal,wc need its grad⒗nt,which is givcn

罗   by

籀          Gradicnt of norlnal=_

镭

●                                    = _

霉  so,tlle equaton of tlle normal^

镶

镩

`~D⒍
ng=曰 sin g← ~ε∞s○

→  乃 cos g=xε sin g_`sin g c。 sε +D2sin ε cos g

→ 乃∞sε =x曰 sin ε+(32—
')sin g c。

sg

Gradient Of tangent

1    ‘7sin ε

-3cos g   3c。 sg

‘犭s1n‘ 9

:  Example6Find thc arca ofthe cllosC who∞ m旬 or a虹 S is2曰 and mhor

鏊  axis is2D·

甚    sOLuTlON

鑫   Wc havc

叠          Area=∫ `dx
盔  To make thc integraton eⅡ ier,wc u∞ thc parametr忆 equation fOr y,

器  which gives

晷
         ∫̀dx=∫

D sin g d犭
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钮

裰

■

●

蟊

晶

鳜

g
翻

冁

豳

■

镅

蹋

■

辗

骧

霸

辍

鼹

鼗

●

■

攮

鑫

冁

蟠

蟊

豳

鼷

■

豳

碾

骧

鼹

踊

黟

翳

蠡

簿

CHAPTER 11 C0NICs

Exercise11B

Wc cannot intcgratc a function in g、 vith respect to艿 .ThercfOrc,wc1nust

conⅤert the integration with respect tO J to an integration with respect to

(:冫 。HcnCc,we haⅤe

Arca ofellipsc==∫∶夕 d豸 =二 ∫∶
冗
D sin a{:管 dε

L1sing x==△ cos g,this giⅤcs

Area=∫
i冗

3sin g(一伤sinOdg                       .
Becausc thc c1lipse is sym1netrical abOut its axcs,wC Can Cxpress thc

integral as

Arca==4∫子ε3sin2g dg
Using cos2g=1~2sin2g,we obtain

Area==4四 3∫子:(1— COs2ε)dg

==4四D|:g_÷ sin2gl∶

Therefore,the arca of an c11ipsc is冗 砑3。

1 Find the eccentricity,fOci and directrices of each of the fol1ov注 ng e11ipses.

⑴磊+喾 =1

d)∶兰+替 =4

⑴若+磊 =1

⑶鱼
℃灵÷

E+鱼⊥
古
EE纠

Θ姜+磊 =1

2 Find,in cartesian forn1,the equation of each e11ipse with thc fo9us and the dircctrix as giⅤ en.

a【 o,0), 艿=12  b【 (2,0), 艿=18  c,(0,4), `=8 dJ(0,3), y=15

3 ⅠⅠnd the c?uati。 n ofa)thC tangcnt and b)thC normal to the cllipse|茔
;¨
+磊 ==1at t纽 C point

(5cos g,4sin g)。

4 Sketch the curve given in polar cOordinates by the equation

2c
r=

3→-2cos a

Prove that this curve is an eⅡ ipse and idcntif,/its foci。
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HYPERBOLA

Hyperbola

Lct the focus be(△ g,0)and the dircctⅡ Ⅹ bc J=旦
召

Sincc,fOr a hypcrbOla,c is grcater than I,the dircctrix

is situatcd bctwecn the origin and thc focus.

For thc point P(J,`),wC have

⒐nce旦旦=召  → PF=ePT,we have

Squaring both sidcs,wc obtain

(豸 -△召)2+y2=@Ⅰ 一夕)2

→ x2-2夕召x+四2g2+`2=′ x2~2四 gx+曰2

→ '(1—
')+`=`(1— `)、vhich gives

羞+揣 =1

But召 >1,therefOrc四 2(1— g2)is negativc。

Hcncc,the staⅡ dard equation for a hyperbola is

⒍
_
 
g

_
χ〓ΤΡ

χ

厶
υ
_
 四

土〓`Ca

`
~
'
 
 
 
 
 
 
l
a

+
 
 
 
 
 
 
 
 
b
o

1
 
 
 
 
 
 
 
 
 
c
r

亠

 
h
a
v
e
业

四

a
h
y
p

o
r
 
 
 
 
w
c
 
 
 

→ 
 
 
 
o
f

w
h
e
r
c
 
 
 
 
 咖 
 
 
 咖

￡

PF=、/(x一 曰o2+`2
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)NICsCHAPTER 11 Co

