
EXERCIsE 9C

Exerc1se9C

1Ⅴ∝i灯 the Ⅱcnti圩

2r-1  2r+I      2
r(r-1) 《r+1) ←-1Xr+1)

Hcnce,using the1ncthod of differences,prove that

Σ蚤旒 =:T箨琦
Dcducc the sulll of the inanite serics

击
+嘉+去 +¨ ·

币.召访T万
+⋯  rAE:⒆

2 Sho、v that

1         1            2

r(r+1) ←+1)O+2) 《r+1)(r+1)

Hcncc,or otherwise,fInd a sⅡ npⅡfled cxprcssion for

客 石 T古 T丁  (WJ⒆

3㈤ Express    h paru缸 仔ac位on⒏

b)HCnce,or otherwisc,show that

冒   =西簧荡+D
wherc伤 and D are intcgers to be found.

'=2刀 1
Θ Deter耐 ne the恤it as刀 → ∞ d冱

乙
丁

旎 石 面
· ㈧ EAθ

4Find thc Ⅴa1uc ofthe con吼 ant/for whch(2r+1)2— (2r~1尸 ≡/r.

L1se this result,and the rnethod of differences,to prOve that

之二r=:刀⒄+1) ←EB9o

5Exprcss(2r+1)(2r艹
~sJ in partial fractions.

Hencc flnd thc sul11of thc serics

壳+击⋯+西谎币
Show that thc scries

壳+击⋯讠雨坛雨¨
is convcrgent and statc the sum to inⅡ nity.  (ocR)

173

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER 9 PR00F, sEQVENCEs AND sERIEs

6Ⅴer1fy tl△ at

1     1

1+(刀 -1)豸  1+砑  f1+(刀 -1)xl(l+彳艿)

Hence show that,for艿 ≠0,

左吊
Ⅳ

裳写(1+(刀 -1)艿l(1+刀艿) 1+Λ饥

Dcducc that thc infln⒒ e serics

彘+站+壳¨
is cOnⅤergent and flnd its sum to inflnity.  (oCR)

7Lct ε刀=e(刃 1)x一 e刀x,whcre x≠
0.

Ⅳ

D Fhd∑ 伤刀in tcrms of Ⅳ and豸 .

刀=l

ii)Find thc set of valucs of艿 for which the inflnite scrics

四l+四2+夕3+。 ¨

convergcs,and statc the sum to inanity.   roc⑷

ε CliⅤen that

1                 1

‰ =v/r2刀
-1)^谈 2刀 +1)

Ⅳ

express 】〗冫仍刀in terms of Λ厂。
刀==25

Deducc thc vahe d∑ ‰ ⑩cR,
″==25

9Show that

南 =去 宀 ⒀
Hcncc Or otherⅥ砬sc,cvaluate

刂冱罚垴 ⑴Σ召券
遁:i、/ing your answcr to paFt Ⅱ in thc tcr1ns ofc.  (NEAB)

10 a)Show t纽 at

r+1  r    l
r∈ Z+

r+2 r+1 O+1)(r+2)
b)HCnc0,or otherwise,flnd

芨石买
羟
=←

+1)(r+2)

giⅤing your answer as a sing1e fraction in teΠ ns of刀.    (EDEXCEL)
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C0NVERGENCE

亠

Convergence

z`s、Ⅴc found in gcOmetric prOgrcssions,an inflnitc series is the sun1of an

in【 n⒒e scquencc of numb∝ s(∞er,TrrεJJrc扔gP仞rf Mαr乃 gJ9c夕矽jCs,pages248-5O,

For eⅩample,、vc have the inflnite gcOmetric progression

:+士 +· +̈击 +·⋯
When we statc that an i1△ Ⅱnitc scries)Σ冫四庀conⅤerges,、Ⅳc mean that thc surns

〃                          方=0

凡 =∑ ‰ hvC a limit as刀 → ∞。
虍=0

V1厂c say that an inJ〔
liinite scrics diⅤ

erges if it does not convcrgc。

Whcn a scrics divcrgcs,it could bchavc in one ofthc fo11o、 ving ways

● Divcrgc to+°°;for eⅩ a111plc∶   1-← 2-← 4-← 8→-16-+¨
,

● Divcrge to_∞ ;for example∶  -1-2-4-8-16_.¨
● OsoⅡ ate Ⅱnitely;for eⅩ ample∶  1_I+1-1+1_ ⋯

● OsoⅡ ate ininitely∶ for example∶   1-2+4~8+16_,¨

E'Alembert’ s ratio test

D’Alcmb∝ t’ s ratiO tc吼 stat∞ tll扯 a∞rics oftllc brm ΣE四″convcrges when
″=0

丿空℃|纡 <1

Tllc te“ d∞ 岫 w仉n川
纡 uCatcrm⒛

L mc∞屺 sd℃哪

R dOcs耐 叩 y唧 Ⅱ吧 wkn舰
|纡 |=⒈

EXa口npIe15 PrOⅤ e that thc serics冫

El;;∶

COnvergcs for all rcal Ⅴalucs of x

sOLuTION

∏Ⅲ,wc Ⅱ削曲c nuo|纡
|·

Tkn we snd汛腼脚→∞.

Hcnce,wc have

=万
i⒈爿

As刀 → ∞ ,tllis ratio has a hmit of zcro rcgardlcss of tlle(rcal)valuC of x,

ThcrcfOre,the ratio test imphcs that the scrics cOnvcrgcs for aⅡ  rcal Ⅴalues
of△。
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CHAPTER 9 PR00F, sEQUENCEs AND sERIEs

Note  The serics。∶氵i言;is】
Ι̌aclaurin’ s eⅩpansion for eⅩ (see pagc178)and is

thcrcforc known as the exponential series。 That is,

ex≡差蚤喾

ExampIe16 ProⅤ e that the scrics。∶氵;doCs not conVcrge.
sOL刂 TION

App1ying d’Alembcrt’ s ratio test,we obtain

〓而̄亠̄
万

〓钿~
‰

刀+1

wh忆h gkes

卢空刂子瓦÷|=舰舟=1

Thus,in this case,d’ Alembert’ s ratio tcst faⅡ s,bccause it docs not

cstabⅡ sh whether the series convcrgcs Or diverges.

TO prOⅤe that thc scrics docs not conⅤ erge,we writc Out its nrst few

terllls∶

Σ蚤钅=l+:+:+去 +:+:+;+:+·¨
No、v,the flrst tcr111is grcatcr than告 。

The secont1tcr1n is告 。

The surn of thc ncxt two tcrIns is greater than去 +去 =豢

1Γhe sulll of thc ncⅩ t fOur terr11s is greater than告 +昔 +昔 +告 =豢

泔:Fi∶ I∶∶
he sum。f thc neⅩt eight terms is greater than eight ti1nes诋 ,

This pattern kccps rcpcating.We can alvvays increasc the sum by more

than告 by adding the next2/c tclllIs· ThCrcforc,】E]i;exccCds any

pre-assigned real number L.Hcncc,it cannot convCrgc to L,and so it

divcrgcs.

Evcn though each term is less than thc preceding tcrn1,and the terms tend

tO zero,the sum is not flnite.
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MACLAURIN’ s sERIEs

MacIaurin’ s series

AssuⅡⅡng that fljλ J)can bC expanded as a sc。 cs in asccnding po⒍ tiⅤe intcgral
po、Ⅴers of丌 ,we can deducc the tcnms Of thc scrics,as shown belOw for sin x,
cos凡 et and ln(1+J).Thesc four expansions arc needcd frcqucntly and

thcrcforc shOuld bc known

Power seHes for slnjr

Lct sin J=四 0+曰 lx+曰 2丌
2+四

3丌
3+,¨

,whcrc thc ε
’
s are constants,

Whcn x=0,sin0=夕 0But sin0=0,thcrefOrc△ 0=o。

Diffcrentiating sin艿 =四 1丌 +四 2J2+饣 3艿
3+.¨

,We Obtain

COs lˉ =伢1+2四 2犭 +3夕 3x2+4伢4x3+⋯ ,

When J=o,cos0=r/1.But cOs0=1,therefore rr1=1。

E)ifferentiating again,we Obtain

_sin x=2曰2+3× 2伢 3△ +4× 3四4J2+5× 4曰5J3+。 ¨

Whcn x=0,sin0=2f/2  →  ε2==0。

E)iffercntiating yet again,wc obtain

—Cos X=3× 2钩 +4× 3× 2四4Ⅹ +5× 4× 3fr5△
2+¨

.

