
CHAPTER 3 P0LAR CooRDINATEs

Hence,the values of9at the points where the tangcnt is perpendicu1ar to the

initial hnc are

g=0at A g=冗 一⒍912at B

g=~冗 +0,912at C  ε=孕 乩D
2

SO,the equations of thc tangents perpeⅡ dicuIar to thc initial Ⅱne are

豸 =曰

觅=0

and

苋=-0.9858围   or  r/cos:[cOs~l(一去)l
The tangents to r=c COs3ε paraⅡel to the initial Ⅱnc arc shOwn bclow.These

are at the points P,Q,R and S.To ftnd thesc points,we flnd the maximum

and Ⅱ1inknuⅡ 1valucs ofrsin ε in a shnⅡ ar way to that shown above。

Exerclse3E

Find the cquation of each tangent to thc curve r=‘ cos3g which is para11el to the initial Ⅱne.

Find the equation of thc tangent to thc Curve r=ea which is

a)para11cl to the initial hne

b)pCrpcndicular to the initial hnc.

Chvc in polar coordinates thc points on the curve r=rJ cos2ε  whcrc thc tangcnts arc

a)para11el to the initial Ⅱnc

b)perpendicular to the inijal Ⅱnc.

擞捃戳i陬拥雾f⒊凇F暴羰 崽r踹t潸
`罗

l锵骂1∞
°·and”

1
 
 
2
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EXERCIsE 3E

a)

b)

C)

ShOw that,in terllls of polar cOOrdinates←
,ε),

thc cquation of C is r=:⒍ n29·
Find thc area boundcd by C。

The coOrdinatcs Of a variablc p。 int on C arc(I,`).

i) Sh° w that J=sin ε_sih3g,

iD Show that,as g Ⅴa⒒cs,thc maⅩimum value

⑾ 蕊t麒 V扌 ∴ l蜃 盎 rc PQ⒙
(NEAB)

(NEAB)

Thc diagram shOws a skctch ofthc curvc(Γ  whosc polar
cquation is

r=√t_cos g (一冗<g≤ 冗)
Thc Ⅱnc L touchcs the curve at A and B.Express in
tcr1us of ε thc,‘ -coordinatc of a gcneral point,P,On

C and dctcrⅡ 1ine thc valucs。 f ε for which this coOrdinatc

has a stationary value.

Deducc that at A,g=膏

Sho、Ⅴ that the arca ofthc regiOn bounded by C and丿 L,
shown shaded in the diagraⅡ1,is

17诌 7冗
16    12

a) SkCtch thc curvc with polar cquation

r=COs2a  一
晋
≤ g≤
晋

At the distinct points2⒋ and B On this curvc,thc tangcnts tO thc curvc arc para11el to thc initial

hnc,a=o。

b) DCtCrminc thc polar cOordinatcs of户 Land B,giⅤ ing your answcrs to threc signiⅡ cant
Ⅱgurcs,  (EDEXCEL)

Thc f1gurc On thc right sho、 Ⅴs a skctch Of thc circlc

、Ⅴith pOIar equatiOn r=rJ and thc cardioid、 vith
pOlar cquation r=围(1_cos○ ,wherc曰 is a
pOsitivc constant,

al Ⅴeri灯 tll狨 tlae curves intescct wh∝ ea=土卫.
2

b) Find thC area ofthc shadcd regiOn,giving yOur

answcr in tcⅡ ns of曰 and冗 .  (EDEXCEL)

ε=0
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CHAPTER 3 p。 LAR C0oRDINATEs

8 The curⅤcs C`and C2havc polar equations

Cl∶  r=4“n29 0≤ g<2冗

0∶ `=⑿√匆sin⒛  0≤ g<告冗
a) Sketch C1and C20n the saIne diagram.

b)Find the polar cOordinates of a1l points ofintersection of Cl and32~

c)Find,to two dccimal plaGes,the arca ofthe rcgion R which is inside both(J1and(92。
(EDEXCEL)

9Re1ative to thc Origin O as po1e and initial Ⅱnc g=0,【nd an equation in pOlar coordinate form
fOr

a) a Circle,centre O and radius2

b)a1ine perpcndicular to the initial hne and passing through the pOint with polar coordinates

(3,0)

c) a straight line through thc points with polar coordinates(4,0)and(4,晋
)·

    (EDExCEL)
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4 DifferentiaI equations

Ch〃 /苫召 夕rl〃

'纟

c￠

`J9Jr/〃

rJ〃 @lr刀 〃 rs召召

H F LYTE

Wc havc already sOlⅤ ed「lrst-Ordcr dⅡ fercntial cquations in、 vhich thc variables
are separablc6ce pagcs457-60in rrrrr@rfjrc扔gP“rg〃夕rFf召,,,ε rfCs.)

Wc、vⅡl no、Ⅴ considcr thrcc Other Inain typcs of differential equation,

First■order equations requiring an integrating factor

This is thc Othcr rnain type Of Πrst-ordcr diffcrential equation。

Equations of this typc arc of thc form

睾+勹 =2
whcrc P and口 arc functions of x,

Such an equation can bc solvcd by flrst rnultiplying both sidcs by thc

integrating factor c∫ P dλ
,

Mdu。 bilg睾 +勹 =口”C∫P dx,wc gct

C∫
P山

::÷
+Pe∫
P dx`=口

c∫
P dx

Since thc left-hand sidc is thc dⅡ△ercntial of`e∫P dx,wc thcrefore have

::亡 llle∫

P dλ

) ==2C∫

P dx

which givcs

、c∫ P dⅩ ==∫ζ2e∫Pdx d△
The right-hand side is often integrated by parts

量   ExampIe1 If:号 +3`=凡 flnd`.
■   s0LVTION

毒 Thc integrathg fat· tor is e∫3dx,whch is c3x.

: Multiplying both sides by e3x,wc° btain

:           C纽 :蚩
+C3·
v3`二
=xe3x
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CHAPTER4 DIFFERENTIAL EQVATI0Ns

∶    →击⒄3λ)=xe3λ
琶  Integrating by parts,we haVc

耆           `c3x==∫ xe3λ d艿

曩             =:e3x×豸
-ˉ∫:C3xd豸

蠹  which虫 vcs

害           ye3x==:豸 C弦一:eh-+c
蠹  ⅣΙultiplying bOth sides by e^弦 ,iⅡduding f,wc obtain

:       y=:艿
一
:+cC3x

。   Note  Thc Constant tcrn1,c,has novv bccOmc a function of豸。

篁   ExampIe2 so1vc the differential cquation x苦券
一̄2y=x4。

■   sOLuTION

∶ Dividing both sides by豸 to makc the【rst tcrm」 ∶̄!∶!~∶,we。 bt皮in

罩     旦∠~丝 =苋3
口          d豸   豸

鑫  The htcgr乩ing fa∝ or悠

景            c∫—(2/x)凼 =e-21nx=eln扩
2。

曩   Applying thc result eln″ ==Jf,wc haⅤ c elnxˉ
2==;:.

