
CHAPTER 5 DETERMINANTs

We can ta kc thc factor庀 out of cach co1umn。 Hcncc,、Ⅴc obtain

锤肜矧诮:‖
Transpose of a deterⅡ linant

Thc transpose of a dctcrninant is Obtaincd by reflccting thc dctcrⅡ Ⅱnant in its

Ieading diagonaI,(This is the diagonal iom the top lcft corncr to thc bOttom

right corner.It is also knOwn as thc principa1diagonaI)

The value of the transpose of a detern1inant is the same as the dctcrⅡ ⒒nant’ s

original Ⅴalue.For example,、 Ⅴe haⅤc

∶:∶卜:彡 :|
鬣                         |2   8   9
霉  ExampIe5Ev狃uate|0 -1 3

蛋    sOLvTION

0  4  1

鲨  T° ⒍mpliJ:∶,严 thC Calct】laton,wc rcplace tllc ghen det∝ minaIlt by⒒ s
o   transposc∶

289||200
0 -1 3|=8 -1 4
0  4  1|   |9  3   1

≡  which gives

∶÷‖刊∵引9ll四均

Factorisation of deterⅡ linants

The easicr way to nnd thc factors of a detern1inant is to usc the rulcs fOr

manipulating detcrⅡ 1inants.Rarcly,if cvcr,do we rnultiply Out the dctcrlminant

and thcn factOrise the result.

In EⅩamp1e6,the factors arc Obtaincd by subtracting,in turn,onc column

frOⅡ1anOther,In Examplc7,a factor is obtaincd by Πrst adding aⅡ  thrcc rows,

:   ExannpIe6 Factorisc

曰  D   c

曰2  D2  c2

曰3  D3  c3
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FACTORIsATION 0F

sOLVTION

First,we take out the factors(厉 J,i:,and c,which givcs

|纟  纟 :|=日Dc|; ; ;
NeⅩt,we subtract column1fron△ column2,and take out a fourth factOr∶

DETERMINANTs

■

口

■
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爨

蟊
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¤
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蟊

裰

■

口

0
■

■

■

■

●

钊k|彦
 ; ∶|=ε3f|; 纟:务2 ;
=冽比(D— c)|∶

∶

Then,we subtract column1fron△ column
factorisajon∶

伢3c(3一四)|∶∶  D∶∶c  c::∶ 2

0       1

1     f

D+砑  c2

3,and completc the

=ε3c(D一围)0— c) 彦  D∶∶伤  ci!砑
|

=Ω3f(D— ε)(c— ⑶[(c+⑶ —0+o]
=ε3c(D— ε)(c— ⑶(c— D)

=劢 c(伤 一ω(D— 0(c一曰)

=(曰 +3+0[(c-3)(3— O— (ε -3)(四 一0]
=(c+D+O(Dc+ε c+伢D— ε2— D2_')
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■

■

■
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蟊
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■

■

囗

蟊

藩

■

痴

曰

噔

a)Facto⒒se

ExampIe7

:∶∶
|

b)IIencc,flnd the factors of四 3+D3-卜 c3-3曰 3C.

sOLUTION

a)Fkst,we add rows2and3to row1,which givcs

砑+D+c 伢+D+c c+3+c
D      c      ε
C        曰        3

NeⅩt,wc takc Out the免 ctor@+D+0,which红 ves

⒄+D+c)|∶∶∶
Thcn,we subtract column1frO111columns2and3,and cOmpletc the
factorisation∶

1 1
C △

C 3

c 3  c
3  c  rJ

C  围  D

△
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CHAPTER 5 DETERmINANTs

b) EⅩpanding the detcrⅡ inant,、Ⅴc Obtain

rf D  f

D  c  c

C  四 D

■

¤

●

¤

鼹

¤

擞

■

豳

鼹

裰

镏

鼹

鼹

■

●

¤

攮

豳

■

宓

●

■

骧

■

■

●

■

■

=砑(c3一 砑2)— D(D2— cc)+《夕D— ′)

=⒊仍c一 围3-33_c3

=-(曰3+D3+f·3-3△Dc)

Hcnce,wc haⅤ e

泸+33+c3-3砑 3c==—
|:  ∶  ∶

That is,

曰
3+D3+fR-3砑 Dc=_(砑 +D+c· l(3c+c四 +四D一 砑

2_D2_`)

=(ε +3+O(围2+D2+'-3c_cε 一伤D)

Exercise5A

1 Find thc Ⅴaluc of cach of thcsc dctcrⅡ 1inants.

a)

3  8   5

9 2 -2
2  5   1

3   3   3

1 -4 1
6 -7 5

助  纫
2`  2g

助 -3g

b) C)

2

6

8

1

3

4

5

3

=2
d)

4   3   1

1  -5 2
-5 -1 9

2 Factorisc cach of thcsc detcrn1inants.

a)

d)

1  四  砑3

1  D  D3

1  c  c3

C)

3
r
〓

r
2
r

b)

`
`
'
围3

33

C3

0  J_`  J2_`2
豸一

`  
艿  豸2+2犭

`+y2
`一

艿  `    0

3 EⅩprcss thc dctcrnlinant

D=
伢3+rJ2 ε 1

'+D2 D 1c3+f2   C   1

as thc product of four Ⅱnear factors。

Given that no two of ε,3and c are equal and that D=0,flnd the valuc of四 +D+f.  (NEAB)

4Show that

det(∶

 
庀兮℃ 庀:1)

has the sanlc valuc for aⅡ  Ⅴalues of`亡。  (sQA/CsYs)
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soLuTIoN OF THREE EQVATI0Ns IN THREE VNKNOWNs

SoIution of three equations in three unknOwns

Considcr thc thrcc cquations

四1x+D1`+clz+砒 =0
σ2x+D丿 +。z+叱 =0
日3△ +D3`+句z+叱 =0

It can bc shOwn by a1gcbraic chⅡ 1ination that their gcncral solutiOn is givcn by

x   ~     `        z          1

|:∶    
∶∶

四l  fl

rT2  f2

四3  f3

曰l  Dl

△2  f,2

fr3  J93

3
3
D砒

庞

砘

砒

奶

砘

砒

庞

砘

frl

曰2

rr3

Cl

C2

C3

=0

Notc thc foⅡ o、ving ⅡⅤc important facts∶

● Thc dctcrn1inant undcr J dOes not includc any ofthc J-coef⒍ cicnts.