Common parametⅡc equations for the” perbola三 _∠ =1arc

}豸=伤 secg  and 、=3tan J

w纽ere ε is the ecceⅡtric aⅡ gle of the hyperbola。 (Further discussion of this

paramcter is bcyond the scope of this book.)

rbohc ftlnctions rnay be used(see pagCs189-91).In thisAlternatively,hypec cquations arc

case,the parametri

X=砑∞sh￠  and y=3sinh￠

Likc thc c11ipse,the hypcrbola is symFnetrical、
^严

ith respcct to its axes.Hcncc,

曰c,0),and twoagain thcrc are two foci,Onc at(伤 c,0)and the other at(_

nd豸 =一 旦。directrices,豸 =旦 a

Rectangular hyperboIa

Whcn ε==3,thc asymptotcs Ofthc hyperbola arc

`==艿

and y=¨一尼 which are pcrpcndicular to each

other。 Hence,such a hyperbola(shown on the right)

is called a rectanguIar hyperboIa.

挠秽
de吵舶°n d ahyp∝ bd九 三一∠=.

鼽      x2—
y2=四 2

for a rectangular hyperbola,as四 =3.That is,

(豸 +`)(x—
`)=ε

2

Rotating thc axcs through45° and dcsignating the new

axcs rurh忆h arc thc asymptotcθ X and乙 we“ansform
this equation to

Xy=∠
2

D屺ctnccs
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HΥ PERBoLA

whcre

x=瓦
万←^力  and y=瓦

万0+力·

Hencc,for a rcctangular hyperbola,we haⅤ c the equation

匦        xy=f2

where c2=兰 .

2

Co11△ 1non parametric equations for thc rectangular

hyperbola are

豸=C莎  and y=
c
_
莎

■

衤

0
翳

●

¤

Exam丬e7∏nd tbc∞∞⒒⒒o” of血e hyp∝k说 兰~∠ =1,and伍 c

coordinatcs of its foci。

sOLVTION

For a llyperbola兰 ~∠ =1,we have'=1+兰。

Thcrefore,forthchyperbolaf:一呓:== 1’ Wc obtain

'=1+素
=锫

IIcnoc,the ecccntricity is;⒈

when兰三~_2三 =1,thc foci arc(土四召,0).Thercforc,for∴
i歹
T誊 ==1,the

foci are (±
景

×4,0),giving(± 5,0),

EXampIe8 Find the equation ofthe tangent to犭

`二

=c2at the point

(c莎 ,」

;) HenCC11nd thc equation of the tangent to犭
`==16at the points

a) (8,2)and b) (-12, 一
营)·

s0LVTlON

To flnd the equation ofthe tangent,we need its gradient.Hence,we haVe

丙=cr→ 旦兰=c
d矽

`=号
→∶

努=一云
wh忆h give

ψ _ I
d艿    莎2

0
■

0

●

●

蟊

臼

■

镶

麟

嘬

簪

攫
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CHAPTER 11 CONICs

■

魔

噫

鼹

■

囱

鼹

邋

鼹

鑫

鑫

鼹

癜

翳

●

●

■

■

噙

●

蟊

蟊

攮

●

¤

畿

鼹

鼹

潼

鼹

攮

翳

爨

啜

蚀

口

■

Thercfore,the equation of thc tangcnt is

y一号=一丿“豸一c矽)

→ ``+J=2c矽

For the hyperbola犭

`==16,c=4.Thercforc,thc cquation of t纽

c tangcnt

Ⅱ,钞 h

′y+艿 =8莎

a)At the point⒅ ,2),we haⅤ e4莎 =8,Which gives r=2.

ThcrefOre,thc cquation of the tangcnt at this point is

4)`+艿 =16

b,At tl△ e po汛
←

么
ω

肭 树渤 =讹 岫 螂 冖 。

Thcrefore,the equation of the tangent at this point is

9`_~tˉ +24=0

Po1ar equation of a conic

Thc polar cquation(see pages45-7)Of a cOnic is formed

by positioning the polc at the focus and keeping the

directrix at艿 =旦 .

C

氓
`th refcrcnce to the diagraⅡ

1On thc right,thc locus of

a gcncral pOint,P,eⅩ pressed in polar coordinatcs(r,g)

satisfles thc condition(sce pagc219).

PF=cPT

whcre PF=r and PT=旦 一rcos ε.

召

Hcncc,we haⅤ c

r==c(管一rc。 sg)

→ 《1+c∞sO=伤

which giⅤ es the polar cquation of a con1c as

ε
r=

1+召 cOs ε

This cquation is ⅤaⅡd fOr aⅡ conics whose polc and directrix arc as spccifled

aboⅤe.