益 wcn。w multip灯 thC diffcrelltial eqLlatio11b,I tl△ c illteg⒙ting fact∝ ,∶
∶i∶∶’∶
’t°

鳘    obtain

晷     嘉苦专一号「y=艿
∶  wh忆廴we express as

:      苦;(钅Γ̀)=x
∶         → 嘉̀=∫豸dx

蘖      → 嘉̀=苦 +c
鲨   lˇΙultiplying both sides by豸 2,wc obtain thc geⅡ er破 solutioⅡ

鑫         `==告 x4+cx2
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EXERCIsE 4A

Note  To obtain a particu1ar soIutioⅡ ,we necd to be giⅤ cn a spccisc point

which1ics on the curvc。 Hence,wc can snd thc Ⅴaluc ofc。 This eⅩ tra fact is
ca11ed a boundary condiJon.Example3iⅡ ustrates such a situation。

宫   :I1r;t=1。

S° lⅤC thC df℃ rential cquatiOn{:钅 +÷ y=J2,givCn that`=3

镳

冁

。   sOLVTION

鼍 The integratihg factor is eJ(1/D山 =cln x=X。
0

墅   ]!ˇ~1[ultiplying thc differential cquatiOn by the intcgrating factOr,*,we have

晷      x:孝
+y=丌3

爨  which we express as

:     ∶∶
(∶

;1∶∶4+c
甾 WhCn艿 =2,`=3,which匪 ves
I       6=4+c →  f=2

∶  The∞ f。rc,thc soluton o
n

:          
犭̀
=:}x4+2  or v=÷
艿3+钅

Exerc:se4A

1⒏mpli灯 cⅡh Oftlle follOwmg。

a) CIn x2             b) e告 ln(x2+l)        c) e^31nλ           d) c∫ tan.ic d.Y

e) C∫
x/(·Y2-1)di        f) e3x1n2

In cach of Questions2to7,ind the gOncral solution。

2 :券 +3`==豸        3 
号券
-5y=e2x               4 x睾 →~`==豸 2

5 x旦z~ˉ 2、 =艿
3     6旦∠-T芝兰T==5(豸

-1)3     7 tan艿 旦∠+y==C2齐 tah苋

8 A curvc C in the x=`plane passes through thc point(1,0).At any point(艿 ,`)on C,

睾
+`=C_x

a)Find the general solution of this differential equation。

b)D HCncc Ⅱnd thc cquation of C,匪 vhg your answcrin the form y=※ 豸
)。

ii) WritC do、Ⅴn thc cquation ofthe asymptote Of C。    CNEAB)
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CHAPTER 4 DIFFERENTIAL EQVATIONs

9 Find thc gcncral solution of thc differential equation

:蚩
-3豸2`=兀 C妒

giving`cxphcitIy in tcrms Of兀 in your answer.

Find also the particular solution for which`=1when艿 =0.  (oCV

10 Find the general solution of thc diffcrcntial equation

(cos J)妊 +(sin x)、 ==cos2x

expres蚯ng y in terllls of,‘ .  (oCR)

11 Find thc gcneral solution of thc diffcrcntial equation

豸昔钅+4y=豸
giving J`cⅩ pⅡcit1y in teⅡ ns of x in your answer.

Find also the particular solution for which`=1whcn豸 =1.  (oCR)

12 Find,in the forⅡ 1`=※J),thC gcneral solution of the d旺 crcntial equation

望丝 +专
`=6艿
-5  豸>0   (EDEXCEL)

13 A car rnovcs f1ˉ on△ rest along a straight road。 Aftcr莎 scconds the Ⅴelocity is v1metres pcr

sccOnd。 Thc1notion is rnode11ed by

备
+αv=C′

r

where cx and卩 are pOsitivc constants。

i) Find v in te∏ ns of α,卩 and莎 .

ii) Show that,as long as the abovc rnodel appⅡ es,the car does not come to rest。    “DCR)

14 Thc variablcs v and莎 are re1ated by the diⅡ orential equation

业 =20+斋 vtan(斋θ

Ghen that v=1whcn r=0,丘 nd v when矽 =2.  (oCR)

15 i) Find thc gcneral solution of the differential equation

业 +、 tan艿 ==cos~△
ˉ

")If y=2whCn艿
=0,flnd thc part妃 ular solution.  (NIccEA)

丬6 Chven that

睾+⑿x+1》 =12x3e衤
γ

and that`=5whcn豸 =0,Ⅱnd y in teⅡ卫s of豸.  (ocR)

17 The number,i叽 Of anknals of a ccrt已 in species at thnc r ycars incrcascs at a rate of况 Λ厂pcr ycar
by births,but dccreascs at a ratc of/t矽 pcr ycar by dcaths,whcrc丿 1and u arc positiⅤ e constants。
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sECONDˉ oRDER DIFFERENTIAL EQuATIoNs

1\/Ι ode11cd as continuous variables,Λ 厂and r arc relatcd by the didcrential equation

替=^Ⅳ—〃
Ghen that Ⅳ≡iVO whcn r=0,snd Ⅳ in tcrms ofr,庞,〃 and zVfJ   (ocR)

18 i) Find thc general sOlutiOn Of the diffcrential cquation

苦专=肟。+⑺
where庀 is a constant,虫 vhg your answcr in the form丿 =Rx)
ii) ThC gradient at any point P(J,`)of a curvc is proportional t° thc suΠ 1Of the coOrdinatcs Of
P Thc curⅤ c passcs through thc point(1,-2)and itS gradicnt at(l,-2)is-4.

a) Find the equation of thc curⅤ e。

bl ShOW tll狨 tllc lhc丿 =_x一 去
is an asymptOtc tO the Cun阀 . (oCR)

19 i) Sho、Ⅴ that thc appropriatc intcgrating factOr fOr

:十
+(2cot J)`=※θ

is sin2J。

ii)HCncc Ⅱnd thc gcneral sOlution Of thc diffcrcntial equatiOn

豆nx旦二 +2丿 c。 sⅠ =cOs X   (NICCEA)

20 Find the gcncra1solutiOn Of the diffcrential cquation

⒁+r2)鲁 =1
Givcn that s=0when r=2,eⅩ prcss s in tcrms of/.  (EDEXCEL)