● Thc detern1inant undcr y docs nOtinclude any Ofthc`-cOcfncicnts,

● Thc dcterIllinant under z dOcs notinclude any of thc z-cocfⅡ CiCnts,

● Thc`¨ f1·action and the unit f1ˉ actiOn carry a1ninus sign.(The nⅡ nus sign
altcrnates as in the expansion of a dctcrn1inant。 )

0 If one of the deterluinants is zcrO,thc cOrrcsponding unknOwn is also zcro

For cxamplc,

i:,I  c1  ‘历rl

D2 。 rJn|=o,thCn J=0
仉 旬 叱

FrOm the cquations abOvc,、 Ⅴc haVC

r
Ι

i:,1 c1 〃
l

D2   c2   贲.

纨 免 砘

‘彡Ⅰl C1  歹1
助 0 奶
钩 旬 呢

‘彡J1

△2

f/3

砒

饬

砘

D
D
D

|:∶

`=
纨

饧

纰

纨

岛

纰

D
D
3 Cl

f2

C3

rr1  i:,1  cl

fr2  D2  c2

曰3  D3  c3

夕
1

rr2

夕3

四
l

C2

C3

Cl

C2

C3

Hence,thcse thrcc cquations haⅤ e a unique solution un1ess

Cl

f2

C3

COnversely,thCy do n。 t haⅤ e a unique so1ution if|∶∶
D
D
D fl

C2

C3

=0
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CHAPTER 5 DETERMINANTs

Geometric interpretadoⅡ of three equatioⅡs iⅡ three unknowⅡs

Each ofthe equations/f宀 +D氵

`+c氵

z+铸 =0C=1,2,3)may be considcrcd
as thc cquation of a plane in three-d血nensiOnal spacc。

氓

`th thrce plancs,thcrc are seⅤ

en possible cOnΠ guratiOns。

● Thc three planes intcrsect in a single pOint。 In this casc,

the three equations haⅤ e a uⅡique soIution。                           ∷

Thc three planes fOrlll a triangular prism.In this casc,

there is no point、 Ⅴhcrc a11thrcc planes intersect。

Hencc,thc cquations are said to bc iⅡ consisteⅡ t,

as thcy havc no solutions。

Two ofthe planes are paraⅡ e1and separatc,and arc
intcrsected by the third plane。 Again,there is no point

whcre aⅡ three planes intersect,and so the cquations arc

inconsistcnt in this case,too。

Two other conflgurations in which thc plancs haⅤ e no coⅡ 11nOn point and

thcrefore their equations are1ncons1stcnt are∶

o AⅡ three planes are para11cl and separate.

o TwO of the planes arc coincidcnt and the third plahc is paraⅡ el but

scparatc。

Thc twO rcmaining consguratiOns correspond to thc thrce cquations haⅤ ing

inflnitely1nany solutiOns。
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so△ VTI0N 0F THREE EQUATI0Ns IN THREE uNKN0WNs

The thrcc plancs havc a commOn1inc,giving an

inⅡ n⒒c numbcr Of ponts(x,`,~^J whch satis灯 all th∞e
cquations.In this case,thc cquations arc said to be

ⅡnearIy dependent,and thc conigurauOn is ca1lcd a

sheaf of pIanes or a pencil of plames。

A11thrcc plancs coincidc,giving an inⅡ nitc number of pOints、 vhich satis∫ 1/
a11thrcc cquations,

Example8 How1η any solutions arc thcrc to these thrcc equatiOns?

4x一 爿J`+6z=2
2`-+尤z==1

J-2y+4z=0

sOLVTION

First,we flnd thc dctcΠ△i

rJ1  31  c1

四2  D2  c2
曰3  D3  c3

nant

4 一尻 6
0   2   尻

1 -2 4

=4|Ⅰ1 扌
=4(8+2尻 )+尤 (一尤)+6(-2)

=一屁2+8尤 +⒛

ThcrcfOrc,therc is a uniquc solutiOn unlcss

一尤
2+8尤 +⒛ =0

→  尤2-8尤 一⒛ =0
→ ⑺-10)⑺ +⑷ =0

That is,there is a uniquc solution un1css尻 =10or尻 =-2.

If尤 =10,thc cquations arc

4J-10`+6z=2

2`-+10z==1

△-2`+4z=0

Wc nOw u℃ cqu狨ions II]and卩 ]to gCt lllc汾mc αpⅡsson Ⅱ tll狨 on tllc
lcR-hand side Of cquauon⒓⒈subtracting4× cquajon[3]f1· om Cquation
[11,wC haⅤ e

-2`-10z=2

→  2`+10z=-2

This contradicts cquatiOn I21,and sO thC cquations havc no sOlution

That is,thc thrcc cquations arc inconsisteⅡ t,

+‖ : 扌
2
 
~
2

0
1
6+

[1]

囵

囵
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翳

襻    sOLVTION

∶  Fkst,wC calculatc thc detcrr匝 nant

:   ZCro·

CHAPTER 5 DETERⅢ INANTs

盂 If况 =-2,thc cquations are

蠹      4豸 +2’′+6z=2    ul
器        2`-2z=1    阝]
∶      艿-2,`+4z=0    ⒗]
鑫  Proceeding as before,wc subtract cquation u]fr。m4× cquaton【 l,
嚣  wh忆 h ghes

:     ~10、 +10z=-2

晕      => 2,′ -2z=:
罴   This contradiCts equation[5b and so thC cquations havc no so1ution.
蛋   That is,the three equations are inconsistent。

琶  Example9solⅤe thc cquatons

餮      2x^3′ +4z=1    I1]
蠢        3豸 一

`=2    
⒓l

笛      艿+勿 -4z=1    l3]

2 -3  4
3  -1  0 |and flnd that its valuc is

1  2  -4

鲨   Thcrcf。 rc,thcrc is not a uniquc solution to t11!c three cquadons,and so`氵、厂e
: cann。t usc tllc gcncral formula for the solution of thrcc equrations。

鳘  Adding equations[ll and l3],wC obt缸 n

蕙     3豸 ~y=2

:  which心 equatiOn⒓⒈

:   
捃 t∶ l品t∶I;;、蚤蔬⒒:inati°

n。fthc Othcr two,thc cquations arc

瑟   Ⅵ厂C cann。 t flnd a unique solutiOn for two cquations in thrcc unknowns.
¤

:裉 l1∶f∶甘∫I漫J1;∶1::锌r苜1￡∶蕊F扌髁 就:;掼崴f丑lΓ贤只品:L
:  can sol.· e tl△em.