Whcn g=0,t纽 c conic is a circlc.

When0(召 <1,the conic is an c11ipse。

Whcn g=1,the cOnic is a parabola。

Whcn召 >1,the conic is a llyperbola。
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EXERClsE 11C

伤(1+cCOs g)

wh忆h gives

r=慌 h汕 d均∞C

r==‰
  for a llyperbola

恣艮:ll::i∶ l∶ :∶ :∶;;∶混旯罂 爿嬲 ?n in ter1η

s Of凡 thc length ofthe scn1i

Wc can cxpress this equation in scⅤ eral diffcrent fOrms.

For cxample,whcn艿 =歹 is uscd as thc cquation of the dircctrix,we havc

C歹
r=— —————

14-cOs g

Whcn the focus o at(曰 召,0)and the dircctrix^J=旦 ,wc llave as the equation
of the gencral cOnic                         召

32

氓
`th rcference to thc diagram on the right,wc havc

PT=召 PT →  r=召 (AB-rCOs O

Thc point A is on thc conic,so we haVe

FA=cAB

FA is thc seⅡ 1i latus rectuⅡ1,sO wc obtain

`=cAB 
→

which givcs

r=二。(:— rc。sg)

→ '(1+纟 ∞sO=`
That1s,wc have

J
r=

1+召 cos g

Note Thc distancc bet、 vccn the directrix and thc focus is∠
召

Exercise11C

`
彡

_
 
c

〓ΒΑ

1 Find the ecccntricity,fOci and directriccs of each of the fo11o、 ving hyperbolas.

㈤磊一替=1

d)∶兰~替 =4 e)

若一钅=1       Θ关一磊=I

←-1`_o+⑷2=1

25       9
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CHAPTER 刂1 C0NICs

Find,in cartesian forln,the cquatiOn of each hyperbola、vith thc focus and the dircctrix as

g1Ⅴen。

a,(12,0), J=3  b【 (18,0), 豸=2  c,(0,ω, `=4   d,(0,15), `=3

Find the cquation of a)the tangent and b)the normal to thc hypcrbolβ 芒:一子÷==1at the

point(5sec a,4tan g)。

Exercise11D

1 Considcr thc parabola y2=4ε 豸.

i) Show that the fo11o、ving paramctric cquations dcflne a point on this parabola

豸=勿2  y=2勿

i:) Show thatthc tangcnt drawn to thC parabola at the point(伢 矽2,2砑θ has an equation givcn by

″=艿 +砑2

Considcr thc points P(￠

`2,2￠`)and Q(四

g2,2曰g),wherc`≠ g。 LCt M bc thc mid-point of PQ,

and lH bc thc intersection point of the tangents at P and Q.

Ⅲ)Show that the Ⅱne bΙH is para11el to thc,f-aⅩis.  (NICCEA)

2 The equation ofthe curve C is`2==8艿 。Thc point P(2r2,401ies on c.The Ⅱne through thc
point(2,0)perpendicular to the tangent to C at P intersects this tβ ngent at the point Q。

a)Find the coordinatcs of Q。

b) C冫ivCn that R is the1nid-point Of PQ,flnd thC equation of thc loGus of R in cartesian

form。  (WJEQ

3 The point P lies on the parabola with equation`2==4c苋 ,whcrc曰 is a positive constant。

a) Show that an equation ofthe tangent to the parabola at Pα 〃′,夕V)is``=艿 +御
`。The tangents at the points PG`2,2%㈥ and Q(臼 g2,2gg)⑦ ≠g,p≠ 0,g≠ ⑴meet at thc

point N。

b) Find the coordinatcs of N。

C)ivcn furthcr than N1ics on the directrix of thc parabola,

c)WritC doWn a relationship between`and g,  (EDEXCEL)

4The line w⒒ h equ耐on`=阴 豸+cis a忱ngellt tO the dlip∞ 诫 th eqL1auon三 +∠ =1。

a)Show that c2=四 2阴2+32.

b) Hence,or otherwise,flnd the cquations of the tangcnts from the poi狃 t(3,4)to the eⅡ ipse

with cquajon磊 +壬 =1· @DEXCE0

5An elⅡp∞ l△as equajon工 +∠ =1,where c and3盯 e pos⒒ive cOnstants and围 )3.

a) Find an equation ofthe tangent at the point P(ε  cos矽 ,3sin矽),

b) Find an cquation ofthc normal at thc point P(c COs矽,D sin莎).
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EXERCIsE 11D