1       1Whcn J=o,cOs0=3× 勿3→ 免=-3×
2× 1=_π

·

Rcpcating thc diffcrentiation,、ve Obtain

rr4=0 钙 二=击

ThcrefOrc,wc have

屺=x于谔一菁⒈̈+湍 ⒈̈

By d’
'令

klembcrt’ s ratio test,this scries convergcs for a11real J,

Power series for cos J

We can usc the prOcedure for sin x to Ⅱnd the powcr series for cos J.Howcvcr,
it is much easicr to start from thc expansion for sin x Hcncc,wc haⅤ c

cOS x=击血∏=击←-替 +等一苄+⋯
)

which givcs

1
~
刊

_〓四0
〓夕

J
:
¨

亠

≡
覃
胃
Ξ
红

cos· =1一
彗

+苦 一
苦

+· ¨+珲 ⒈ ¨

By d’ Alembert’ s ratio tcst,this serics is cOnvergcnt for all real x,
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CHAPTER 9 PRo0F, sEQVENCEs AND sERIEs

Power serIes for eir

Let cx=曰0+△ 1艿 +曰2x2+△ 3J3+。 ¨ ,Wherc the c’ s are constants。

When x=0,cO=曰0.But cO=1,thercforc日0=1.

Diffcrcntiating cx=伤 1∝ +伤 2艿
2+g3豸 3+.¨

,We obtain

CⅩ =砑l+2C2X+3日 3x2+4%艿3+.⋯

When J=0,c0=四 l ◇  日l=1。

E)iffcrcntiating again,wc obtain

cλ =2四2+3× 2围3x+4× 3夕4艿
2+5×

4ε5x3+。 ¨

Whcn艿 =0,d=2饧 → ε2=÷
E江ffcrentiating yet again,wc obtain

c齐∷=3× 2r/3爿卜4× 3× 2四4艿 +5× 4× 3ε 5豸
2+。 ¨

Whcn豸 ⊥ 0,e0=3× 2免  →  rI3=击 =击 。

Rcpcating the d“ △crentiatiOn,we obtain

1       1       1       1
御=石  免=百  吡=石  钩=页

Thcrefore,wc have

By d’ Alembcrt’ s ratio tcst,this serics cOnvcrges for all rcal x.

Power series for ln(1+jr,

Sincc ln O is not flnite,we cannot have a powcr series for1n艿 。Instead,wc use a

power∞ries for ln(1+o.

LCt h(1+豸 )=四 o+曰 lX+四 2艿
2+夕

3豸
3爿

。̈

Whcn艿 =0,ln1=曰 0.But log1=0,thereforc砑 0=0.

Diffcrcntiating h(1+J)=ε l豸 +砑2苋
2+△

3艿
3+。

,̈We obtain

击 =臼 +锄+W+啸¨

HOwcⅤ cr,us血g the binomh1theorem,we can eⅩ pand1+豸 as(1+苋)l to

givc1一 艿 +J2一 x3+艿
4一

艿
5+。

¨ 。 Hence,wc havc

1-x+艿 2一
艿
3+艿 4— x5+.¨ ≡ 曰1+2△ 2艿 +3四 3艿

2+4‘
4豸

3+。
¨
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EXERCIsE 9D

Equating cocⅢ cien“,wc Obtain,1=1,勿 =一士,钩 =
Thcreforc,wc havc

昔,四4=一 号,¨ ¨

叩+θ =J一苦+苦 -苦 +苦¨̈

L1sing d’ z⒋lcmbcrt’ s ratio test,we Obtain

Thus.when|J|<1,the scrics cOnvergcs By inspcction,wc noticc that the

cxpansiOn is vaⅡd whcn J=1,but nOt whcn J=-1.Hcnce,wc havc

ln(1+θ =△ 一
苦

+苦 一
苦

+詈 一

SiⅡⅡlarly,、vc haⅤ c

h(1— J)=— J—
`
~
2

丫
3  X4  X5

3   4   5
for-1≤ J<

summary

Thc gcncral result Of this1ncthod for Obtaining thc pOwer series Of functions is

knOlvn as卜 Ιaclaurin’ s series,and is exprcsscd as

⑶=⑽ +町⑽+彗卩“⑴+替⑽ +

Exerclse9D

1 a) Sho、Ⅴ that thc flrst t、ⅤO nOn-zcrO tcrms in thcˇΙaclaurin cxpansion Of sinˉ 1J arc given by

d← J+苦 ⒈̈

∷I踹:导掖i言
L弯±TJ甘;早号:∶∶:∶;∶揣T揣l:找啻丨&TR嚅扌l】fsttCrm⒏

apprOxhnatiOn tO this valuc,giving your ans、 Ⅴcr cOrrcct to threc deci1nal p1aces    lWJEc)

2i)UsC ⅣΙaclaurin’ s thcOrem to dcrive the scries cxpansiOn fOr lOgc(1+x),wherc~1<x≤
1,

giving the irst thrce non-zcro tcr1ns.

") If logc(1+J)≈
J(1+四 θ

乃
for sma11t,snd the values Of曰 and D sO that thc nrst thrcc non-

zero tcrI△s of thc scries cxpansiOns Of thc twO sidcs agrcc。   (NICcEA)

3 a) Find thc Ⅱrst thrcc deⅡ vauvcs。f(1+豸)2Cos x
b) HencC,Or otherwise,flnd thc expansiOn Of(1+J)2cos x in asccnding pO、 vcrs Of x up to and

induding thc tcⅡ n in x3    (EDEXCEL)

for-1<x≤ 1
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CHAPtER 9 PR00F, sEQuENcEs AND sERlEs

4i) Lrse⒈压aclaurin’ s thcOrem to dcriⅤ e the flrst three non-zero tcllIIs Of the series eⅩ pansion for

s1n,‘ .

ii) Show that,for suf丘 ciently sma11氵‘
,

sln艿≈x(1—
i害)亏

Ⅱi) Show that when丙 =号 the err。r in using the approxknation in part Ⅱ is about0.2V8。
(NICCEA)

5 Show that the flrst twO non-zero tcrms of thc Ⅳhdaurin series for ln(1+x)are givCn by

叩+θ =F苦⒈̈
a) UsC thC sCries to show that the equation31n(1+豸 )==100艿

2has an approxhnate sOlution

觅=0.03。

b) Taking豸 =0.03as a Ⅱrst approxhnation,obtain an imprOvcd Ⅴalue ofthc root by tl△ ro

apphcations of the Newton_Raphson Imethod。 Chvc your answcr cOrrect to six dcchnal

placcs。   (WJEC)

6 Cliven that`==(1-← sin觅)ex,flnd祟 and show that堪
;劳

==(1-卜 2COs艿 )c×。

Hence,or otherⅥ 注sc,prove that the bΙaclaurin scrics for y,in asccnding pol1vers of艿 ,up to and

including thc term in x2is

1+2豸 +:豸 2

Thc binolllial cxpansiOn of(1-+四→
刀also begins1+2艿 +:x2。 ⅠⅠnd thc valuc of the

cOnstants曰 and刀 .    ◇
`EB97)

7∶) L「sC⒈汪aclaurin’ s theorcm to flnd the valucs of/,B,C and jD in the series expan⒍ on

tan1豸 =/+B豸 +Cx2+D豸
3+兰

5 
艿

7

5    7

where-1(豸 (1.
:i) Find,using the binoFnial expansion,thc flrst thrcc non-zcro teΠ ns of thc serics cxpansion,in

asccnding powers of叨 ,for l+笏Γ

Ⅱi) L「 sing the serics in part Ⅱ,cvaluatc

∫∶∶Γ1∫i万
歹d叨

as a scr1cs expans1On1n asccnding powers of艿 。

iv) Explain bricⅡ y how thc series cxpansiOn in part i can bc dcrived from the result in part"i。

(NICCEA)

8 ChⅤen that

`2=sCC x+tan J  
一

号
(豸 (罟, `)0
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EXERC】 sE 9D

shOw that

a)旦∠=:、 sec x

b) 
軎

=÷ y sCc x(scc x→-2tan艿
)

溉刂:;∫褓 弦:l:舞:::Tl投距黔 笮篮Tu2;∶砝摺t::;∶怒
t罗

噬
SLand c,

(EDEXCEL)