∶  lJsing Cqua住 on[剑 ,we。btain y=3矽 -2。 Subst⒒uting this in cquation[3I,

鲞    we gCt
蠹         4z=r+2(3矽 -2)-1

曩      → z=三气舌至

莒阢tlaC sol雨m^lr.-sr⒉卫玄Ι〉
瑟  Each Ⅴalue of the paramctcr r givcs a differcnt point.Sincc there is Only

吕   one parameter,this solution rcpresents a1inc。
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EXERCIsE 5B

Exerc:se5B

1 Express thc dctcrΠ 1inant

fr 3c D+c
3 c曰  f+rl
c  伢D  伢-+D

as the prOduct of four lincar factors。

Hcncc,Or Othcr、Ⅴise,snd thc values Of伢 for which thc s⒒ nultancOus cquations

四J+2J`+3z=0
2△ +印 +(1+rrlz=0
J+2曰
`+(2+△
)z=0

have a sOlutiOn other than J=`=z=0。

Solvc thc cquations whcn四 =-3,  (NEAB)

Considcr the fOⅡ Owing systcⅡ1of shnultancOus cquat1ons

J_`+2z=6
2x+3`_z=7
J+9`-8z=-4

i) By Cvaluating an appropriate detcrlllinant,sho、 v that this systclll docs not havc a unique

solution

ii)SolⅤ C this systcm of蚯mu⒒ancOus equau。 ns.  lNIccEA)

Considcr thc systcIll Of sknultaneOus equatiOns

3丌 +`-2z=-4
x+2y+3z=1l

3丌 -4`-13z=-4I

i) solve this systcl11of Cquations,

Ⅱ) I-ICnce show in a skctch hO、 Ⅴ thc plancs dcfincd by thc abovc equations arc arranged sO that

thc solution is Of the fo∏m found in parti。   (NICcEA)

ShOw that thc cquations

x+劫`+z=2夕
丌-+`-+宄 z二=23
垅x+`+尤 z=2c

whcre〃,D,c∈ R,havc a uniquc solution for x,`,z prOVided that尤 ≠1and`≠ -1,

a) In thC Casc when龙 =1,statc the cOndition to bc satisⅡ cd by rr,D and c for thc cquations to
bc cOnsistcnt。

b)In the casc、 Ⅴhcn尤 =-1,show that for thc cquations to be consistent

曰+c=0
SOlvc thc equations in this case

CⅡve a gcOmctrical dcscription of thc conflguration of thc three planes rcprcscnted by thc

equatiOns in thc cases∶

D尤 =-1and曰 +c=0
iD兄 =-1and四 +f≠ o   (NEAB)
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CHApTER 5 DETERMlNANTs

5 Find the Ⅴalues of Ftr for which the sknultaneous cquatiOns

佬J+勿 +z=0
3x-2z=4

3艿 -6夂
`-4z=14

do not have a unique solution for∶ ,(;,∶丿|’ and z.

Show that,when庀 =-2,the equations arc incOnsistent,and give a geometrical interpretation
of the“ tuation in this casc。   (oC幻

6Show thatif围 ≠3then the sy虬e1n ofequa仗 ons

艿+3`+4z=-5
2豸 +5y_z=5ε
3豸 +8`+日z=D

has a uniquc so1ution.

GiⅤcn that ε=3,flnd thc Ⅴalue Of3fOr which thc equations are cOn蛀 stcnt。   (oCR)

7 Chvcn that

M=(∶
 ∶i三:)

flnd dct ⅣI in tcⅡms of庀。

DctcrⅡ1inc t纽 e valucs of Rˉ for which the si1nultaneous equations

艿+y— z=1

x+勿 一饧 =0
艿一氏y— z=1

haⅤc a unique solution。

i) SolvC these equations in the case when F。/=2。

ii) shoW that the cquations havc no solution、 Ⅳhen/tr二=1。

ⅡD Find the gencr皮 l solution when庀 =-1.
Chve a geomctricalinterpretation of thc equations in cach of the three cases庀 =2,庀 ==1and
庀=-1. CNEAB)

8 a) EⅩ press thc dctcrⅡⅡnant

D=|i玄
:

as the product Of four1inear factors。

b)Two points,A and B,haⅤ e coordinates(1,2,8)and(1,3,27),respCctivcly.A tbord point,C,

which o distinct from A and B,has coOrdinates(1,c,').GiⅤ en that thc Ⅴcctors0A,〖 :FIi,
OC arc lincarly dependent,flnd tl△ e Ⅴalue of c。   (NEAB)
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EXERClsE 5B

9i)  Show that the syste1n of equations

豸+勹 +12z=5
艿+￠y+6z=ε -0.5

3艿 +12,`+4夕z=D-3

has a unique solution provided四 ≠4and四 ≠ 9
ii) Find thc solution in thc case wherc ε二=3and3=42.
Ⅱ∶) shoW that when砑 :=9thc equatiOns do not haⅤ e a solution unless D=18.
iv) Chˇe a gcOmctrical interpretation of the systcm in the Gase where曰 ==9and D=13.

(oCR)

10 It is given that

A= (∶
  I∶  :})  and b= (i∶ )

i) Find thC dctcrⅡ 1inant of A in terms of丿 ,and g.
ii) Hence show thatif`≠ -1and g≠ 2thCn the systeln of cquations dcflned by Ax〓 b has a
unique so1utiOn.

Ⅱi) Sho、 v that if`=-1then thc systeⅡ 1docs not haⅤ e a soluuon unless g has a parucu1ar
value,-·rb which is to be found。

iˇ) Chve a geometrical interpretation of t纽e systcm in the case where`=-1and g=g⒈

(oCR)

11 Show that the only rea1value of兄 for which the shnultaneous cquations

(2+尻 )豸 一
'+z=0艿一2`J`_z=0

4冗 一
`_(兄
一1)z=0

haⅤe a solution other than艿 二=y=z=二 0is-1.

SolⅤe the equations in the casc whcn尤 =-1,and interpret your resu1t
gcOmetr忆ally。   (NEAB)

12 COnsider the systeI11of equations豸 ,y and z,

2艿 +3y_z=`
豸一2z=-5

g~Y+9`+5z=8

、vhcre f9and g are rcal。

Find the values ofF,and g for which this syste111has∶

i) a unique solution

ii) an inflnite number of solutions

Ⅱi)no soluu。n.  (NICCEA)
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6Vector geometry

T/lc Cr召 伢r Bc￠ r沁

`oρ

/tf刀gs@遁歹召@J,’Brr/crJ`

o,l召 ll oll'‘

'r乃

丁,l庀 r/,rI/so/ln召 r/lf,9g εr@//l召
`c@lJ`〃

犭召prove〃

CHRISTOPHER FRY

F
¨

扛

Vector equation of a Ⅱne

In r汤 rr@dJrf切gP仍 r召 Z,fcr乃召阴曰r氵cs(page506),we found thc vc∝ or equatiOn Of a

Ⅱne,2廴 B,

From this,it fol1Ows that thc gcneral cquation of a linc through

thc point A and in thc dircctiOn Of b is

r=a4-rb

whcre a is the position vector of A,and cach valuc Ofthe

paramctcr r cOrrcspOnds to a pOint on thc linc,

ExampIe1
a) Find thC Cquation Of the linc thrOugh thc point(2,4,5)in the direction