Thc norlma1at P mcets thc x-axis at thc point Q。 ThC tangcnt at P mccts the J`-axis at thc
point R。

cl Find,in tcrrns of曰 ,D and r,thc coordinatcs of ⅣΙ,the mid~point of QR。

CⅡⅤen that0<<莎 <:,

dl sho耐h引1as亻 岫 咖 “ dM蜘 痂 n(宀
)2㈦

△ ⒈ 吵 α v

6孔
"濒

⋯ Ⅱ 岬 ∝ On the曲
畔 诺

过

a)Find the equation of the tangcnt to thc e11ipsc at the point P(2cos g,3sin ε),wherc a≠ 0,

b) ChvCn that thc tangcnt in part a passcs through thc point(2,-6),show that

cos ε-2sin ε=1

c) SolvC thC cquation in part b for0° ≤ g≤ 360o and dcducc the coordinates of P,    OVJEC)

7 A curve C has equauons

丌=fr y=子
 
矽≠0

、vhcre c is a constant and ris a parametcr。

a) Show that an cquation ofthe norlnalto C at thc point wherc r=`is givcn by

``+印

4=`3x+c

b)Ⅴ Cri灯 that thiS norm狨 mcets C ag扯 n atthc pont at wh忆hr=g,whc∞

豹

'+1=o   (EDEXCEL)
8 The rcctangular hypcrbola C has cquation xv=c2,、 vhcrc c is a positive constant.

a) ShOw that thc tangcnt to C at the pOint P(印 ,云
) has equation

`2y=_x+2印

:I;∶∶l:1}p∶3∶
∶∶∶∶

dinatCS Q(c%号
),g≠

`·

The tangcntsto c at P and Q mect at N。

b)show that the`-coor山 nate of N h 2c .

`+gThe ⅡncjOining N to the origin O is pcrpcndicular tO thc chOrd PQ,

c)Find the nulllcrical valuc of丿,2g2。   (EDEXCEL)

9 Thc eⅡ ipsc c has parametric equations

J==2-+3cos ε    y==2sin ε

a)Obtain thc cartesian cquation of(1and Ⅱnd the ecccntricity of the c11ipsc。

b) WritC doWn the coordinates of the foci。

c) Sketch([⒎,stating the coOrdinatcs of its intcrsections with the axcs.

The arc ofthe curvc C bctween ε 二=0and ε 二=告 冗 is rotated through2冗 abOut thc J-axis.
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CH^PTER 11 CONICs

d) Show that the area s Of thc rcsulting surface of rcvolution is givcn by

s=4冗∫子sin g(9-5cos2ε岿da

Using the阢bstittltion~匀 cOs g=3sh仍 ,。r othcrwise,Ⅱ nd tl△e valLle of s,to two dc0mal

places。   (EDEXCEL)

10 The curⅤ e(91is t⒒at arc ofthe hypcrbola with equation

⊥L-羞 =1 c)0

which contains thc point P(3△ cosh9,ε sinh g)。

a) shOw that thc cquation ofthc normalto Cl atthc point P can be ll/rittcn in the form

`cOsh 

ε+3x sinh ε=10日 sinh ε cosh ε

This normalrnects thc Coordinatc aⅩ es at A and B。

b) Show that,as a Ⅴaries,thc locus(92of thc1nid-point Of AB,is an arc of a hyperbola。

For each oft缸c arcs C1and C2

c) give the coordinates of any points ofintersection with the coordinate aⅩ es and the equations

of any asymptotes

d) 【nd the eccentricity of thc hyperbola and state the coordinatcs of the focus and the equation

of thc corresponding dircctriⅩ .   (EDEXCEL)

11 The points S(岛
:) and T(r,:) liC On the curvc犭 `==1and the 

Ⅱne ST passcs through the

point(1,2).

a)Show that s+r=1+2sr。
b) ThC tangents to thc curⅤ e at S and:Γ 111eet at thc point P。 Show that the locus of P is giⅤ cn

by`=2-2豸 。  σ JEC)

12 Thc fIgure on thc right shows a parabo1a and a circlc。

The circ1e passes through the parabo1a’ s focus S,

a point P on the parabola and thc intcrsection point Q

of the dircctriⅩ and t⒒ c tangent at P.

i) If the parabola has focus S(1,0)and dircctriⅩ

苋=-1,shOw that its cquation is y2=4x,

Letthe point P be虫ⅤCn by(r2,2r),whCrc矽 ≠0.