9Givcn that※齐)=(1+艿)h(1+x),
a)find thC f1fth dcⅡ vativc of叉Γ“)
b)shoW that thc Ⅱrst丘vc nOn-zerO ter1ms in thc bΙ adaurin expansiOn R;r flx)are

x+苦 一
苦

+苦 一
劈

c)且 nd,in terⅡ ⒙of r,an expres⒍ on for the`th tcΠu(r冫≥2)ofthe λ江aclaurin eⅩ pan⒍on for
fl,“). (wJECl

10⑴ D αv㈨曲
%;=∵1∶讠P’

·11d睾 alld show m狂

dx2  (2+J02

Ⅱ) Deduce thcˇ hclaurin series for ln(2+x2)in aScCnding po、 vers of豸 ,up to and including
the tcrm in x2。

bl By writing2+兀2as2(1+告 x2)and using thc serics cxpansion

叩+θ艹膏+←¨
ⅤeⅡ勾 your rcst11tf1· Om part a and dctcrminc thc nc~xt nOll~z∝ o term in thc seⅡ cs for
ln(2+x2),  (AEB97)

11i) Use MIaclaurin’ s thcOrem to d∝厶汜the丘Ⅱt sve terms ofthe scⅡ es cxpans0n for(1+x)r,
wherc-1(J(1。

∶∶) AssuⅡⅡng that thc serics,obtaincd abovc,continucs with the samc pattcrn,sum the

fo1lowing insnitc serics

l+:一昔斋+甙氙 ￡锷势+⋯ ㈧CcE⑶

12i)  L「SC卜Ⅰac1aurin’ s thcOrem to dcriⅤ c the irst Ⅱve terms ofthe scries cxpansion for ex.

COnsidcr thc in丘 nitc scries

击+岳 +子 +署 +· ¨
iI) If thC serics continucs、vith thc same pattern,flnd an expression for the刀 th tcrm,
Ⅲ)Sum thC infInite ser忆 s.  (NICCEA)

181

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER θ PR0oF, sEQVENCEs AND sERlEs

Uslng power serles

The scocs studicd on pages177-9arc used in a numbcr of situations,including

the two which are discussed bc1ow

Findimg the ⅡⅡⅡt of:紧
;}as·

0̄,wheⅡ】KO)==g(0)==o
If we“mply insert艿 ==0,we obtain嚣 =:,、Ⅴhich1ncans that wc havc

procecded incOrrect1y.

如 m丬e彳 咖 侧 俪 J湍 Ⅱ 冖 ⒍

sOLVTION

To flnd such a l血 nit,we eXpand the numcrator and thc dcnolninator of

the exprcssion cach as a power scrics in J and divide both by the lowest

powcr of x present.Thcn we put豸 =0。

Hencc,we haⅤ e

x_s1nJ

艿2(eλ -1)

+
垆
~
引

_
妒
一引

`
丶

J
/

_
妒
一引

+

'
~
⒊

_艿

(
`

一豸

蟊

攮

●

■

●

钫

鼹

檠

Ⅱ

ι

●

口

■

:
涵

攮

裰

●

瑷

磁

擞

镳

攮

霾

镏

鳋

爨

鬯

¤

Ⅱ

攮

翳

啜

B
■

●

冖

鼙

●

雷

攮

裰

簸

●

田

●

Ⅱ

I
●

鹾

冁

●

攮

鑫

Ⅱ

■

●

■

●

●

愠

臼

Ⅱ

鑫

攮

扌

灞

镶

砷+艿谱⒈̈J'+彗⒈̈
E冫iViding thc numcrator and thc deno111inator by艿

3,we obtain

无 一 s1n豸

x2(C“ - 1)

击一等⒈̈

1_cos豸

sin2J

'
一

引
 
 
 
1

+
⊥

”
 
1
~
引

1+

Thcrcfore,we have

{曳彘「∷;=

№ 叩 e ig∏m岫 血 J器 秭 → ⒍

sOLVTION

EⅩpanding the numeratOr and thc dcnolninator each as a power scries,、 vc

obtain

l ll彗谔⊥0彗一苦⒈̈
`
丶

`
/

_
妒
~
引

+
'
一

引_艿

/
r
ˉ

`
\
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UsING POWER sERlEs

口

鲮

攮

■

鑫

●

囔

攮

鳘

鼙

鑫

饔

●

●

矗

镳

邋

饔

镶

E、viding thc numerator and the dcnOⅡ 1inator by x2,we obtain

1_cos xi

sin2x  ~

Thcrefore,we havc

l   ~12

歹
^石 +· ¨

卜哿△̈
1
~
川

|曳戈茫卜

尹

廴

F
;
:

L’H⒗p⒒aI’ s rule

When cvdtlau鸭 tlle Ⅱmi“ Of∞me foms ofˉ J∶!∶∶]!∶∶!~,tllc Llsc of pOwcr mⅡ
cs is

ε
not appropriatc and sO we appIy l’ lH(:)pitaΓ s ruIe,which states that if

fl曰)=g(夕)=0,and ζ(曰)≠ 0,then

hm fl0~卩⑺)

λ→口g(x)  g′ (四)

If g′ (召)=0,wC repeat the proccdurc until wc flnd a derivativc
not zerO、 Ⅴhcn Jr=四                        of g(x)wh忆

h`

Thus,if fl四)=g(四)=0and ζ(曰)=0,but g`(曰 )≠ 0,thCn

hm」k立 =lim卫上立 卩rrr)

x→ 夕g(x)  λ→夕g′ (△ ) g′
′
(彐)

x4-7x3+8J2-2

Wc noticc that both thc numcrator and thc dcnoΠ inator arc zcrO when
x=1.Hcnce,wc havc,after diffcrentiating both thc numerator and thc

dcnOn1inator,

x4-7x3+8J2-2 4x3-21x2+16△

EXampIe19Find hm
X-→ l

sOLVTION

lim
X—→1

lim
X—→l

x3+5J-6

x3+5△ -6

艿4-7x3+8△ 2-2

x3+5J-6

=1im
t—→1 3x2+5

=_⊥ =~0,125
8

Fimding f(J)for smalI艿

Example20 EⅩ pand tan x as a pOwer scries in△ as far as a tcr1△ in x5。

Hcnce ind the valuc Oftan0001tO15dcchnal placcs,

sOLuTION

Wc exprcss tan x in tcn△ s ofsin x and cOs犭 ,and cxpand each as a powcr
scries,Hencc,wc haVC
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CHAPTER 9 PRooF, sEQVENCEs AND sERIEs

臼

0

0
0

¤

0
0

豸替+等¨̈
tan艿 =sln艿 =

COs艿 卜羞+丢¨̈

艿喾+击 ·̈

1一苦+羞一·̈

We rearrange thc aboⅤ e to give

忱nx=卜 苦+击 ]̈⒈
(苦一羞+¨·

)l丬

and thcn we cxpand the sccond-rackct,using the binoⅡ 1ial theorelll and

ignoring terms in,‘
5and higher,to obtain

tan J=

=豸 +苦 +羞一苦一诺+击 +¨·
Thereforc,we haⅤ c

切n豸 =豸 +:x3+缶妒+·¨
Hcncc,tan0.001is giⅤ en by

`
丶

J
/+

严
~
舛

`
~
2
 
\
川

/

1
 
 
/
I
`
 
/
I
`

I
)
)_

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
_
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
_

妒

而

 
妒

面

 
垆

面

+
 
 
 
+
 
 
 
+

'
T
'
T
妒

T

⒈

0
←

叫

tan0.001

That is,

=0.OO1+:× 0·000000OO1+岳×0.000000000000001+。 ¨

tan0.001==0.001000000333333  to15dp
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VsING POWER sERIEs

嚣  Dh⒙hg the num∝ 犹or and thc denominator by x2,

。                                            we obtain
■                     1   豸

2

耋    1_cos豸  丌
^石 +· ¨

晕   
蚰2豸

^卜

哿△⋯·
鑫  Thcref。 re,wc have

Ⅱ                               1

口        Ⅱll11_C°
s艿  2!  1

■     x→ 0 sin2艿  =T=Ξ

L’H。∮tal、 rule

Wl△en cvaltlaung thc limits of somc forms of-!∶ !〖∶:!∶∶!~,thc usc of pow∝ scries is

not appropriatc and so wc apply l,II(:)pitaI’ s rule,which states that if

※伤)=g(伤)=0,and g(四 )≠ 0,thCn

爨    置玑畲:=∶睾扌
If g′@)=0,we rcpeat thc procedure until we flnd a deriⅤ atiⅤc of g(x)which is
not zero、Ⅴhen艿 :=ff.