-2i+到 +8k

b)Find`and fF sO that thc point GP,10,g)hCs on this Ⅱnc,

sOLVTION

a) The equatiOn。 f thC1inC is r== (∶

) +r(亏

2)

bl r thc pOint ω,10,〃 )ⅡeS On the line,tllen for sOmc r wc havc

(:)+r(l∶

2)=(孓

)
COnsidering thcsc cOOrdinatcs,、 ⅤC haVC

For⒈  2-2/=`    [11
Forj∶  4+3r=10     P]
FOr k∶ 5+8r=g    [3]

From⒓ l,WC gtr=2。

sub“ituting r=2in I11and I31,we gCt

`=-2 and g=21
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Cartesian equation of a line

r〓 a+rb

Hcnce,wc obtain thc vector cquatiOn of this Ⅱnc as

r=(∶
)+矽
(扌
)

LCt the gCncra1vcctOr r bC (∶

),、

vhich givCS

(∶
)=(∶丨)+r(扌 )

Using thc i,j,k cOmpOncnts,we havc

J=均 +r`

`=`l+r/,,z=zl+彻

Finding r frOn1each of thcsc cquatiOns,wc get

r=犭
^均
=y— `1=z_z1
`   

阴    ″

Hence,thc three-dirnensional cartesian cquation Of a straight1ine which passcs

咖 ⋯ ⋯ 咖 汛 n⑺
^

x-△ 1 y_`1 z_zl

'    
叨    ″

蘖  ExampIe2Find thc ca⒒ e⒍an equation ofthc hne PQ,wherC P is(2,1,o

瑟  and Q iS(3,8,4),

纛    sOLuTION

叠   :fl∶ &严 J}::etl;罗 窝 :∶

n vCct° rs of P and Q rCSpcctivc1y.Thcn the

量     雨=q— p=(i)— (∶)=(j3)

CARTEsIAN EQVATION 0F A LlNE

岬  
v
c
c
t
o
r

h
Ⅱ

 
 
 
e

w
h
i
c
 
 
s
e
t
h

C
 
 
 
u

n
 
 
 
c

Ⅱ
灶 
 
 
W

a
 
 
 
 
,

o
n
o
f
⑴

a
t
 
 
n

u
 
 
 
o

c
q
 
 
c
t
i

n
 
 
 
r
c

s
l
a
 
 
d
i

e
 
 
 
e

c
a
r
t
 
 
n
t
h

a
 
 
 
`
)
/

o
n
 
 

钩

n
 
 
 

灬
/

e
 
 
 
 
 
 
 

’

d
i
m
 ㈤

C
C
 
 
 

·m

t
h
r
 
 
p
o

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER 6 VECTOR GEOMETRV

犟   HenCe,giⅤ en that the line passcs through P(2,1,7),its vector cquation is

量       r=(;)+矽 (∶:3)
蘧  ThCrCforc,i“ carteshn equ乱on^

畏      豸̄ 2=′
~1=z-7

蟊         1    7   -3

Note In EⅩ alnple2,we could havc uscd Q asthC point on the Ⅱne,in which
case we wOuld haⅤ e obtaincd

r=(i)+矽 (j3)

leading tO

豸-3 `-8 z-4
1    7    -3

螽  ExampIe3 For thc linc through(4,7,-1)in thC dkection2i-3j-5k,flnd

瑟   a)its Ⅴector equation

邕   b)its cartcsian equation.
鼗

矍    s° LutI° N

∶  a)Thc Ⅴector equation is

蓍       r=(f1)+r(f:)
鲨  b)ThC cartc⒍ an equatiOn is

墅        艿~4 y~7 z+1
:          

ˉ
T歹
~~丁
△歹
~̄t

啜     which could bc writtcn as

∶       豸-4 7_y —(1+力
鬯       ^丐

~~ 3 ~~~歹

爨  Example4Find thc Ⅴcctor cquation of the Ⅱne

瑟      x^3=1_y=2z+7
矍              4       2       5

蠢    soLvTloN
0

∶  wC alWa阝 s切rt by re盯 rang血 g thc carteshn cquaton in thc form

鏊     艿̂豸l=′ _yl=z~zl
爵              J       ″1       刀
●

罂  which in this casc匪 vcs

葚  凵 =凵 =生馥            4     -2     :
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CARTEsIAN EQUATlON 0F A LINE
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● The dircctiOn Of a1inc is nor1na11y cxprcsscd in tcrms Ofintegcrs。 Hcnce,thc
vectOr cquation in Example4wou1d bc givcn as

r=(J吾
)+s(|∶

4)

where s=:is alSO a parameter.

● It is neater to use a point on the line with intcgcr coordinatcs,whercby this

equation could bc giⅤ en as

r=(f|)+尻
(∶
4)

Howcvcr,this fllrther rnanipulatiOn is not rcquircd in'今 k-levcl cxa111inatiOns。

Example5 Find the anglc bctwccn the twO

x-3=`-5=z-8 and r=
4    2   -1

\
丶

ˉ

`
/

_
7
4
3

/
∫

ˉ

丶

\

+

\
丶

ˉ
`
/

ī
n
c
s
匕

sOLuTIoN

The rcquircd angle is betwecn thc directions of thc two lincs,、Ⅴhich arc

(~:1)  and  (ˉ∶
7)

揣
,whCre(:)is thcUsing the sca1ar prOduct in the forlu cOs g=

rcquired anglc,、 Ⅴc havc
\
丶

ˉ
`
/

_
7
4
3

/
f
ˉ

ι

\

\
丶

丨

`
/

4
2
 

一

/
∫

ˉ

ι

\

(-7)2+42+32

-28+8-3   23
√π ×√7 √

′
1554

Thc Ininus sign indicatcs that thc angle betwccn the two dircctions is

Obtuse,Howcvcr,thc anglc bc小Ⅳccn two lincs、 Ⅴould nOr1naⅡ y bc taken to
bc acutc.Thcrcforc,thc anglc bct、 Ⅴecn thc two lines is

COs 1(瓦
7亭言虿亓) ==54· 3。   or  0,95radians

42+22+(1)2×
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CHAPTER 6 VECT0R GE0M ETRΥ

Note The scalar product oft、 Ⅴo vcctors a and b is dcΠ ncd as

a。 b=a|b|cOs g

where g。 the angle betwccn a and b。 (See rrFrr@dJJc切送rP仍 r召 Mα矽乃g阴 c莎氵Cs,pages
502-4,whcrc cxamplcs are giⅤ en ofits appⅡ catiOn。 )