21 a) Find thc general solution Of the diffcrcntial cquatiOn

丌号钅一`=x2eⅩ
giving your answcr in the form y=flJ).

b) i) VerⅡV that the graphs of a11solutiOns of thc differcntia1cquatiOn pass thrOugh thc Origin

O,and Ⅱnd thc particular solution which^such that旦 ∠=~1扯 。.
dx

ii) FOr this particular sOlution,state thc hniting valuc of y as x-∞ .    ㈧EAB)

Second冖order d引ⅡorentiaI equations

An equatiOn is termcd second order when it contains thc sccOnd dCrivative,{:;∶ ·
Initial1y,wc、 J/Ⅱl Consider cquations Of thc form

rr竽
占
+3:专 +c`=0

、氵vhcrc四 ,D and c are cOnstants.
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CHAPTER4 DlFFERENTIAL EQVATlONs

To solⅤe the equajOn ε望三∠+D号
莹
-卜 c`=0,we1nake thc substitution

、=/c刀
X。 Hcnce,wc havQ

:甘:==刀
/e刀
x  and  业==刀2/e″为

wh忆h givc

rr刀
2/c刀“-+DJr/e刀 x-← c/C刀’c==0

That is,

r昭
2+D刀 -+c==0

This quadratic equatio!1is ca11cd thc auxⅢ ary equajoⅡ 。

Thc solution of a sccOnd=order diffcrential eqllation dcpends on the type of

sOlution which satisJ丨 ∴ilcs its auxiliary cquauon.There arc threc typcs of sOlution

of a quadratic cquation∶

1 Two rcal and diffcrcnt rOots

2 Two rea1and equal roots.

3Two compleⅩ  rOots.

Type1soIu住 on∶

Thc auxⅡ iary equation has two real,different roots,刀 l and刀 2。 So,thO solution

of四
萼占
+3号
券
+cy=0is

`=Ⅱ
ei.Iλ +Be刀2x

Where/and B arc arbitrary constants.

To veⅡ 1:∶
,严
that th必 厶the full solution,wc nced to conflrm that the following

t、Vo COnditiOns obtain∶

● Thcrc arc two arbitrary constants,as it is a second-ordcr differential

cquatlon.

● Thc solution does satisfy the equation

围
竽抬
+3苦
券
+c`=0

Wc noticc that there arc indccd the two requircd arbitrary constants。

To proⅤe that the so1ution,y=Ze″ 1x+Be’ z°Ⅹ,satis3es the diffcrential equation,
wc substitutc it and its deriⅤativcs in thc LHS of

ε竽缶+D:肾 +c`=0
wh允hg⒒es

f/軎 →-3睾 →-c`=ff(刀 ;/C刀
lx-+FF:BC刀 2x)-←

3(刀 1'4C刀
lλ -← Pr2Be刀

2x)-←
FG涩 C刀

lλ ⊥
← Bc刀
21)

=Ze犰
x(伤
刀:+D刀 1+0+Be刀 :X(曰刀:+D刀 2+o

=0

since P,1and「 f2arc roots of the equation gPJ2+D刀 -+c==0.
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sEC0NDˉ oRDER DIFFERENTIAL EQUATI0Ns

To find thc Ⅴalucs of/and J3,、Ⅴc nccd two boundary conditions。 Usua11y,thcse
are eithcr

● thc Ⅴalues Of`at t、 vo diffcrcnt Ⅴa1ucs Of x,or

● the va1uc ofy and that of{:÷ for。 nc value of x

∶   ExampIe4 Find`、Ⅴhcn2旦三L-— {:÷ ~3`=二 0,given that x==0、 vhcn
霞 y=2and、 is Ⅱnite as△ tcnds to in丘 nity.

¤    sOLVTION

豇   substituting`=/c刀 X and its derivativcs in2{:;∶ -ˉ {:钅一̄3`==0,wc gct
嚣         2刀 2一 刀-3=0

麈     → ⑿刀-3)(刀 +1)=0

笪                   =◇  ,f=: and —I
耋  ThC∞ f°rc,we have

鲨     、=/e扣 +召e、

霉 WhCn x=0,`=2,which虫 ves

畲     2=/+B

重絮楹岁漫昊Ts∵抖∫畏∴f扭I许⒒胝 tFkⅡ
b∞,/=0抚causc

霉 Hence,召 =2,which匪 ves`=2Cx.

Type2solution

Thc auxiⅡ ary cquation has t、 ⅤO real,equal roots,,z。 In this case,、Ⅴc cannot,as
in Typc1,use just`=/c″ x+Bc刀 X,sincc this蚯 mpli丘 cs to v=(/+B)C″ x Or

`=Ce″

、
,which has Only one arbitrary cOnstant。 Thc sOlution is,thereforc,

y=(彳 +Bx)e″x

To prOvc this is thc sOlution,wc lnust show that it satisJ∶ ∶ies the cquation

rr等
占
+3苦
莹
+fl=0

Diffcrentiating`=(/+BJ)C″ x tWicc,wc get

睾
==:C″
x-+I,C″ x('4-← B)o

軎
=:/,e″

、~+9F2c″ x(/-+JBx)-+IJC″、B

=″2(Z+Bx)e″ x+2″ Be″xwww.as
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CHAPTER 4 DlFFERENTIAL EQVATI0Ns

substituting these in thc LHS of日 旦鱼Ι+D{:钅 +c`==09we haⅤ e

ε

{:;;-←
3半 →-c`==c[刀

2(/-+Bx)c刀 x-←
2刀BC刀
X]+DlBC″ x-+″

c刀
齐
G涩
-← B~△
·
)]+c〔⒕ -← B”Oe刀

为

=(/+B~△
/)C刀λ
(ε刀
2+伽

+c·l+(2刀 伤 +D)Be勿
x

Sincc刀 is a root Of钾T2+3刀 -+c二=0,thc flrst term1s zero。

Con屺 cr llow the quadratic formllla,刀 =_D土 而
2△Π瓦c.when its roo“

are
2日

coincident,D2-4伢 c==0.Thercforc,we haⅤ e

刀=~土 → 2刀四+D=0
2rr

So,thc sccond term is alsO zcro.

Hcnce,夕
号午卜
+D旦∠+cy does equal zero,and/=(/+:豸 )e刀

λ is indccd thc

required solution.