Thus,if※曰)=g(四)=0and g(四)=0,but g′ (ε)≠ 0,thCn

鳌 迅鑫=迅耆::=拥
鑫  ExampIe19Fhd1im x4ˉ

7豸
3+8x2-2

:         x→ 1  苋3+5Jˉ 6 ·

鲨    soLvTIoN

∶  wC notiCC that both the numcrator and thc denominator arc zero whcn
■   x二=1。 Hcncc,we have,aftcr differcntiating both thc numerator and the

聂  dcn。 minator

蜇          Ⅱm x4∷
7豸

3+8艿 2-2=Ⅱ
m4艿

3ˉ
21尢2+16x

∶          x→
1  J3+5艿 ^ 6    x→ 1   3豸2+5

∶     → hm x4ˉ 7J3+8艿:-2=~⊥ =~0.125
艿→1  λ3+5艿 一 6         8

F"d血g ff男)for small男

罗  ExampIe2o Expand切 n艿 as a power seri∞ in△ as far as a tcrm in艿 5。

蘧  Hence flnd the Ⅴ缸ue oftan0.001to15deomal placcs。

∶    sOLut】oN

莒   ;I:萤~号母:〗1∶∶哏l:;:∶;1ns。

fs1n艿 and cOs豸,antl expand each as a power
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CHAPTER 9 PRooF, sEQuENCEs AND sERIEs

s1n豸

艿替+替¨̈
tan艿 =

Cos X 卜彗+丢¨̈

x苦 +岳 ·̈

1一苦+羞一·̈

We rearrange thc above to givc

tan x=卜 苦+岳 l̈⒈
(苦一羞+¨

)lJ
and thcn we expand the secOnd bracket,using the binoⅡ 1ial theorcⅡ 1and
ignoring terms in·‘5and highcr,to obtain

tan x=卜
苦

+击 ¨
l⒈

+苦 一
羞

+¨ 斗
σ

一
羞

+¨ ·
)2+¨ l

Thereforc,we havc

忱n艿 =艿 +:'+岳妒+·¨
Hcncc,tan0.001is giⅤ en by

tan0.001==0.001-+:× 0·000000001-+f∶ × 0· 000000000000001-+。 ¨

That is,

tan0.001==0.001000000333333  to15dp

\
丶

`
/_

 
 
)··

)
(
ˉ

··
)
(
ˉ

Ι
⒓

_
.
 
 

·
.
 

妒
~
6

嚆

嚆
生z

'
~
6
 

妒~
6
 妒→2

x
 
 
 

苈
 
 
 
+

/
r
ˉ

ι
\
 
'
/
f
l
\
、

 
 
 
J

~
~
 
 
 

一~
 
 
 

〓
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POWER sERIEs FoR MORE COMPLICAtED FUNCTIONs

Power series】or more compIicated functions

We can cOmbine powcr serics for shnple function§ to makC power scries for
more compⅡcated ftlnctions,as demonstratcd in Examples21to24。

∶  ExampIe21Find the powcr seⅡ es for cOs豸 2。

0
0
■    sOLUTION

馐 The powCr series for cos x h

:  咖=1替+仁 +̈耕沪⋯
螽  To obt缸n the powcr series for cos艿 2,We rCplace every x in the above

雹  series with艿
2to obt缸n

蓄  ∞沏2艹乎+罕¨̈+耕~¨

莒   =1彗 +芽 `¨ +蹴俨⋯
罢  ⒏nce the pOwer∞ rics for cos x o valid for aⅡ real Ⅴ时ues of艿 ,we knOw
: that thc power scries for cOs'^Ⅴ alid for all values of',i。 c。 for a11real

鳗   values。 f艿。

盔  ExampIe22Find thc powcr series for ln(1+⒊ θ,虬ating when the

镫   expansi。 n is vaⅡd。

翳

琶    sOLvtION

鑫  In thC Cxpan⒍ on for ln(1+J),

:  叩+θ =豸 苦+苦¨̈
:  We substitute3觅 for x,which虫 vcs

:          ln(1+-3艿 )==(3x)-1⊥E二 +【1生F∶ _
3

莒                 =3艿 一:苋

2+9芳 3— ·̈

蓄晨∶;;丬F廴髁
`冕

l撬叩1tr:iYl!:罗 LΞ LJ;飞J∶∶/出
⒑αpa函∞

蘖   TherCfore,wc haⅤ e

鼍          ln(1-卜 3豸)=3x—
:艿

2-卜
9豸
3_.¨   for~:<x≤

:
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CHAPTER 9 PRooF, sEQVENCEs AND sERIEs

盔   Example23 Find the powcr scries fOr e4xsin3艿,up to and including the

邕  t∝m in豸 4。

罟    sOLuTION

∶  SincC we arc asked for terms only up to x4,Wc do not need to considcr
:  tCrms in highcr powers of苋

。

: The powcr s∝ ics for y。

:      
铲=1+艿 +彗 +替 +苦 +·¨

盔 Therefore,tl△e power scries for俨
x is

:  沪=1+㈦ +竿|罕+竿¨

: :嚣 罗垠 】;:;帛⒊扌11另F鞴 芤 咒 扌⒊J。r∞
濒 吧 x诵血 h,晒

晕  ⒍n弦 =oD罕 +甲ˉ
童    Theref。rc,the po、 vcr scrics fOr c4x sin3豸 is

:  '艹“n纭 =⒈ +eθ +竿+罕+罕 +丬
[⒊

0一竿+罕 ···
l

晕    ll+⒋ +″ +罟
'+罟

/+0← :'⋯ )

:  Igno⒒ ng termsin x5and highcr powers,wc obtain

畲           e纭 sin3艿 =3Ⅹ +12x2-+24艿
3_:豸3-+32豸4-18x4

i                                            ′

∶  Thcrcfore,wc ha姆

晕          e瓴 sin3x=3苋 +12x2+罟豸3-← 14x4

:  Example24Find aⅡ the terms up to and induding Ⅸ彳in thc power seⅡ es

:  for es1nⅩ 。

餮    sOLvTION

:  Ushg the pow∝ ser⒗s for铲 ,we obtain

啻  护m=1+半 +乎+乎—
罡 WC now apply tl△ c power series for sin艿 .⒏ncc we盯e Ⅱked for terms

:  only up t0艿
4,wc can ignore terms in highcr powcrs of豸 ,Thcrcbre,we

o   haⅤ c
¤

: 护̈ 午 ++¨
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EXERCIsE 9E

刍 →眄 替̈+气耸+替 +芽¨
炱  wh⒗ h givCs

量      esin x=1+J+苦 一苦

Exerclse9E

1 Find the power scrics of cach Of thc follOv注 ng,

a)sin2x         b)cos5J         c)c:x
d)h(1+J2)   e)h(1-2J)

2 Find the po、 ver scrics of cach of thc following,up to and inc1uding thc tcrm in x4.

a)Sin J2      bl(1+x)e3、     c)(2+x2)cos3x
d)ec° s、        e)h(l+cOS x)

3 Find Out、 vhcthcr thc fo11owing inflnitc scrics cOnvcrgc Or divcrgc.

㈤客嚣   ⑴扈卉   Θ客爹
4 Find the po、 Ⅴer scrics expansion Of cos x3,Which valucs Of J is this Ⅴahd for?

5 Find thc po、 vcr scrics cxpansion Of c2、
2

6 You arc tOl(1that丿 =震
1J:;÷

·WhCn docs this series convcrgc?

7 GiⅤ cn that{J|<4,nnd,in asccnding pOwcrs of x up to and including thc teΠ △in J3,thc scries

eⅩpans1on Of

a)(4— J沪       b)(4-· )告 sin3x   (EDEXCEL)

8 a) Find thc Ⅱrst four tcrms Of thc cxpansiOn,in asccnding pO、 Ⅴcrs of x,Of

(2+3x)l  蚓<号

b) Hence,or Othcr、Ⅴise,find the f1rst four nOn-zcrO terms Of the expansion,in asccnding

pO、Ⅴers of x,Of

卷 M《 G"鲫

9        cos(2x+号
) 
≡̀

cos2x-卜

g sin2x

a) Find the exact Ⅴalues of thc cOnstants`and~⒎ .