ResoIved part of a Vector

We rnay cOnsidcr thc vcctor a to bc composcd oft、 vo
parts∶ one in the dircction of a vcctor b,and the other

pcrpcndicular to thc dircction of vcctor b。

In thc diagram on thc right,、Ⅳc havc

OA=OT+TA

The rnagnitudc of OT is thc resolved part of vcctor a in

thc dircction of vector b。 That is,

OT=△ cos g

Using the scalar product a。 b==rID cOs g,wc have

a· L=伢 c。sg=oT
3

Thcrcforc,thc rcsolvcd part Of Ⅴector a in thc dircction Of vcctor b io望、;L.
Note The rcsolved partis a scaIar.Thc vcctor OT is

a.bb 0.⑴ b
D  D     D2

Example6 Find thc rcso1vcd part of thc Ⅴcctor of2i-ˉ 3j+6k in the
diredion of3i+j-7k。

sOLVTION

Thc rcsOlⅤ cd part is

({∶
)·
(J7)

6-3-42   39

32+12+(-7)2 √
′9+1+49 √匆

E)irection ratios

Whcn one vector is a scalar1nu1tiplc of another vcctor,the twO vectors arc

paraⅡ C1· For examp1e,vCctor a== (j∶

) is para11el t∶

Ⅴect。rb== (亏
::)

since b=-5a。

Thc direction of a vector is spcciⅡ cd by the ratios of thc componcnts in thc i,j

www.as
warp

hy
sic

s.w
ee

bly
.co

m



DlRECTl0N C0s】 NEs

and k dircctions,Thcse arc ca11cd thc direction ratios Of thc vectOr,and are

nOr1ma1ly cxprcsscd as intcgcrs。

For cxamplc,the dircctiOn rauos of thc vcctor28i-21j-14k arc4∶ -3∶ -2。
L1suaⅡy,these wOuld bc changcd to-4∶ 3∶ 2,

Note TllO lines、Ⅴhich dO notintersect and arc not paraⅡel are said tO bc skew

E波rection cosines

Thc angle which vectOr a makcs with the i-axis is givcn by

cos~l(愕
;),WhCrc曰

is the magnitude Of vcctOr a,and四 1is thc

compOncnt of a in thc i-dircction.If gx is thc ang1e、Ⅴhich

vector a makcs、Ⅴith thc i-axis,wc havc

c。 sg、 =兰⊥
曰

LikeⅤ注sc for‘ 9v and‘ 9z,、Ⅳe havc

c。 sg氵 =丝  and c。 s gz=鱼
曰              △

Thesc thrcc va1ucs,纟 ⊥,望⒉and纟生,arc known as thc direction cosiⅡ es of
rI  曰     围

VcctOr a Thcy rcprcscnt anOthcr way Of spccif∶ !y`ing the Ⅴcctor’ s dircction。

鼙

黪

ExampIe7 Find thc d⒒ ection cosincs of the vector3i一 句 +5k,and Ⅱnd
the anglc which the vector Inakcs、 Ⅴith the z-axis。

sOLVTlON

Thc dircction cosines arc givcn by兰 ⊥,里生and兰竺,whcre钩 =3,r12=-4,
fr  四     fr

免 =5and rr represcnts thc1nagnitudc of thc vectOr,

ThC magnitude。f (∶

}) is

32+(-4)2+52=√50=5~/t

Hencc,thc dircctiOn cosincs arc respectively

5诌  5诌  5诌
If ε is the anglc、 vhich thc vcctor rnakcs with thc z-axis,wc havc

c。sg=Ⅰ
币万
=雨

Thcrcforc,the anglc which the vectOr makcs wit1△ thc zˉ axis is::
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CHAPTER 6 VECT0R GEOMETRY

Exerc:se6A

1 Find thc vcctOr cquation of thc linc

a)thrOugh A(2,-7,5)in the direction3i+旬 -7k
b)through B(4,8,-6)in thC dircction-2i+3j+6k
c)through P(7,4,— l)in thC dircction2i_j-3k

d)through Q(-8,1,-3)in thC dircction i+3j-7k

2 Find thc vcctor cquatiOn of the linc through cach pair Of points

a)A(4,8,-2)and B(l,-3,4)  bl C(-1,8,3)and D(2,-3,9)

c)P(1,7,-2)and B(-3,4,8)     d) R(3,-5,-9)and s(-2,-3,7)

3 Find the cartesian cquation of cach1inc in Qucstion1。

4 Find the ⅤectOr cquatiOn Of cach of thcsc lincs。

⑴∵ =∵=亻  ⑴∵ =号=钅
Θ∵ =∵ =∵  ⑶∵ =∵=∵
峨

'=干

=∵

6 Find thc cquajon ofthc linc AB whcrc∶

al A is(2,1,θ and BiS⒁ ,7,D^J.
b)A^(-1,-4,3)and B iS(2,8,4).
cl A iS⒁ ,1,—η and B心 (3,2,— 0.

7 Find the resolved part Of3i_j+2k in the direction5i+3j+4k,

8 Find thc rcsolvcd part of4i+5j-2k in thc directiOn j-7k,

9 Chvc for cach ⅤcctOr i)its direction ratios and∶ i)its dircction cOsincs,

a)⒍ +1药 -12k        b【 3i一 句-5k
cl12i+助 -20k     d)9i-18j-27k

10Referred tO a丘 Ⅹed Origin O,thc points P,Q and R havc positiOn vcctors(2i+j+k),(5j+3k)

and(5i一 销+2k)∞ spCctively。

a)Find in the form r=a+rb,an equatiOn Ofthc Ⅱnc PQ
b)ShOw that the point S with posioOn vCctOr(4i一 玎

一 k)hes on PQ,

c)Show thatthe hnes PQ and RS arc pcrpcn(licular。

d)Find thC sizc of ZPQR,giving your answcr to0.1° ,  (EDEXCEL)

k勹0_+
0
D+k2+
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EXERCIsE6A

11 The Ⅱncs`b圪 and J~a are givcn by

几: r=1∝ +j+9k+urˉsi+j+4k)

冖 =∵=亻
几: r=—⒊一习-4k+兄 (4i+纣 +k)

wherc〃 and尻 arc parameters。

a)Show that thc pOint A(4,-1,1)lies on both`l and九 .

b)RCwritc thc cquaton for1in the form r=a+vb,wherc v跽 a parametcr。
c) ShoW that饧 and尾 intersect and nnd thc c。 ordinatcs of B,thc pOint of intcrscction.