:   ExampIe5 solⅤ
c::芳 +6{:劳 +9`==0·

癫    sOLVTlON

景   Substituting`='4c刀 x and its derivatiⅤ es in:号芳→-6{萼釜→-99`==0,wc gct
蘧        刀2+6刀 +9=o
破

鼷      ◇ (彳 +3)(刀 +~sJ=0
蹶          →  刀=-3

爨  Theref。
re,tl△c gcn∝ al soluton o

瑟     y=(/+Bx)c3x

Type3soludon

The auxⅡiary equation has two complex roots,纨 土i刀⒉

Thercfore,thc solution of日∠F1-ˉ←D:}∶→-cy=0is

`=/e(刀

1+i刀2)x+Bc(幻 i″2)x

=C勹
x(/C1刀 2为 +Bc1彳2x)

=C刀 lλ [/COs刀 2艿 +i/sin刀 2x+B cos(一 刀2J)+iB蛀 n(~刀 2豸 ll

=酽 l“

'cos刀

2X+iZ蛀 n刀2x+B cOs刀 2艿 一 iB⒍n刀2豸)

=e幻为[(/+③∞s刀2x+i(/— ③ sin饧刈

Sincc/and B arc arbitrary cOnstants,wc can Colnbinc(/+B)to虫 vo a红
arb⒒rary constant C,and we can combinci(/— Ⅰ玢to givc an arbitrary
constant D。 So,we haⅤe

y=酽 lx(Coos刀 2x+D蚯 n刀2豸)
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EXERCIsE 4B

ExampIe6SOlⅤ e⊥1~2业 +3、 =0,红vCn
whcn x=0

乩 b血钆

讠 ?厉 fⅠr:d诋

d函v耐v∞ 血
卑
2睾 +3`=0,wc酎

→ 刀=2圭 √
饵一12=1土

√’i
2

ThcrcfOrc,thc gcncral solution is

`=C、
(C cOs√Ξx+D⒍n√9J)

To Ⅱnd((::and D,wc use the bOundary cOnditions.

When J=0,`=0,which臣 ves

0=CcOs0-← D sin0  =>  C==0

Hcncc,l氵〗1′C haVC

`=DCx sin√
勹x

AS OnC b菩

t1∶ ∶
∶
∶l1∶ ∶∶f丨:∶∶lC1·

1s°fd1· ,we diffCrentiatc thC above∶

3Os√zx

Whcn△ =0,:专 =6,wkh驷∞
6=D⒍n0+√勹D cOso

→ 6=√勹D→ D=3√0
Therdore,the solutiOn is y=3ˇ /,e、 ⒍n√,x。

that`=0and{:÷二=6,

^Llternative notation for derivatives

Sometimcs it is rnorc convcnicnt

whcrc`=ftyY),

Exerc:se4B

In QuCstions1tO12,丘 nd the general solu⒒ on Of cach diffcrential equatiOn

2 
軎
+3:十 4-2`=0

5竺⊥ ~7号
扌

~:J=0

:竺∠~6业 +9y=0

11竺王~6旦苎+7x=0

tO dcnote{:÷ by`′ or f`,and軎 by`″ or卩 ,

1竺ェ~6旦ェ~:、 =0

43竺∠+4旦ェ~7、 =0

7 望三ェ+4{孛
÷
+dl,=0

10竺苎+4旦ェ+:、 =0

32业 ~旦苎~。 =0
d豸2  dJ

6± ~11孥 +2:x=0
d`

9旦△+:蚩 +`=0
12茎王+2坐 +13J=0
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CHAPTER 4 DIFFERENTIAL EQUATlONs

secomdˉorder differential equations of the type

臼业 +J号
茔
+c`∶〓ff男)

If`=g(犭 )is thC Solution of

rT萼
艹
+D苦
专
+c`=0

and y=h(x)iS thC sO1ution Of

日
:钅芳+D:十 -卜 c`=※ J)

thcn、Ⅴc havc

`=h(丌
)+宄g(x)

as thc generaI soIution of

rr号
;吉

-+D旦∠+c、 =Rx)
Proof

Substituting`=h+兄g and its dcrivativcs in thc LHS Of

fr昔阜;+D苦十+cy=fl△)
we have

鳄∥ +Dy′ +哕 =四 (h″ +尤 g′
′
)+D(h′ +宄 g′)+《h+尤g)

=ch″ +Dh′ +c,ll+尤 (四 g〃 +3y′ +印 )
=flx)

sincc h is a solution of伢 h″ +Dh′ +ch=ftx),and g is a sOlution of
gg′′+3g′ +cg=0。

ThcrcfOrc,

`=h(x)+龙
g(I)

is thc gcneral solution of△

`″

+D`′ +fy=flx)

g(x)is caⅡ cd thc compIementary ft【nction(CF),and h(x)is ca11cd thc particuIar

integral(PI).

The particu1ar solution is Obtaincd by inscrting bOundary conditiOns into the

gcncral solution.

Types of particuIar iⅡ tegraI

Thc particular integral dcpcnds on thc function fljλ J).

Wc wiⅡ cOnsider threc typcs Of functiOn flx)∶

● po1ynon1ial
● cxponential

● trigonOmctric
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sECONDˉ oRDER DIFFERENTIAL EQuATI0Ns

·K男)、 a polynomial of degree刀

In this casc,thc particular integral、 ⅤⅡl alsO be a polynOⅡ 1ial Of degrce刀

:  ExampIe7By indng al tllC complcmelltary ft1ncton and bl tllC

:   particular integral,solvc thc cquatiOn

詈          号:扌 +3号十-4丌 =:
●   sOLVTlON

霉  a,For tl.e complcment盯 y ft1nc· tion,wc use

:             ::扌
+3号十-4J=0

:   substituting x=/e″ r and its deriⅤ ativcs in thc abovc equation,wc gct

:         刀2+3刀 -4=0
:     → r,z+θ (刀 ~1)=0
篝               ◇  刀=1 or -4

耋    s。 ,the cF is x=/cr+Be^4r.

霉  bl For the part⒗ ular intcgrⅢ ,flx)iS a po圩 nOmhl of dCg∞ c0Hcncc,wc
:    need cOn⒍ dcr only J=c for thc part忆 ular intcgr时 .

晕     SubStituting x=c in号 i扌
-卜 3号
十
-4丌 =:,WC gCt

:       一牝=8 → c=-2

鼍  So,thC PI^x=-2,
翳    Thercforc,the gcncral solujon is x=/cr+召 e^4/-2.