ChⅤcn that x is sO small that tcrms in x3and higher po、 Ⅴcrs of△ are ncghgib1c,

b) sho、v that cOs(2J+詈
) =:—

√tx一 J2    (EDEXCEL)
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CHAPTER9 PRooF, sEQVENCEs AND sER∶ Es

10 The function fis dcsncd by

R艿 )=C伢
一 (1+D艿

)告

whcrc ε and D arc positivc constants and|D豸 |(1.

a) Find,in terms of c and3,the coeⅢcients of艿 ,艿
2and苋 3in the eⅩpansiOn of※x)in

ascending powers of豸 。

b) Given that the coefflcient of氵 ‘is zero and that the cOcfflcient of豸 2is:;,

D Ⅱnd the valucs ofc and3

⒁哪幽thC c∞Ⅲ洫d'^:。 ⑾η
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10 HyperboⅡc functions

JJf r乃 召Ι76@s Jo乃曰刀刀 Jfc湘 c乃 ￡￠9,c3召 rr g伤 v召 伤v臼v刀氵c召

`昭

s召刀勿 r氵ε″沏 莎召r彬s钐rr乃
召p舀 r夕,9,西 r汔伤莎功刀

犭 r乃召力9巧P召严3o助,勿 粥 伤扔纱 耐 r乃 s仞 c乃 ￠ 莎
`召

伤r昭召刀r犭 r乃召s沏召铆 歹 cos加召o刀 r乃 召 cj严 C勿

IⅤOR GRATTANˉGUINNEss

雳
饕
箸
箸
暨
饕
跷

DeⅡn⒒ions

The hypcrboⅡc functions,of、 vhich there are siⅩ ,arc so namcd because they
arc related to the parametric equations for a hyperbola.

Wc begin、Ⅴith the twO functions hyperbolic sinc of苋 and hyperboⅡ c cosinc of

x,wh忆h arc wⅡ ttcn

⒏nhJ and cOsh艿

They are deflned by the relationships

sinh艿 =:(eJ-e_D

cosh~Y=:(e“ -+e~。

In as打nⅡar1nanner to ordinary trigonomctric fLlnctions,、 vc havc

tanh x= sinh x =ex_e_x
cosh豸   cx+c~×

cosech x=
s1nh豸

sech艿 =
cosh艿

coth x=   1
tanh苋

By convcntion,wc pronouncc sinh as‘ shine’ ,tanh as‘ tllan’ ,(co)sCch as‘
(co)shCck’ and coth as‘ coth’。

EXampIe1 Find a)sinh2and b) sech3.

sOLVTION

a) Usua11y,you wOuld use a ca1culator to flnd sinh values。 Not aⅡ

calculators operate in thc samc way,so you rnust flrst cOnsult your

calculator instructions to learn the Correct order in、 Ⅳhich to press the

hypcrbohc(hyp)key,the sin key and,in this casc,the2key.Your

answcr should be3.6268。 ¨

鼹

镳

●

●

¤

镏

翳

鼹

豳

蟊

麟

●

■

翻

霾
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CHAPTER 10 HYPERBOLIC FUNCTI0Ns

Otherllise,you wOuld havc tO cvaluatc sinh2using thc rclationship

sinh2=Ξ rC2_c2)

and putting in thc valucs Of e2and c^2,which you cithcr obtain from

tablcs Or calcu1atc frOm thc cxpOnential series.

b)Again,you wOuld norIna1ly usc a ca1culatOr with thc relatiOnship

sech3= (to4dp)
cosh3   10,0677

Thcrcforc,sech3=0,0993,to four dcchnal placcs,

Graphs of coshjⅡ·
,sinh jl· and tanh.l:

`=cosh艿
We obtain thc graph of`==cOsh x
(shoWn on thc right)by Ⅱnding thc
mean valucs Of a fe、 Ⅴ corrcsponding

pairs Of valucs of`=ex and y=c^x,

and then plotting these1nean Ⅴalues。

`=⒍
nh男

TO produce thc graph of`==sinh x
(shown on thc right),wc Ⅱnd halfthe
diffcrcnce between a fe、 Ⅴ corresponding
pairs Of valucs of y=cx and`=c~x,

and thcn plot thesc Ⅴalucs

1θ o
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sTANDARD HVPERBOLIC IDENTITlEs

J,=tanh艿

Wc have tanh sln|}∶
i∶∶}∶|,w肫h驷∝石 =— —

Cos

tanh豸 =

→  tanh x=

(e丌 一eˉ0
(ex+e~θ

1_eˉ h

1+e_⒉

Therefore,tan⒒ 豸(<l for a11values of艿
,

and as x-→ +oO,tanh艿 → 1。

since tanh x=_÷
ξ彐藁|tanh x>-1

for aⅡ valucs of凡 and as J→ _∞
,

tanh x-→ -1.

Hence,the graph ofy==tanh x Ⅱes

bctwccn thc asymptotes`=1and y=-1,

staⅡdard hyperboIic identities

From the cxponcntial deflnitions for cosh艿 and sinh豸 ,we haⅤe

cosh2~tˉ = [;(Cγ →-C~。
12

=扌 (e2x⋯+2-+eˉ
2x)         [11

and     sinh2x= [;(ex— e~x)12

=÷ (Ch-2-+Cˉ⒉
)         [2]

Hence,subtracting[·⒉]from Ⅱ],wC obt缸 n

cosh2艿 一sinh2艿 =÷ (Ch-+2-+C~h)~÷ (e2x-2-+e_h)二 =1

Therefore,we haⅤ e

缲        cosh2x—
sinh2豸 ≡ 1

Notice thc s虹 nⅡarity of this hyperbo1ic identity with the usual trigonometric

idcntity cos2艿 -← sin2艿 :≡ 1。 Scc pagc213for OsbOrn’ s rule,which wⅡ l hclp you

to recaⅡ  thc standard hypcrbohc idcntities.

EⅡⅤiding cosh2x-— sinh2x≡ 1by sinh2兀 ,wc。 btain

cosh2艿   sinh2~tˉ     1

⒍nh2x  蚯nh2艿
^sinh2艿

wh妃h ghes
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CHAPTER 10 HVPERB0LlC FUNCTl0Ns

鼷         coth2犭
-1≡≡cOsech2艿

SinⅡarly,diⅤiding cosh2~tˉ -ˉ sinh2x≡ 1by cosh2J,wc obtain

cosh2艿   sinh2艿     I

cosh2艿  cosh2豸
^cosh2艿

wh忆h ghes

邈        1-ˉ
tanh2x≡ scch2艿

E)iffereⅡtiation of hyperboIic funotioⅡ s

To diffcrentiate sinh艿 and cosh豸 ,we usc thcir cxpOnential dennij。 ns.Hence,
for sinh艿 ,we haⅤe

宏;sinh艿 =宏
;[;(ex-—

e~。
l =:(e丌

+e~x)

From the defln⒒ions,wc knoW that

:(e齐
-← e~x)==cosh艿

ThcrcfOre,we haⅤ e

露      苫;slnh x=cOsh豸
宏;coshˉ

tˉ ==苫
;丨:(Cy-+Cˉ

0l =:(eλ _C一丌
)

FrOm thc defln⒒ions,we know that

:(Cx—
e~为)==si1ah x

Thcrcfore,we haⅤ c

瑟      宏;cosh艿 =⒏nh艿

To diffcren住ate tanh豸,wc use the identity

tanh豸 ≡ sinh x
cOsh艿

wh忆h ghes

⊥ tanh豸 =生 血h艿

d豸       d艿 cOsh艿

=     ⒃ 飓伽 恻 嘁 d⑶

cosh2艿 一 s1nh2苋

cosh2豸

=旒 ==sech2艿

日92
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CHAPTER 10 HYPERB0L】 C FVNCTI0Ns

霆         coth2豸
-1≡≡cOsech2x

ShnⅡ arly,dividing cosh2~tˉ -ˉ sinh2豸 ≡ 1by cosh2苋 ,wc obtain

cosh2艿   sinh2x     1

cosh2艿  cosh2艿
^cosh2艿

wh忆h ghes

搬        1-ˉ
tanh2x≡ scch2λ

E)ifferentiation of hyperboIic fun0tioⅡ s

To diffcrentiate sinh艿 and cOsh苈 ,we usc thcir cxpOnential deΠ niuons.Hence,
for sinh~tˉ ,we have