The hnes Jl and F3intcrscct at thc pOint C(1,-2,-3).

d,ShoW that AC=BC。
e) Find the size of angle ACB,giving your ansⅣ er in degrees to the nearcst degree.

f)Write dOwn the coordinates ofthc point1)on AB such that CD is pcrpcndicular to AB。

(EDEXCEL)

12 With respect to a flxed origin O,thc Ⅱnes Jl and圪 arc given by thc equations

几: r=⑿i+习 -2k)+凡 (-2i+句 +k)
扬: r=(-6i-3j+k)+〃 (⒌ +j-2k)

where丿1and/t are scalar parameters.

a) Show that Fl and圪 IllcCt and nnd the pO⒍ tion vcctor of thcir point of intcrscction.

b)Find,tO the nearest0.1° ,thc acutc angle betwccn`1and J,.   (EDEXCEL)

13The hnc J passcs through thc points with position vcctors i+犭 +3k andi+甸 relatiⅤC to an
origin O。

a) Find an cquation for Jin vector form.

The Ⅱne昭 has equation r=⒊ +甸 +k+凡C一 犭 +2k).
b) Find the acute angle bet△△reen`and J9z,giving your ansl∽

`er to the ncarest dcgree。 (EDEXCEL)

14 Two lines haⅤ e vector equations

r=t3i+犭 +7k)+尤(4i— j+5k)

and

r=(2i+甸 -1"0+/Ir~⒊ +j+εk)

where尻 and/t arc scalar parameters and‘ z is a constant。

ChⅤen that thcsc two lines interscct,flnd the position vcctor of the point ofinterscction and thc

value of砑 .    (AEB98)

15 With respeGt to an origin O,thc posiuon Ⅴect。 rs Ofthe pOints L and bΙ  are i_j-卜 3k and
2i一 句+2k respectivcly.

a)Write down the vcctor LˇΙ。

bl Show that|OL|=|LⅣ ⒒
c)Find Z OLˇΙ,giving your answer to the nearcst tcnth of a degree.  (EDEXCEL)

101
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CHAPTER 6 VECT0R GEOMETRY

T、Ⅴo lines haⅤ c cquations

r=C+习 +2k)+s(i-勾 +3k) and r=(—i— j+10k)+r(3i+衔 -5k)
Ⅰ) ShoW that thc lincs1ncct,and nnd thc point Ofintcrsection,
:i)CalCulate thc acute angle betwcen thc hnes.  (ocR)

a)Find the anglc between the vectors⒉ +到 +6k and3i+旬 +12k,红Ⅴing your answcr in
radians

b)ThC vCctOrs a and b arc non-zcrO,

i) GivCn that a+b is pcrpcndicular to a_b,prOⅤ e that a|=b卜
ID(△vCn instcad that|a+b|=a— b|,prOve that a and b are perpcndicular,  (OcR)

16

17

18 Thc two lincs

x+11 `+2 z± 6 and xˉ 6=′ ˉ 5= z-+20
4    1    -2       5    4    -8

interscct.Find the cOOrdinatcs of the pOint of intcrsection.   (oCR)

19The pOints A and B have position vcctors7i一 匈 +7k and纣 +△ +4k rcspcctively,and O is
the origin,

i)  Find,in vcctor fornl,an cquatiOn fOr the linc passing thrOugh A and B,

ii) Find thc pOsition vcctOr ofthe point P on thc Ⅱnc/ΔkB such that OP is perpcndicular tO AB,

Ⅲ)Show that thc linc r=(⒏ -5j+2k)+兄 C-1q+4k)dOCS notintcscct thc hnc AB,
(oCR)

Vector product

Thc product oftwO vcctors Can bc fOr1△ cd in t、Ⅴo distinct、Ⅴays.Onc of thcsc,

thc scaIar product,、 Ⅴc haVc alrcady1△ ct in乃πrε dJrc氵刀g Pfrr召 Mr/r/JgI,P四 r氵cs

(page502),and in thc prcsent boOk On pagcs97and98 Thc Other is callcd the

l/ec仅 |r prc|duct ωr sOmCtimcs tllc cr侧s prc,dud)

The Ⅴector product oftwO vectors a and b is dcnOted by a× b,and is dc丘 ncd as

a× b=a|b singn

、Ⅴhere g is thc angle rneasured in thc anucl。 ck、Ⅴise scnsc bctween a and b,and

n is a unit vcctor,such that a,b and n(in that order)forn1a right-handcd sct

(∞e tllC diagram bclow).

a× b a× b

丬 02
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VECT0R PR0DVCT

Some importaⅡ t properties of the vector product

The vector product is not commutative

Sincc a× b=围 D sin g n,it f。Ⅱ。、Ⅴs that

b× a=汕 sin(g)n=~rTD sin ε n
Thercforc,wc havc

a× b=_b× a

、vhich is kno、 Ⅴn as the aⅡ ticonⅡⅡutatiⅤ e rule。

The Ⅴector product of paralIel vectors is zero

Thc anglc,9,bct、Ⅴccn t、Ⅴo para1lel ⅤectOrs,a and b,is0° or180° ,ThcrcfOrc,

sin a==o,which givcs

a× b=0

0is ca11cd thc zero Ⅴector,It is usuaⅡ y represcntcd by an ordinary zcro,0,as below,

Likewisc,a× a==0,since the anglc bct、 Ⅴccn a and a is zerO,Hencc,、 Ⅴc have
the fo11Owing impOrtant result∶

i× i=j× j=k× k=0

Remember Thc scalar prOduct a。 a=四 2,

The vector product of perpendicuIar Ⅴectors

Considcring thc unit vcctors i and j,、 ve have

i× j=1× l sin90° 0=n
The∞ brc,i,j,n fOrm a⒒ glltˉ handed sct

But,by dc丘 nitiOn,i,j,k foΠn a right-handcd sct。 Thercforc,n=k
Hcncc,、Ⅴe haⅤc

i× j=k j× i=~k

si1rlilarly,、Ⅴc havc

Wc nOticc(sCe diagralll on thc right)that thesc vcctor products arc positive

、Ⅴhen thc alphabctical ordcr in、Ⅴhich i,j and k arc takcn is clockwise,but
negatiⅤe、Ⅴhcn this Ordcr is anticlock1vise,

Remember FOr pcrpcndicular vcctOrs a and b,thc scalar prOduct a。 b=0

The vector product in component form

Expressing a and b in their cornponent form,we haⅤ e a=曰li+曰2j+四3k and
b=b1i+D2j+D3k.ThcrcfOrc,

a× b=(‘ 1i+曰2j+△3k)× (Dli+D2j+D3k)

=曰 Ii× 31i+四 2j× 31i+曰 3k× Dli+曰 li× D2j+〃 2j× D2j+四 3k× D2j+

+c1i× D3k+夕 2j× D3k+△ 3k× D3k

_
 
_

~
~
 

〓

●J
k×

 
×

〓k
一

 
·l
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〓
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一
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×
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CHAPTER 6 VECTOR GEoⅢ ETRΥ

→  a× b=曰 lD2k一 夕2D1k+伤 3D1j_ε lD3j+四 2D3i_ε 332i

=(ε2D3一 曰332)i~(c1D3-31ε3、 +(围 132— ε231)k     I1]
From the deflnition of a3× 3deterlninant on pagc80,we obtain

i  j  k
曰1  C2  四3
D1  D2  D3

=(曰 2D3一 砑332)i_(砑 133— D1曰 3、 +(c132一 曰2D1)k   ⒓ I

We note th犹 the RHs of[11and[2]are ⅡCnt允狃。TherefOrc,we havc

i  j  k
伤1  rf2  ε3

D1  D2  D3

E ExampIe8Eva1uate⑿ i+匀 一k)× σi+句 +2k).