:Example:∏
nd血 d而 On J卑 +3睾 一勹 =2+:J2,虫 ven山扯 ,

莒   When· =0,y=0and:专 =1,

∶   ∶∶〗∶∶the cF,wc use
量           ::劳}+3苦券-ˉ 4y==0
: Substituting y=/c″

x and its dcrivatives in the abOvc cquation,we gct

:     刀2+3″ ~4=0
:    → lJ9+0(″ -1)=0
:           → 刀=1 or ~4
■  So,thc CF is`=/c、 +Bc^⒋www.as
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CHAPTER 4 DIFFERENTIA△  εQUATIONs

∶ To flnd thc PI,wc substitutc`=日 +DJ+cJ2and its dcriⅤ atiⅤes in

叠           号;∶ +3:十 -4`=二 3+:·Y2
:  which givCS

霭     2c+3(D+2c丌)-4(四 +3x+cx2)=3+8x2

量   Equating cocfⅡ cients of x2∶   -4c二=8  =>  c二 =-— 2
: Equ·dting coemcicll“ of x∶ 劬-4D=0 → 3=-3
琶  Letting x=0in thc abOⅤ c equatiOn,wc gct

矍           2c-+3D-4四 ==3

:        → 四=-4
耋   So,thc PI is y=-4-3J-2x2.
:  Thc∞ f。∞,tllc gcn∝扯soltltion is

蘖     y=/cx+Bc4· -4-3x-2x2

ξ wC nOw nccd to Ⅱnd values for/and B.

罡 whCn x=0,′ =0,which虫 vCS

霉          o=/+B-4
。    → /+B=4      [11
鑫 Diffcrcntiating y=/ex+Bc4x-4-3万 -2x2,wc havc

莒          :专 =/Cx-ˉ 4Bcˉ
4x-ˉ 3-4J

g whenx=0,苦蚩=1,W"Ch ghcs
戆          1=/-4B-3
昼    → 丑-4B=4      囵

鲨 From[11and[2],we get/=4and B=0
窈

■   Therefore,the gcncral solution is`=4cx-4-3x-2x2

● ft艿)is an exp。 nentiaI function

Takc,for cxample,the equation

÷÷钅}+3:莹 -ˉ 4y==3c7Ⅹ

In this casc,flx)=3Cλ ,Thc pa⒒忆ular integral wi11be ofthc same1orll△ ∶Cc7x.

Thereforc,thc CF is`=/cx+Bcˉ 4x lsCe Examplc ω.

To snd thc PI,wc substitute`=Ce7λ  and its deriⅤ ativcs in

÷÷钅}4-3:甘
:-—

。l,==3e7λwww.as
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sEC0NDˉ 0RDER DIFFERENTlAL EQVATI0Ns

which gives

49Cc⒎ +21Cle7x-4Cc7x=3e7x

→  66C=3 →  C=l
22

SO,thc PI is`=劳 cˉ、·

Thcrcforc,tllc gcncral solutiOn is`=/矿 +Be4x+三1
22

●ⅡCrJ、 a fr坨 onomefrk fumcton of the form仍 ⒍n刀男

Takc,for example,※ o=4⒍ n2兀 .The p盯 t忆Lll盯 intqyal wⅢ  bc oftlle fOrm

C sin2x+D cos2x

笪   ExampIe9 sOlvc::芳
+3詈
蚩
-4`=4sin2J.

:    sOLuTIoN

蠹  ThC CF is`=/eⅩ +Bcˉ
⒋ (sCC Examplc8).

∶ ξ嚣投ta詈Tue蔗:拟苫⒒⒊哏s罨旆属黯s∶抵皆
罩   obtain

景          :圩|=2c COS2x and 堪÷昔
=-4cS1n2x

曩
乩 b山mung m∞ eh軎 +3睾 一勹 =4血 轧 吡 ⒃ dd obt缸n

瑟        -4Csin2豸 +3× 2C cos2x-4C sin2x=4sin2x

∶   、Ⅴhich includes only onC tCrm in c。 S2x (frOn.睾 )
:  ThiS mcam that tllis cquaton cannot be⒛ ll ed。

:  HCncC,thC PI uscd must cont缸n both“ n2为 and cos2x tcrms.That^,

盔     、=c sin2x+D cos2△
:  DffC∞ nthting ths,wc havc

:       `′ =2c cos2x-2D蚯 n2x

:        `″ =-4C sin2x-4D cOs2J

蚤   substituting y′ and、
″in:÷昔-卜 3:券 -4y=4sin2凡 we gCt

童        -4C sin2x~4D cos2x+6C cOs2J-6D蚯 n2x-4Csin2J-4D cos2J=4⒍ n2x

:  Equating cocⅢ cients of⒍ n2x∶  -8c-6D=4
。            → -4C-3D=2    I11
鑫 Equating coeⅢ cicnts of∞ s2丌: -8I,+6C=0
:              → -4D+3c=o    l9l

69
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CHAPTER4 D:FFERENTIAL EQVATI0Ns

瑟  Sol·
’ing the“ multaneous cquations[11andI2],we gCt

≡     c=~型 L and D=~6
:                 25             25

邕  ThCrCforc,the PI厶

:           `=一 亏呈亍

s1n2苈 一
苫;cos2艿

∶  Hence,the gencr驸 solution o

鬈          `=/cx+:c一

细
一

去

sin2豸 一 Ⅰ L c。 s2豸

25

慝   ExampIe10 So1ve{莒占--{:÷ -2y二=3C2λ ,givcn that`==0and{;钅 =11
琶  When~tˉ =0.

豳   sOLVTION

蠹  To ind the cF,we use

曩           :;吉一苦蚩-2`二=0
鳘  Substituting`=/e刀

X and its dcrivatiⅤ cs in thc aboⅤ e equation,we gct

爨         刀2~刀 ~2=0
:      → rrf-勾@+1)=0
:           → 刀=2 or ~1
:  So,the cF is`=/e2x+Be x.

: To fInd the PI,wc lct y=Cxe2x.

墓  (N。te 艿c2x is used here because e纽 already forllls part of thc CF.)

∶  Diffcrcnthting y=a'丬 ,we have

慝        苦专=Ceh+2cⅩeh

莒           萼轻}=2CC2x-+2Ceh+4Cxeh

量   Substitutillg these in::芳一睾-2y=3C⒉ ,we get
墅        4Cc2λ +4c艿ch_Cc2为 -2a'x~2c豸 eh=3e⒉

:  (Note Thc x-te∏ns should canccl at this stage.)

蠹     3ce2豸 =3e2为  → C=1
: Therefore,the PIis y=艿 c2λ .
¤

≡ HCncC,thC gcncral sOlution^`=/e2丌 +Be x+xe2x.