苫;sinh艿 =石歹[;(ex-—
e~。

l =:(e丌
+e_x)

From the deflnitions,wc know that

:(ex-←
e~x)==cosh艿

Thcrcfore,we haⅤ e

露      苫;slnh x=cOsh丙
宏;coshˉ

tˉ ==苫
;丨:(Cy-←

Cˉ0l =:(ex_C一
丌
)

FrOm thc defln⒒ions,we know that

:(Cx—
e~为)==sinh x

Thcrcfore,we haⅤ c

罨      苫;cosh艿 =⒏nh艿

To diffcren住ate tanh豸,wc use the identity

tanh豸 ≡≡ sinh豸
cOsh艿

wh忆h ghes

⊥ tanh艿 =生 血h艿

d艿       d艿 cosh x

=     ⒃ 鸭杌 恻 涮 rulel

cosh2J_s1nh2苋

cosh2豸

=旒 ==sech2艿
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CHAPTER 10 HΥ PERB0LIC FuNCTIoNs

麈         coth2艿
-1≡≡coscCh2X

s虹nⅡarly,dividing cosh2犭 -— sinl12△ ≡ 1by cosh2豸 ,we obtain

cosh2x  sinh2艿     1

cosh2x  cOsh2J  cosh2豸

wh允h ghcs

轰         1—
tanh2x≡ sech2艿

E)ifferentiation of hyperboIic fuⅡ ctioⅡs

To differcntiatc sinh豸 and cosh豸 ,we use thcir cxponential deΠ nitions.Hencc,

for sinh艿 ,wc havc

苫;sinh x==苫;[;(e“
—e~Dl =:(ex⋯←e~x)

From thc deflnijons,we know that

:(Cx-+C-x)==cosh x

Thereforc,wc have

d s1nh x=c。
sh豸

dx

苫;COsh J=宏;[:(ex-+C~x)] =:(eλ
—C~x)

From thc dcflnitions,we know that

:(Cx—
C_。 ==sinh豸

ThcrcfOre,we haⅤ c

dc。
sh艿 =⒏nh豸

d艿

To diffcrentiate tanh∶ ,(;,wC usC the identity

tanh豸 ≡≡
sinh豸

cOsh艿

wh忆h gives

⊥ tanh豸 =⊥ 蚰h艿

d豸       dλ  cOsh x

cosh豸 cosh艿 -s1nh艿 s1nh△
(using the quotient rulc)

cosh2豸

cosh2艿 一 s1nh2艿

cosh2艿

=cosh2x=二 sCCh2艿

髫
爨
霪
跚
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熹
墁
瑟
髑

Therefore,we haⅤ c

d tanh艿
=scch2艿

d豸

To dⅡ△erentiate functions suCh as cOsh四 x,again、Ⅴe usc thc cxponential

dcflnitions。 Hence,we havc

导cosh四豸==∶
::[:(e夕

x-+e^砑
)l

=:@e绲 一敌厂夕x)

From the exponcntial deflnitions,we note that

c[;(C砑一e~夕
x)l =‘

sinh ε艿
Thcrcfore,wc haⅤ e

d c。
sh四丙==ε s1nh△X

dx

SiInⅡarly,wc have

d s1n纽
.艿 ==ε COsh伤J

d苋

望ェtanh臼x=曰 sech%豸
d豸

EXampIe2Find望 丝 whcn、 =3cOsh3豸 +5sinh4艿 +2cosh47艿 .

sOLVTION

To differcntiatc cOsh47艿,we express it as(cosh7艿)4and apply the chain
rulc。 Hcnce,we have

睾
=9sinh3觅 +20cosh4豸 |卜 2× 4× 7sinh7豸 cosh37x

=9sinh3艿 -卜 20cosh4豸 -← 56sinh7x cosh37x

Integration of hyperboⅡ c hⅡctions

From the differentiatiOn formulac giⅤ cn On pagcs192-3,we deduce that

∫COsh四Jd丙 =:pinh四x+c

∫sinh c豸 d豸 =:cosh夕艿+c

∫sCch‰xd兀 ==∶ tanh cx+c

lNTEGRATION OF HYPERB0L【 C FUNCTIONs

蓼

■

■

■

骧

■

捩

蠹

●

■

鼹

湃

翳

■

蠡

鍪

蟓

鑫

翳

蠹

蜃

蠡

疆

蜃

罨

饔

爨

龇
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CHAPTER 10 HYPERBOLIC FUNCTlONs

ExampIe3

sOLVTION

Jd豸3hce9+艿4hn2

F
I
I
J

dnF

SpⅡtting thc given intcgral into two parts,wc obtain

∫2s1nh4艿 d艿 +∫ 9sc?h23x dx=2c。 sh4J+:tanh3x+c
4

=告 cosh4x→-3tanh3苋 +c

IⅡverse hyperbolic functions

We deflnc thc inverscs of the hyperbohc functions in a sknⅡ ar way to the

invcrses Of thc Ordinary trigonometric functions。 Hcnce,for cxamplc,if

`==sinh~l豸
,then sinh`=苋 .Likcwisc for coshˉ

l艿
,tanh_l艿 ,coscch~1X,

scchˉ
1x and cothˉ l艿

。

Solneti111es,thesc functions arc written as ar⒍ nh x,arcosh另 ctc.

sketching iⅡ verse hyperboⅡ c functioⅡs

Thc curve of y==sinhˉ 1艿
is obtained by rcⅡ ccting thc curvc of y==sinh J in thc

linc`=豸 .

To draw thc curve with rcasonablc accuracy,wc need to flnd thc gradient of

`==sinh豸

at the origin。 According1y,we differentiate y==sinh艿 ,to obtain

曲
`=c。 sh艿

d豸

Thus,at thc Origin,wherc艿 =0,wc have

Φ
=c。sh0=1

dⅩ

That is,thc gradicnt of y==sinh艿 at thc Origin is1.

We nOw proceed as fo11ows∶

● Draw the hnc`=艿 as a dashed1inc。

● Skctch carcfully the graph of`==sinh x,

remcmbering that`=豸 is a tangent to

`=⒍
nh△ at the origin。

● Reflect this sinh curve in thc Ⅱne y=J.
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INVERsE HΥ PERBOLIC FUNCTIONs

S⒒nⅡarly,wc can sketch any other inverse hypcrboⅡ c fLlnction∶ that is,by

rcⅡecting thc curⅤe of thc re1eⅤant hyperboⅡc ftlnction in thc line y=艿。In
each case,、 ve rnust f1nd the gradicnt of thc hyperboⅡ c curve at the origin.

Take,for eⅩ ample,`==tanh x,which giⅤ es

dv=scch2J
dx

At the origin,where△ ==0,wc haⅤe

睾==sech20==石丐甘甘鬲σ==1
That is,the gradient of y==tanh x at thc Origin is1。

Also,wc know that`=tanh艿 has asymptotcs`=1and y=-1.Thcrefore,
becausc`==tanh_lx is thc rcflection Of`==tanh J in丿 =几 y==tanhˉ lx has

asymptOtcs艿 =1and豸 =-1.

ExampIe4 Solve thc equation2cosh2J-— sinh艿 =3。

sOLVTION

L「 sing thc identity cosh2x_sinh2苋 ≡≡1,wc obtain

2(1+蚯 nh2艿)一 蚯nh艿 ⊥3=o
→  2⒍nh2x_sinh J-1=o

We now factorisc this to obtain

(2sinh艿 +1)(sinh艿 -1)=0
→ sinh豸 =l or 一告

→  豸=0.8814 or -04812

y=tanhˉ la
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CHAPTER 10 HΥ PERBOLlC FVNCTI0Ns

Exercise10A

1 Eva1uate

signiflcaneach of thc

following,g

t flgurcs。            

··

a)cosh2                  1v1ng your a

nswcr o in t

b) sinh

∶emsofca1

3    c) tan

2 Starting、                                                    1d iI)corrcc1

h4

vith the dc丘

∶to thrcc

a)COsh G         niti°

ns of si

b)sinh{fˉ
←ΙD≡ C°{         nh豸

and co∷

】—③≡≡sin氵

h/c°sh B-

h/cosh B二
sinh/sinfhjλ

·
’pr。vc(;ach ofthe f

c,蚯nh/                    1:

-cOsh/⒍nb             

°ll°wing idξ

:                    Dntitics.