粢    sOLUTION

。   We use the result
0

k
曰

D

ε

D
+

‘

D

ε

D_
c
D

ε

D
〓

〓b×a

贤
鼍
蠹
鲠

∶       a× b=
■

i  j  k
c1  砑2  ε3
D1  D2  33

爨  wh忆 h ghes

盂            /

莒     (三 )× (:)=|∶  : ∶

罡  Thcrcf。 rc,we have

=i|:亏
I

刊;∵ |叫 ;。

营 ㈢×⑶圳刊姐
蓄 ⒊T骂1男gl弘庀F厶f钦腊嚣佥蔬象JU\愚|身矗廴r^
鎏  AB and cD。

豢    sOLVTION

氇  Fkst,we Πnd AB and CD∶
u

营      灭讠=b— a=(i7)-({3)=(l:)

叠     面=d— c=(f3)— (j1)=(J:)
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AREA0F A TRIANGLE

l  J
-3 —4
1  -2

wh忆h giⅤcs

AB× CD=1σ -5j+10k

Thcrcforc,we have

|AB× CD|=

Thc Ⅱnc wⅡ ch is the shortcst distance between AB and CD is perpendicular

to both AB and CD。 So,ifP and Q a][`E)genCral pOints on AB and CD

respcct卜 cly,and PQ o perpcnd妃ularto both AB and CD,we have

PQ=尼 (AB× CD)

2-3矽 一s=10Ft-

-8-4矽 +2s=5庀
3+矽 +2s=10/c

Solving t纽ese sⅡnultaneous equations,we obtain/。/:=0.4,s==1and

r=-1.Thereforc,we have

Shortcst di蜕 ance bctwcen AB and CD=0.4(AB× CD)
=0.4× 15=6

Area of a triaⅡ gIe

Consider the trianglc ABC whosc sides are a,b and c,

as shoW狃 in the diagram。 From the deflnition of thc

VcCtor product,wc have

|a× b=|cD蚯ngn

wherc g is the ang1e bctl△/een a and b.

HoweⅤ cr,the angle between a and b^180° _C,and蛀 n(180° — (D=sin c.
Thcreforc,wO Obtain

|a× b|=|伤 D⒍n(180° —○n|=|ε 3蚯nC引

⒐nce n is a unit Ⅴector,|a× b=曰3⒍nC。 Hence,we have

Area oftriangle ABC=告△D sin c=告 a× b|

ShnⅡarly,wc can shOw that the area oftriangle ABC is givcn by

告Dc sin/=告 b× c| and 告伤csin B=告 |a× c|
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CHAPTER 6 VECT0R GE0METRY

Gcncra11y,、Ⅴe haⅤe

Area Of a“ianglc=告 a× b{ or 告b× c| or 告a× c|

ExampIe10Find the a∞ a Of trian酊c PQR where P^← ,2,5),Q is
(3,-1,0and R is(l,4,刀 ,

sOLVTION

Fkst,wc Ⅱnd any twO⒍ dcs6cc diagram》

Thcn,、Ⅴc find thcir vcctor product∶

PR× PQ=
i   j   k
-3  2  -3
-1 -3  1

、Ⅴhich givcs

PR× PQ=-7i+甸 +11k

→ |P文 ×丁。|=√49+36+121=√厄06

ThercfOrc,wc havc

A∞a Oftrianglc PQR=告 √2]6
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Equation of a plane

EquatioⅡ in the form r=a+rb+sc

The position vcctOr of any point On a plane can bc cxprcsscd in tcrms of

● a,the pOsijOn vcctOr of a point on the planc,and

● b and c,which arc two non-paralleI vectors in thc planc。

106

www.as
warp

hy
sic

s.w
ee

bly
.co

m



EQUATI0N OF A PLANE

From thc diagraⅡ〕,wc sce that the pOsition vcctor of a point P on thc planc is givcn by

OP=OA+AR+丽

、vhere AR is parallc1to vcctOr b,and RP is para1lcl tO vcctor C。

Hence,AR=矽 b and RP=sc,for some paramctcrs r and s.

Thc vcctor cquatiOn Of a plane through pOint A is,thcrcfore,

∷     r=a+rb+sc
|ˉ

whcrc b and c arc non-paraⅡ cl vcctors in the planc,and r and s are paramctcrs,

Equation in the form r。 n=歹

C:ivcn n is a vcctOr pcrpcndicular to the plane,wc havc

r.n=⑺ +rb+sc)。 n

=a。 n-+rb。 n-+sc。 n

Since b and c arc pcrpcndicular to n,b。 n=c。 n=二 0.Hcnce,wc have

r。 n=a。 n

TherefOrc thc vcctOr cquauon。 f thc plane is

∴     r·
n=〃

wherc rJis a cOnstant which dctcr1Ⅱ incs thc pOsition of thc plane,

Note

● If n is a unit vcctor,thcn〃 is thc pcrpcndicular distance of the plane from

the origin.

● When歹 has thc same sign for twO planes,thesc plancs arc On thc same side
Of the origin。

● When〃 has opposite signs for two planes,thesc plancs arc On opposite sides
of the origin

Cartesian form

In a shnⅡ ar way to Ⅱnding thc cartcsian cquation Of a linc,we takc r。 n=〃
and replacc r by xi+川 +zk,whiCh匪vcs the equatiOn Of a planc as

(∶
)·

n=歹

Lct n=耐 +研 +ck,thCn the cartesian cquation becOrncs

∶      (∶ )· (:)=亻   Or  四x+3`+cz=〃
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CHAPTE| R 6 VEC T0R GE(

∶   EXa口                   

ⅢETRΥ

■       nple11 F
鼹              ind the eq

爨   perp(

1uation of

冁      3ndicular罟  and l      ∶∶
=1·

11°

r(l扌

l∶

∶Ir through(
:       b)in carte

β,2,7)Wl

辍   sOLVT                                             ich is
碾                                       lts equatic

ION                

’

瑟  a)U                           )na)in v0
谲       s1ng r。

n=                                      Ct°

r forn1,

。           =a。

n,we

锸                          aⅤ

e

0
r·
(l∶
5)=(:)·

(|∶
5)

△

:       H

:       ence’

the|cquation(

: bl R ∶∶∶∶i∶1∶
C is r。
(l∶
5)=49·

。       eplacing r
■        by豸

i+y gct

∶    T     ∶)·
(l∶
5)=49

hercforc,11hc cartcsi

Note A

an cquati(

plane is it

● a vectO                      Dn is艿

一￡

1endfled b

● a po1n∶
r perpend                         ;′

+̄:z==Ⅱ

∶onthcplculart。∶
y

49.

anc。     hc planc,

and

ExampIe12 Find the unit vector pcrpendicular tO the plane

2x+3`-7z=11。

sOLUTION

ThC vector (:) is perpendiCular t。 the planC ε豸+3,`+ 歹
 
 
\
丶

I
`
/

纩
匕Thercfore,the Ⅴector pcrpcndicular to thc giⅤ en planc is

Thc magnitude of this vcctor^、 /22+32+(-7)2=√⑥.