70
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sEC0NDˉ oRDER DlFFERENTIAL EQVATIONs

耋  At thiS Stage,aftcr adding thc CF and thc PI,wc inscrt the bOundary

瑟   conditiOns∶

耋           y=0WhCn x=0  → o=× +B

薹           :芳 =2/C2x— Bc x-+c2t-+2JCh

耋   苦茔=11When丌≡0◇ 11=″ _B+1→ 1o=″ -B
蘧 Since0=× +B、 we haⅤ e

g     彳=1∶  and :=一罟
莒  The SoltltiOn is,tllcrebm,

薹         `=(÷:+J)e2x—÷:Cλ

一勹
′+勹 =3C2x,黛  ExampIe11Soll e`〃

黪    sOLVTION

耋  To snd the cF,wc substitutc`=× c’
lx and its dcrivativcs in

露  `〃 -4`′ +4`=0,which gives

耋        ″2~4刀 +4=0
琶     → (刀 -2)(刀 -2)=0n           → 刀=2 (rcpcatCd⒛ ot)

箅   Theref。 rc,thc CF is`=二 (/+Bx)C2、 ,

畲 T。 find thc PI,we nccd tO use a tcrm in Ⅹ2e2、 ,sincc both e2λ and Je2x
童  alrcady RⅪ m tcrms in tllc CF,Th∝ cfo∞,we lct`=C`护x,whch匪 vCs

蘖        `′ =2CJ2eh+2CJch
2x啻        、″=4cx2ch+4⒍

'x+2ceh+4Cxo蘖          =4cJ2eh+8CJch+2Cch

鲨 stlb血tuung thcsc in`〃 _⒋/+勹 =3C2x,wc llavc
鲞        4c·2eh+8cxeh+2Ce2x-4(2C豸 2卩、+2cJeh)+4Cx2c2x=3`x

薹   (Note  The termsin x2and x shoul(l canccl at this stagc。 )
:     2ceh=3ch → C=:
蛋    Thercforc,the PI is`=号 x2c2x·

∶ HencC,thC gcncral sOlution心
`=(/+Bx+手

x2,e2x,
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CHAPTER 4 DlFFERENTIAL EQUATlONs

ExampIe12 Solvc y〃 +16y=2cOs4J。

sOLuTIoN

TO ind the CF,、vc substitutc`='e″、and its sccOnd dCrivativc in

`″

+16`==0,which givcs

,z2+16=0 →  Pf=± 4i

The CF is,thcrcfore,y=/cos4t+B sin4x.

NOtc that for thc PI wc need tO usc tcΠ △s in△ cos4x and豸 sin4x,sincc

thc CF already cOntains the terIlls cOs4x and sin4x。 Thcrcforc,thc PI is

givcn by

`=Cx cOs4x+Dx sin4x
So,、Ⅴc have

`′

=Ccos4J-4Cx sin4J+D⒍ n4x+4DJ cos4x

`′

′=^4C sin4x-4C sin4J-16CJ cos4x+4D cos4J+4D cos4x-16D sin4x

Substituting thc abOvc in`″ -← 16y=2cOs4凡 wc get

-8C sin4x-16Cx cos4J+8D cOs4x-16Dx sin4丌 +16CJ cOs4x+
+16Dx sin4J=2cOs4x

SimpliJ[∶】y⒎血g,cquating⒍ n and cos tcrms,and rememb∝ ing tll狨 tllc tcrms
in x should canccl,、 Ⅴe find

C=0 and D=寺
Thc∞fo￡,tlle PI is`=去 x sin4x.

Hcncc,the solution is

`=/S1n4x+B cOs4x+昔
s1n4x

ExercIse4C

In Questions1tO12,Ⅱ nd thc gcneral sOlutiOn of cach differential cquation,

1 萼1}+7:专 -ˉ :`==16x 2 
卑
→-4睾 →-3`二=4e~2Ⅹ 3 2望三∠~3昔÷~5y=10丌

2+

6竺⊥~:坐 +15s=5c。 s2r

卑-2{:钅 +3`=22C钕

牟
+16J=3cOS4r

43卑 +2睾
`=4蚯
n5x5牟 4孥 -5艹 3C⒊

7 
軎
+5睾 斗-4`二=2c_x     8 

舁
-6睾 →-9`二=5c3x      9

10 
軎
→-6苦
蚩
+10y==3eˉ

4x   11 

牟
-2唁
扌
4-x=4e`       12

13 Solve thc diffcrcnual cquation

⊥⊥-2号管+5x=0
if J=-3and坐 =1whcn r=0,

dr
(NICCEA)
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EXERC】 sE 4C

14 a) Find thc gencral solutiOn of thc diffcrcntial cquation

軎一勹=1Oeh
b)HCncC丘 nd thc solution for wⅡ ch`=-2at J=0,and旦 ∠ =-6at豸 =0.  (EDEXCEL)

15 ⅠΓind the gencral solutiOn Of the cquation卑 ==C2x-+cos告 x

Statc what extra infor1nation would bc needcd to cnablc a particular so1ution tO be obtaincd。

(NEAB/SMP1619)

16 i) Find thc solutiOn of the diffcrcntial cquation

卑+4睾 +13/=0
for、Ⅴhich`=4and苦

蚩
=1at x=0

ii) ChvCn that

cOS J祟 →-2y sin豸 ==cos3x-+sin~x  0(x(士冗

and that`=1at x=昔 冗,flnd thc Ⅴ狃uc of丿 at x=寺 冗   (EDEXCEL)

17∏ nd湘 gen∝H sdujon Of曲ed氏 ∞n伍狨 cqu舶 on竽
艹
4睾 +5y=血 h lEDⅨ cE0

18D MⅤ e山cd阮 mnj破 cqu汕on軎 +16← 0ω Πnd⒒s gcn∝d sduu⒇

⑴ If J=3and号
扌
=:whCn r=0,血 ow th狨 the parjcdar solLluoll d the山 fferenu狨

equation abovc is

△ =3cos4莎 -2sin4r

ⅡD By Writing the particular solution as火 cos(4r+α),flnd the flrst pos止ive value of莎 for
w11ich犭 怂ma,〖imum  (NIcCEA)

19 Obtain thc solution of thc differential equation

⒛鲁+4孥 +x=⒉ +1l
酗 en that,ll l△ cn莎 =0,X=3and孥 =2:· Show that豸 ≈⒉ +3fOr largc p函 jⅤe∴  ⑩C幻

20 Find thc gcneral solution of thc diffcrcnjal cquation

牟+5孥 +4丌 =15cOs⒊ 5⒍n⒊  loC幻

21 Find thc general solution of thc di浞 crcntial cquatiOn

卑
-ˉ 3苦
券
-4`=50sin2艿

GiⅤcn that`=0whcn x=0and that`relllains flnitc as J-→ OO,fInd`in tcnus of J。   (ocR)
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CHAPTER4 DIFFERENTIAL EQUATI0Ns