+sinh B≡ 2sin~(望吒·旦)cosh(望∷亓旦)
3 EXfferent iate cach of

a)cosh2       the f°

11°wir

丌             Lg.
d) 2cosh 4x-5sinh∶        

臼)) sinh5艿

g)sCch豸        3艿
     e忄3cosh2x

i) ln cosl                                              c) tε

+6sinh5艿           1nh3x

h) 3cosh53豸

1,‘ ■            f)c(

4Integratc              Il esinh2γ

                Dth艿
i)2sinh48艿

,with respα

a) sinh3J         )tt°

艿’CaCh

I)lr

r                    ofthe fo11ob)cosh4艿           

·                ltanh5豸
w1ng。

)    
∶|∶∶

nh(昔
)

d)2cosh(昔
)    e)3cosh5x-2sinh(釜

5 So1Ⅴ e eac;h Ofthese e|

anh4艿

a) 3sinh         quati°

ns,gi′

艿-卜 2cos廴 x         1ng your aF

c,cosh x       =4           1sWer to th“∴+4⒍nh豸 =

b) 4cosh          DC signiflcan

e) 9cosh          =32艿 -6sinh,                 

丌ˉ :sinh觅         t flgurcs.

d,3seCh j       +1=0
,=17

r-2=5ta1

6 Find the                  f)3sinh2        

·hx

logarithnvalues of豸

x+COsh J-

△s.  (EDEf°
r wh忆h8

2̈=0

cosh J+4“
XCEL)

7al D W                       nhx=7,虫
⑴H豆

℃∞Wn"

v1ng your a1

冫nceshowtfCxpress1on                                  

·swers as na

for tanh艿 i                          tural
1at

n tclⅡ Is of e}x and c_x.

1_tanh x=一空≡
2J

bl Using          1+thc result i1         e-2x1part a∶ i,e va1uatc

∫F(1— tanh艿)dJ

8 The curv

‘  (NEAB

thc turn}∶

e(【:I has equ

)

ng point on ati°

n`=5(
C and detc:°

sh艿 +3si

9ShOw th【

诵∝弧m瓦
h坛 晌 t

I)cduce∶

t’ if J‘ is rea

∶urc。    (E士;C exact val

∶hat cosh x∶
l’ 1斗-告豸2)                               ues。

fthe G(

)EXCEL)

,艿.                                    )ordinatcs of

The poin       >x·
is a Ⅱlini}tP°

n the c

mum.Showurve`=cgthat the co:h豸

is such

Drdinates ofthat its perpP arC(ln(1)endicular dj+√’),诌 ftanCe⒒

。m
卜 ㈧EA:杌

hCy=艿
)

1θ 6
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10Lct v=x sinh J,

d snd业 .

dJ4

⑾U∞ hd∝uon ω∞忱Ⅲ血a brmda br鹊,⑩C幻

11 Find thc cxact solution of thc cqua位 on2cOsh x+sinh x==2。    (ocR)

12 The curvc C is dcsned paramctrica11y by

x=r+ln(cosh r)  、≡⒍nhr

D Sllow that:蚩 =f%sh2豇

⑷比nce show m狨 萼占=c功cOSh%@⒍nhr c。sh)

Iii)DCducc that C has a point OfinⅡcⅩion whcre r=告 ln3·  (oCR)

13i) ShoW that

宏;(:sinh4、 |卜 4sinh2y-← 6`) =16cOsh4`

iD Given that x=2蚯 nh`,show that

sinh2J`=:xv/lx2-← 4)

and also that

sinh4,`=∶
;x(x2一

卜2)~/(豸 2-卜
4)

iⅡ ) 1JsC thC rcsults of parts i and ii tO shOw that

∫

(J2-卜 4):dJ=÷ 豸(x2+10)v/(x2-卜 4)-← 6sinhˉ
1(:豸

)+constant   (OcR)

14 Consider thc ftlnctions为 ==7+sinh x and
y2==5cOsh Ⅰ、vhose graphs are shOwn in

thc flgure On thc right

:) Show,by solving the cquajon,that thc

solutions Of7+sinh x=5cOsh x arc
_lOgc2and loge3·

") Show that thc area bounded by the twOgraphs in thc ngure is71Ogc6-ˉ 10

(NICCEA)

EXERCIsE 10A

y2=5cosh x

yl=7+sinh|r
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CHAPTER 10 HVPERBOLIC FVNCTlONs

Let几 =∫ cosh刀豸d艿·Show that
∶⒍nh x cosh刀

^l豸
+(刀 -1)几 ~2刀‰=

Hcncc show that

∫丨
2cosh4苋

d艿 =÷ (铥 +ln2)   (oC⑷

a) shoW that击 (tanh丙)==sρ ch2豸·

sho讯、a skctch of part of thcb) ThC diagraⅡ 1on the right

Curvc whosc cquation is

x≥ 0=4tanh艿 一豸y∶

i) Find,correct to t、 Ⅴo dcC⒒nal places,thc coordinates

on the curⅤ e。of the statiOnary point           thc arca of the

Ⅱ) I△nd,correct to four deciInal places,

thc,‘ -aⅩisshadcd region boundcd by t纽 e curvc,

and the ordinatc x=2.

c) For large valucs of x,the curvc is asymptotic to the1inc y=r9c豸 -卜 c,WhCrc阴 and c are

constants.Statc thc Ⅴalues of P77and c,and giⅤe a rcason for your answcr.    (1、丁EAB)

16

LogarithⅡlic form

The invcrse hyperboⅡ c ftlnctions cosh_l豸 ,sinh~I艿 and tanh~l艿 can aⅡ bc

expressed as logarithnⅡc functions.

Expressing coshˉ
1艿

as a logarithⅡ lic function

Let coshˉ
1艿

==y。 We then havc

豸=COsh`

→ 豸==:(C′ +C_y)

⒈压ultiplying throughout by20′ ,we obtain

2艿ey=e勿 +1
◇  e勿 -2艿c′ +1=0

To solvc this equation,wc treat it as a quadratic in ey,which gives

e、 =2J士
√饵x2-4
2

→ ey=艿 士√
′
豸2-1

Taking thc logarithms of both sidcs,we obtain

`=h(豸
圭√

/x2-1)

That o,thc pⅡⅡ0ipal value of cOsh1艿 跽ln(艿 +√艿2-1).
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LOGARITHMIC FORM

Expressing thc principal value in a diffcrcnt form,wc obtain

吖辟√′丌21》 h丨        l
=h丨铝 l

=h丨
T·Ⅰ丿釜厂

=了
l

Hence,wc havc    =_ln(豸

一√豸2-1)

ln(x土 v/t·
2-1)=士 ln(x+√′2-1)

which1natches the symmctry ofthc graph of cosh J。

罩  Example5Find tlle Ⅴalue,h logaritllm忆 fOrm,of cosh12.

:    soLuTIoN

莒   Using coshˉ 1艿
==ln(J→-vx2-ˉ 1),、vC have

:        c。sh 12=ln(2+√t)

: ExampIe6Find thc cxact cOordinatcs of thc points whcrc thc line y=3

:  cutS the graph of`=cosh x·

翠    sOLvTION

篓 WllCn y=3,we hⅡ四

≡         J=c。sh13

:   →←以3+雨 =叩 +20
: By wmmet叩,tllc Otllcr valtlc of J o_lnr~s+2√ 勿,

:  ThcⅡ bm,tllc twO pollts aⅡ

:     αnO+2√勿, s̄l and (丬 llr3+2√勿,η

Expressing sinhˉ
1J as a logarithⅡ

lic function

Let y=⒍ nhˉ
1x 

Ⅵ饴thcn havc

x=sinh`  => △=:(c′ —e~、 )

bⅠ ultiplying thrOughout by2Oy,、Ⅴe obta1n

2xc’ =eⅡ -1
◇  C2′ -2Xey~1=0

Trcating this cquatiOn as a quadratic in cy,we haⅤ c

/=2丌 土√
′
4艿2+4 

→  cl=x士 √
′
丌2+1

2
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CHAPTER 丬0 HΥ PERB0LIC FVNCTIONs

Taking thc logarithms of both sidcs,we obtain

`=ln←
土√

'+1)
The Ⅶlue ofsinl△

l豸
call only bc lno+√ 兀2+1).We canllot l△ a靶

sinh1J=ln(艿 一
√ 艿

2+1),bCcause J(√
艿

2+1,which wOuld红
Ⅴ e the

logarithⅡ 1of a negatiⅤ e numbcr,、vhich is a complcⅩ number.