帅ou/th扯⑾km(△兰亍⊥〉
"D 

ⅤC⒒fy that thc focus S,the point P and

the point Q liC On thc circle with equation

红2— rlr2~1)x+″ 2-r-sr2-1》 +'-2莎 =0
Thc circle intersects thc dircctriⅩ  again at the point R.

Find the coordinates of R.

show that PR is paral1el to the· ‘-axis。   CNICCEA)

ˇ
 
 
 
 

∷̌
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12 Further integration

Mα刀

`〃

s/ll饣拓 /,l曰/tc/乃 〃gr夕

'GEOFFREY CHAUCER

hr9lrrε dIfc氵″gP仞rc Mr//乃召阴日r氵cs(pages4338and4457),we mct integra1s

such as∫ J(x2-← 1)7dJ,whcre、Ⅴe used the substitution x2-+1 =rr,and

∫xC2x dJ,whcre、Ⅴe integrated by parts。

】I曷菇廴:丬早:〖丿古Ⅰ;∶ ;Ⅰ:∶I1I1:{遐塬冕百苕盂滞絮:瑟:渊炭°ns,

∫√t石=Fdx·

ⅠI1擒群1r;f【 :t∶;r1早丨:嘿:￥T老;。Y1F苈黠 蘑鸳:锘″饣伢r'fs.

Inverse functioⅡ  of a function ruIe

晷  p0DR刈
%x=击 R刈

蚪l+c

It is usual1y quickcr to diffcrcntiatc by inspcction the ncw cxprcssiOn than to

obtain f′ (x)in thC integrand,as shown in Examplcs1and2.

l  ExampIe1Find thc cOnstant庀 in

耆  k+咖 =“
`+丿

+c

Ⅱ   sOLVTION

嚣  Diffcrcntiating(J2+1):,wC Obt缸 n

耆   苫;(x2+1):=8× 2双x2+1)7=16艿 (J2+l)7

:  Thc∞ f。∞,wc have

耆  卟卩+咖 =卩 +犭 +卩

量  →k+咖 =壳卩+犭 +y

耋 which鲈vCs庀 =击 .
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CHAPTER 12 FVRTHER :NTEGRATION

鬻  ExampIe2Find the constant庀 in

晷           ∫s1n2x cos72艿 dx=庀 cos:2艿 +c
翳    sOLUTION

晷 Exfferen位 ating co俨 ⒉,we ob△Ⅱn
:         8× -2sin2豸 cos72豸 =-16⒍ n2艿 coy2豸

罂 which gives庀 =一七。

鑫  ThCrCf° rc,wc have

詈          ∫s1n2J cos72豸 d豸 =~l;;COs:2豸 -+c

Note In thosc cases where you cxpcricnce dⅡ Ⅱculty in spotting the integral,

usc instead integration by substitution。

Integration by parts

:   ExampIe3 EⅤ
aluatc∫ c3豸cos4豸 d艿 .

爨    sOLvTIoN

∶  when faced w北 h a product nothcr term of wh忆 h wi11doappear aftcr

蓄 :∶∶甘ti扌
h孔ξ::l:#褴赀犁ζt;〗】扌:F1孓1罢黥 F::皙Ⅱg扯 -

琶  HCnCe,we havc

霎         ∫

e3x cos4苋 d豸 =:c纭 cos4豸 -ˉ

∫:e卩

。Y×
-4s1n4艿 d艿

馨                    =:e⒒ cos4x+营∫e纭 s1n4Jd艿

皤銎                    =⊥ c3xc。 s4丌 +营 (:e3ys1n4艿
-ˉ ∫:e3豸×4cos4xd艿 )

■                               3

霉                    =:eh cos4苋 +彗 c弦 s1n4x_;早∫eh cos4xd豸
ξ   wenowm。Ⅴe the(original)intCgral on thc RHS to thc LHS∶

:          ∫

C弦 cos4xd艿 +t早
∫

C细 cos4豸 d豸 =:e弦 cos4豸 +萼 。
hs1n4x+c

囱

∶                   => 号早 ∫

C纭 cos4xd豸 =:c细 cos4J+昔 ck s1n4犭 卜̄c

:                     
→

 ∫C3、 cos4豸 d艿 =∶∶(:e3x cos4x+萼 e3xs1n4艿
)+c′

鑫  Hence,we have
媾

置
         ∫Ch cos4艿 dx=ⅠLehc。 s4为 +z⊥ e3xs1n4艿 -← c′
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