22 i) Find the gencral solutiOn Of thc diffcrcntial cquation

鲁-4孥 +29丌一⒗cos⒉ +50蚯n⒉
⑴ If艿 =3and孥 =1011,l△cn r=0,fll△ d thc parucdar s。lujon.tNICCE㈤

23 a) solvC the equation詈
釜
=豸 →-xy· You do not nccd to makc`the s?-jCct° f your solution。

b) Find the complcmcntary function and a particular intcgral for thc cquatiOn

苦蚩
-3`==2x-卜 e4x

Hence writc down the general solutiOn Of thc cquation.  (NEAB/SMP1⒍ 19)

24 a) Find thc gcneral solution of the dⅡ Iorcntial cquation

望z+4业 +13、 =0

b) Chven that`=曰 cos3x+3sin3豸 is a particular intcgral of thc differcntial cquation

钅÷钅;+-4号钅+13`==6cos3豸 -8sin3豸
flnd thc Ⅴalues of‘ .,Jand i!;,。

cl Show th狨 this particLlhr intcgral h孙 ma妊mum and minimum vah∝ of匹 and一缨
4        4

rcspcctivc1y.

d)Find the solution of thc diffcrentia1equation

鱼 +-4号
劳
+13`==6COs3x-8sin3x

for which y=0and:券 =0at苋 =0·    (EDEXCEL)

25 a) Find the general solution of thc diffcrcntial cquation

2軎 一7苦
釜
-4`==:sin豸 -19cos x

b) I-Ience flnd the solution for which`=0at艿 =0and{:釜 ==11at x=0.   (EDEXCEL)

26胛
呃盖絮黯￡咀指i黯暴℃扌军;∮】fI甘1I∫{;;L∶揣扌丁搔J袱悬1阝i岁挠l∶ ,is

modc11ed by thc diffcrcntial cquation

4钅 +:孥 +5兀 =2cos莎 血nr
i) Find the general solution for x in tcrIms Of莎 .

ii) GivCn that J==1and孥 ==3Whcn r==0,ind,corrcct to fOur signiⅡ cant flgurcs,the

predicted valuc of the stOck hcld on1st January2000.  rOcBo
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s0LVTl0N 0F DlFFERENTIAL EQUATIONs BΥ  sUBsT1TUTI0N

27 Find the values of the cOnstants F,and rF for、 Ⅴhich`=`x sin2x+gJ cOs2丌 is a particular
intcgral of thc diffcrcntial cquatiOn

卑
+4`=sln2x

Find thc gcncral solution of this diffcrcntial cquat1On

Show that whcn x=刀 冗,Where刀 is a large pOsitiⅤe intcger,`≈ _+″ 冗,Whatcver the initial
conditions,and Ⅱnd a cOr∞ spOnding appro虹 mration for`whcn x=⒄ +:)冗. ⑩CR,

28C;ivcn that x=/r2e~r satisⅡ es thc diffcrcntial cquatlon

牟+2孥 +x=冖
a)Ⅱnd thC value of'亻】.

b) HCncC nnd the s。lutiOn of the differential equatiOn for which J==1and号
扌
=0at r==0,

c)USC your solution to proⅤ e that for r≥ 0,x≤ 1,  (EDEXCEL)

solution of differentiaI equations by substitution

VVe can nOw solvc thc fo1lo、ving thrce types of differential cquatiOn∶

● First ordcr in which Ⅴariablcs arc scparablc。

● First ordcr requiring an intcgrating factOr。

●SecOnd Order ofthc form呷 〃+勿′+ψ 二frx),whcre〃 ,D and c arc
constants

Substitu伍 Ons can be used to1nake a differential equation,、 vhich is One of thcsc

thrcc typcs,rnorc rnanageable,

For exalllplc,tO solⅤ c

⒄+5庀Zlrl+r誓 =⒄ +5㈣ 3
we wOuld makc thc substitutiOn P=二 ″7-卜 5庀Ar,which changcs this equation

into

`+r挈
='

In this forn1,thc cquation1oOks lcss daunting and is casier tO sOlⅤ e,

SubstitutiOns can a1sO bc uscd to conⅤ crt a mOrc difncult f。 rl11Of differential

equatiOn to Onc Of the abOⅤ c thrcc typcs。 (In an丿⒋-lcvc1cxaⅡ 1ination,thcsc
kinds of substitutiOn、 ⅤⅡ1nOr1ually bc givcn。 )

T、Ⅴo such substitutions which you wⅡ l rncct frcqucntly arc`=〃 x and x=e〃
,

whcre ffis a function Of x,Thcir apphcation is sho、 Ⅴn respectivcly in EⅩ amp1cs
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CHAPTER4 DIFFERENTlAL EQuATlONs

■

爨

ExampIe13 So1ve豸 2{;钅 :=4艿2-+xy-+`2,givcn that、vhcn艿 =1,y==2.

sOLVTION

Notice that in this equation thc power of cach tern1,treating豸 and`as
the samc,is2。

Such cquations are ca1lcd homogeⅡeous equations,for which the usual

substitution is`=伢 艿。

E)iffcrcntiating y=仍 艿with respect to艿 ,We haⅤe

号券=萼券豸+c/
Substituting for{:÷ and fOr y in J2睾 =二 4苋

2-+xv-+`2,we get

x2(x{:管 +笏
) =4x2+‰`+笏

2豸2

EXⅤiding through by x2and rearranging the tcrms,wc havc

xd1。 =4+仍 2

→
 ∫携 =∫号严

which giⅤ cs6cc page36)

:tan-1(管)=1nJ+c

→
 :tan_lC女)=ln艿

+c

Now W纽

:∶
三
丨
(51丁 :IlFC’

c=晋 ·HCnce,wC have

→ 卫⊥=tan(乎 +21n艿
)

→ y=2豸 tan(毋 +21n豸
)

EXampIe14 Solve艿 2旦1∠ -2豸
苦蚩

~I0`=0usiog the substitution

豸 =e叨 .

sOLVTION

We nccd ω托uace軎Ⅱa℃mh半 and孕”a忱rm h钅 .