Hence,、Ⅴe havc

⒍nh lx=ln(艿 +√≈2+1)

昱  ExampIe7Fhd thc vdue,h log盯 itl△m忆 form,of sinh13。

鏊

i    sOLVTION

耋
"ng血

h丬豸=ho+而 2+D,帕 h妮

∶     sinh13=ln(3+√t0

Expressing taⅡ hˉ
1jr as a IogarithⅡ Ⅱc functioⅡ

Lct y==tanh~1x。 Wc thcn haⅤ e

豸==tanh`==sinh`

→ 丙=謇吕干軎:
⒈江ultiplying thc numerator and thc denO1111nator by2cy,we obtain

e勿 -1
豸=e匆

+1

→  C勿豸+x=e勿 -1

Thereforc,wc have

C勿 =出
 
→ y=:ln(÷芒《)

Hel△c⒐ m凵 血 d舢 丬
” s:h(÷

〈1专),W阢
∞ J(x<⒈

∶  ExampIe8Fhd the v馘ue,h logarithm忆 form,oftanh l告 .

毽    sOLU丁 ION

髯   Lrsing tanhˉ
l觅 =:1n(击

),we have

膏          tanh—
1告 =:ln(喜

)

耋   which gives tanhˉ
1告

==告 ln3.
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DIFFERENTlATI0N 0F lNVERsE HΥ PERBOLIC FVNCTI0Ns

矗  ExampIe9Find tl△e Ⅴaluc,in logarithm忆 form,of∞ ch l吉。

蟊    sOLuTION

蠹   Since、 ==sechˉ
1告

,we have

营              scchy==告

曩     → 瓦〈甘T=:
鹜     → cosl· y=2
蠹        → `=co血 12

曩   Using cOshˉ 1x=ln(x-+√
x2— I),we haⅤ e

罡      c。血 12=ln@+√
匆

鳘  wh忆h ghes scch1告 =ln(2+√ t).

summary

∞sh\=ln(x土 √
/x2-1) x≥

1 Plus sign虫vCs the principaI ⅤaIue

sinhˉ
1J=ln(x+√′x2+1)

岫丬·=:h(弋)丬 <x<1

F
Ⅱ

Ⅱ

Ⅰ

【

廴

〓
卜
艿 
 
 
 
 
e

一 
 
 
 
 
V

n
h
 
 
h
a

.
⒏

 
 
 
 
C

d
一

&
 
 
c
,
wbeChT

Γ
Ⅱ
Ⅱ
ι

E)ifferentiation of inverse hyperboⅡ c functions

slⅡhˉ
1jr

Wc have y==sinhˉ 1礼
thcrcfore sinh`=豸 ,

Differentiating sinh`=汛 、vc obtain

cosh`丙
Ι
=l

→  业 =   =
dJ  coshy

which giⅤ cs

√
′1+x2

[       ∫Ⅰ7÷弯言瓦歹==s1nh-1豸 -← c

We nOw take`==sinhˉ 1(芳

),giving sinhy=芳

√
′
1+吖2

1+slnh2v

201

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER 10 HYPERB0L∶ C FVNCTl0Ns

Diffcrenuating“ nhy=王 ,we obtain
曰

cosh`d~x~==:;

→
:券

=万石圭石歹=
wh忆h gives

d,, 1

√
′
四2+J2\

丶

J
/

但
嗝+

That1s,wc haⅤ e

瑟       茗;⒏
nh—

l(劳

)=丐荡詈÷丐万

from which it follows that

蘖       ∫丐砺詈羊
=万

==s1nh_l(芳
)+c

coshˉ
1J

Wc havc y=cosh lX,thereforc cOshy=x,

Df℃rentiating coshy=尼 wc obtain

血hy睾 =1

→ 睾=忑击歹=
wh忆h ghes

驿       普;cosh-l∝
=击

Thcrefore,we havc

箜        ∫票 =cOsh_lx-← f

We nOw take`=coshˉ l(管

),giving cOsh`=芳

Differentiating cosh`=兰 ,we。btain
砑

s1nh`Ⅱ
t==钅

→妊=l烈南=

√≈2~1

+sinh2`
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which giⅤ cs

ψ 1

DlFFERENTlATI0N OF INVERsE HYPERB0LlC FVNCTl0Ns

l

√

`2~四

2

ˇ
/′艿

2一
曰
2

dJ  四勺卢【三)2~1
That is、 we have

〖

 
 

瑟

曰~
冖≡
 
 
 
 
/
^
'
\

~
~
 
 
 
a
t

⊥ t
曰

 
a
t
c
 
1
瓦

丨
J
 
 
w
c
 
f
丨

J

a
t
 
 
 
 
 
 
 
m
 
 
 
 
 
 
 
t
e

T
h
 
 
 
 
 
h
 
 
 
 
 
 
N
ο畲

 
 

瑟

苫;cosh— 1(芳

) =

from wh⒗ h it fOllows that

∫丐石詈姜丐万=coshˉ
1(芳

)+c

tanhˉ
11r

We havc`二=tanhˉ
1(芳

),thCrcforc tanh`=芳

Diffcrentiating tanh`=兰 ,we。 btain
fI

scch2`:+=:

→
:蚩

=Ⅰ恧而 曰(1— tanh2y)

C

which虫Ⅴ∞

d`

dx

This rcsult

function in

rr丨 1— (芳)1~'_x2

+c

partial fractions∶

杰)d艿
=:∶ ln(定

)+f

CcneΗ

 
⒒

· 
 
O

⑶

唰

1
 
 
 
C

耐
 咖

o
f
 
o
n

m
 
i
a
t
i

b
 
n
t

i
t
h
m
i
c
 

咖
唧
 ·跏

t
h
c
 萜

·⒙

 
t
a
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CHAPTER 10 HΥ PERBo△ IC FVNCTI0Ⅱ s

√豸2-25

ExampIe10 EXfferentiate

洲耐⑶ 帅卩⒋ b,cos卩⑶
㈤U⒍ng苫

;血
hlG)=丙

丐≠÷丐万
,We haⅤe

刂   苫;蚰h丬G)=扁
⑴ 击勰⒋姑淝⑶=

wh忆h gives

苫;蚰h%豸 =Ⅰ丌缶丽
b) Using l≡
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ExampIe11 Find

a)∫
i瓦7万÷言∶万歹d艿

sOLVTION

a) Using the flrst integral fomula on page202,we obtain

∫iⅠ7亓÷F≡万d艿 = [sinhˉ
l(昔

)li

=sinh11_sinh10=sinh11=ln(1+√勿

Tl△crcfore,we have

f币卉万d艿 =以1+而

b)BCfore integrating,we Inust reduce the coeⅢ cient of豸 2to unity(as

with inverse trigonometric functionΘ ,which gives

1丐砑÷|秃万
d艿 =瓦

括 ‖

痂

d豸

b) ∫∶羔 d艿
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DIFFERENTIATlON 0F INVERsE HΥ PERB0LIC FVNCTI0Ns

→
 1瓦万F÷丐瓦万d豸 =

Thcrcfore,we haⅤ e

1面 缶 万
d豸 =击 h(卫∈

t⒊
Z三

)

ExampIe目 2 Find∫
∶T7瓦言|三丁歹

d艿·

sOLVTION

LTsing the f1rst integral formula on page203,we obtain

∫∶瓦7万套≡F歹 d豸 = [cosh-1(昔
)l∶

=∞血̂ 12_∞血
~11=ln(2+√

匆-0
Therefore,wc have

∫∶诜 d苋二=1n(2+、钅办

ExampIe彐 3 Find∫
~/4艿

2~ˉ 8x-ˉ 16d艿
·

sOLuTlo"

Bcfore integrating,we must

● Complete the square(as With inverse tr尥 onometric fundions)
● Rcduce the coefflcient of艿 2to unity.

Hence,wc have

v/d豸
2-8艿 -16=√饵诸、2~2艿 -4
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which

d豸 =:∫
dx

∨★
-一 呼-5

=:cosh-1(苄
)+c

=2、/(~Y-1)2-5
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