NO、Ⅴ,the unit Ⅴector perpendicu1ar to thc givcn planc Fnust bc of

magnitudc1。

Thcrcforc,thc unit vector pcrpcndicular to thc givcn plane is

2

√饧

3

√勿

7

√z^
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EQuATlON oF A PLANE

=磁 we need

ExampIe13 Find the equa位 On of a planc through A(1,4,6),B(2,7,5)
and C(-3,8,7),

s0LVt:oN

c+b+a〓
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Note

● Instead Of

● Instead Of

C

y
t
h

a
n
 
m

o
r
h

→妒~ 
o
w
s

· 〓 
 
→
b
v
ΑΒ×讪〓崩×配=(j1)× (丁 )=

、Ⅴhich givcs thc vcctor pcrpcndicular to the plane as7i+3j+

Hcncc,thc ⅤectOr cquation ofthc plane ABC is

r· (;)=(∶
)·
(;)=14+21+:0

→r· (9)=115
Therefore,the cartesian equatiOn is7艿 -← 3y-← 16z==115.
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CHAPTER 6 VECT0R GEOMETRΥ

c。sg=
3+8-10
5√勹×3

=>  g:=c。 s—
I(I丐

;7歹) ==:7·
3°  (corrcct to1dp)

ExampIe15Find whcrc thc Ⅱne from A(2,7,4),pcrpendicular to thc
planc rI,3艿 ~5、 +2z+2=0,lnccts II.

sOLVTION

Let T be thc point where the hne froⅡ 1A(2,7,4),perpendicu1ar to thc
plane Ⅱ,3△ -5`+2z+2=0,llleets Ir.

The equation of AT is

ExampIe14Fiod the anglc bctwcen thc plancs3艿 +0,,+5z=7and
丌+勾` 2z=11.

sOLuTION

The angle bc“ Ⅳccn thc planes is thc anglc betwccn thc vectors

perpcndicular to the planes.That is,thc angle bc小 Ⅳeen the twO vcCtors

(∶
)  and  (」∶)

Using cos ε==甘 ,where g is thc required angle,we have

0
0

0
Ⅱ

癍

r=(:)+r(|∶ 5)

Hencc,T is thc pOint where r=

So,putting艿 =(2+3r),`=卩
the planc II,wc have

3⑿ +3r)-5(7-5r)+

=>  38矽

Tllcrefore,the poIlt T必 o去,咭

lncets Π .

2θ intO the equation of
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Required anglc=

90° _Anglc betwcen

Using cos g二 =s韦
;∶

,、ⅤC have

cOs ε二=嬲

which givcs

Rcquired angle=【 90° _cosˉ
1(T7虿歹::Ⅰ瓦7≡)

=血丬(票)=⒍r⑾αto l d⑴

EQuATlON OF A

thc planc3豸 +4`-5z=6and thc

i   j   k
-1 3 -4|=11i一 习-5k
2 -1  5

pLANE

鬟

ExampIe16
hnc

sOLuTION

Thc rcquircd angle is90° _⒏ 、vherc ε is thc angle betwccn
the line and the Ⅴcctor pcrpcndicular tO thc plane That is,

EXampIe17
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sOLuTION

Thc t、vO ⅤectOrs in thc plane arc thc directiOns of thc two lincs,which arc

(∶⒋)  and  (:1)
Thcrcforc,the vectOr pcrpendicular tO this planc is

(I∶
)×
(∶
1)=

Hcncc,the equation of thc plane is11x-ˉ 3`-5z=亻 ,

FrOm thc Ⅱrst hnc,we knOw thatthc point(3,1,2)怂 in thc planc.So,we
havc〃 =11× 3-3× 1-5× 2=⒛ ,

ThcrefOrc,thc cquatiOn of the planc containing thc two lincs is

1h-3`-5z=⒛ .

3jv+4y-5z=6
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CHAPTER 6 VECT0R GE0METRΥ

ExampIe18 Find thc cquatiOn Of the cO∏11non line(hnc of intcrscction)
ofthe t、Ⅴo planes

rrl,3._、 ~5z=7 and II2,2丌 +3丿 一4z=-2

soLuTlON

and JI2

rcspectiⅤely。

TherCfOrc,(f:) ×
 (∶
∶|)iS pCrpCndicular to bOth of these

pcrpcndiculars,and hcncc is in thc dircctiOn of thc cOⅡ 11non1inc,

Thcrcforc,thc dirccjon of the conⅡnOn linc is

i  j   k
3 -1 -5
2  3  -4

=19i+犭 +11k

To obtain the cquation of thc conunOn linc,、 Ⅴc nccd to find a point On it,

SolⅤing rII and II2wⅡ l givc Only two cquations to so1ve fOr three

unknowns。 SO,、Ⅴe Ict x=0and solve thc cquations for thc remaining twO

unknO、Ⅴns.HOwcVcr,if letting x=0causcs problcms becausc of the
particular cquations givcn,we may1ct cithcr`=0Or~ˉ =0。

IIl is3x_y-5z=7    Whcn x=0,rI1givcs _y-5z=

IIs is2J+3`-4z=-2  Whcn x=0,rI2givcs 3`-4z=

Solving these s虹 nultancOus cquations,、 Ⅴe丘nd z=-1,`=-2。

Therefore,thc point(0,-2,-1)Ⅱ es On thc con1InOn line,giⅤing its
cquat1On as

ΠOaucdnepCpCa
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E)istance of a pIane fron1the origin

Consider thc cquation of a plane in thc forn△ r。 n=〃 .

If n is a unit vectOr(usua1ly denoted by n),thcn‘ 氵is thc pcrpcndicular distancc

of thc plane frOn△ thc Origin,

ExampIe19Find thc d厶tance tO thc p1·dne3丌 +dJl-5z=21from the oⅡ 虫n。

planc is

=21
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