So,flrst we differentiatc艿 ==e″ with respect to叨 ,、vhic— gives胬 =二 e勿。
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EXERCIsE4D

: Ushg睾
=括罟弘wC get

爨       句  1ψ
蠹    d~1·

^歹
瓦

霉   → 旦∠=e″业
麽              d艿      d:J

蘧  We now dif℃ rentiatc this cquation with respect to x,noting that the RHS
爨   is dⅡ△crentiated as a product and us1ng

∶   击喁)=斋 (睾)睾 =钅赘
翠  Hencc,wc arrhe扯

曩   軎一C切蟹搿+/钅籽
甏    Since:券 =c-勿 ,we thcrcfore haⅤ e

晕       卑
=— C-2勿

軎
+C-2切

钅

曩

乩 b血 仇 住ng br睾 and軎 h豸
2軎

一 ⒉

睾

一 Ⅸ” =0,妮 酎

ξ            C2叨
(— e~2〃

号芳
+e~2勿

{莒告) -2C切
e一
笏

努
-10,`==0

∶                  → 茗缶-3老 -1” =0
罡  Subst⒒ uting`=/czlr and its derivatives in the abOve equation,we obtain

:     刀2-3刀 -1o=o
皤                →   刀=5  or  -2

甚  Thcrcf。 re,tlle gen∝缸soluton^

:     `=/e5切 +Be2″

∶  Us血g豸 =Clr,WC havc

辈     c5〃 =fc勿)5=豸5 and e2″ =o″)2=x2
:  wh忆 h givC

蓄      `=/豸
5+旱

Exerc:se4D

1 L1sing the substituuon、 =仍觅,flnd thc gcncral solution of each of the fo11owing.

列
:蚩
=气严    ⑴v睾=`+'   Θ``睾 =艿

3+苋2`—

'⑷3x3睾 ='-艿2`
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CHAPTER 4 DlFFERENTIAL EQuATlONs

2 U⒍ng the substitution`=J-←

`,flnd thc gcncral solution Of
Φ  3x+3`+4
d兀   豸-卜

`-←

1

3 Lrse thc substitution`=2x-← 3`to【 nd thc gcneral solution of

句 ~4豸 +6,`-5
dx 2x+3y+1

4 L「 sing thc substitution艿 =c叨 ,flnd the general solution of

a)豸
2望三∠+2x昔

钅
~勿 =0        b) 豸2」三∠-5豸

昔钅
~6y=0

Θ
`业
~弦业+勹 =0  ⑷

'兰
∠+⒉业 +、 =0

5Ghcn that艿 =片 ,丌 )o,r>o,al△d帅 a hncjon of x,且 nd睾 血 terms J者 alld豇

Assullling that軎 ==4r告饣L+2号;,shOw that thc substitution艿 =r吉 ,transforms the
diffcrcntial cquation

望三∠+(6豸 一
÷) :蚩
-16苋2`=4兀 2c卩λ

2    lI]

intO the differential equation

钅+3者一勹=C⒉
Hencc nnd the gCneral solution of[I],giving J`in teⅡ ns of豸 ,  (EDEXCEL)

6 a)Find the general solution of the cquation

卫三+z=矿

b) Make the substitution`=Jz in the equation

豸
睾
+(艿 -1)丿 ==x2ex

Hencc writc down the solution of th、 cquation。   (NEAB阝 MP16-19)

7 a) Show that thc substitution v=兀

`transforrlls the diffcrentia1cquation豸
:号菪+2(1+2艿 )苦券+4(1+x)`=32C2x  x≠ 0

into the diffcrcntial equation

丢:;+4∠⒓+4v=32e2λ
b) Chven that v=四 c2犭 ,Where c is a constant,is a particular intcgral of this transformed
cquation,f1nd亻 ·讠。
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EXERCIsE 4D

c) I7ind thc solution of thc differentia1equation

J軎 +叩 +2θ睾+硐 +功 =32Ch
for、Ⅴhich`二=2c2and苦

堂
=0at x==1

d)E)etCH△ inc whcthcr or not this solution rclllains Ⅱnitc as x-→ ∞ ,  (EDEXCEL)

8  Thc variablcs~l and`are functions of r,and satisIV thC diffcrcntial cquatiOns

孥+⒉ =y ⑶

者
+x=0

By ehl11inating`,shOw that

兰⊥ +2孥 +x=0

Find thc gcncral so1utiOn of this diffcrcntial cquation for x and deduce by substitution in(米
)

thc gcncral sOlutiOn fOr`.

Hencc,or OtherWise,Ⅱnd x and y in tcrms Of莎 ,given that J=1and丿 =0whcn r=0。
(NEAB)

9 a)Find,in the for1n`=※ x),thC gcnera1sOlujon ofthe cquauOn

←21)睾 +v=1豸 >1

bl i)GiVCn that`=丝 ,shOw that
X

卑=÷軎一嘉睾+条
Ⅱ) I-1ence flnd the general solution Of thc diffcrcntial equation

軎
+子
:专
+25y=0 x>0   (EDEXCEL)
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5 DeteⅡηinants

J,l伤 /g召 3严日,/o,,le″ rfo刀 0刀9o″ er勿 f冫召 °厂/ll印″ ,J【lc@历 c夕 sr r乃 cr乃召ov°厂洳 rcr/ll沏曰″rs
沏r@r乃esⅡ

'助

力 r9ll″ ε″力 Jl9j'f夕 r汩 e'ψ  sr〃洳 〃r
E T BELL

DeⅡ nⅡHoⅡ of2

Thc2× 2deterlninant

For cⅩamplc,we

Thc3× 3detern1inant

丬另引丬莒
wh⒗h is

×2aⅡd3× 3deterΠlinants

∶  钅|rCprcscnts the eⅩ prcssion c〃 _Dc,

4
 
8

3
7

have

=3× 8-4× 7=24-28=-4

∶  ∶∶  ∶∶| represCntS the exprcssion
吲+‖ f孑 |

四 (cj一

彡 ⑴

—

∝

历
一

虍 )+《

幽
一

鳄 )

We see that the deterlllinant of a3× 3matriⅩ is found by expanding thc

matrix alOng its first ro、 Ⅴ In turn,wc takc cach element,or entry,in thc srst

rOw,cOver up its co1umn and thc irst rOw,and ind the dcterΠ Ⅱnant ofthe
2× 21natriⅩ which is lcft VVc thcn combinc thc thrce rcsults。 Noticc the1ninus
sign for the3-tcrnl,which relatcs to thc fact that D is an odd numbcr of places

fro￡n the flrst clcmcnt,△ .

Note  Itis1nuch easicr to1carn thc1ncthod for cvaluating a detcrninant than

to remelllbcr its formula.

鲎  Example1Evaluate

8
5
5

7
`
0
彡

∩
'

3
 
4
 
1

匮    sOLuTION

咖

3  7   8

4  2  5
1  9  15

=丬 ;息 |丬 :亮 |+叫÷:
=3(30-45)-7(60-5)+8(36—

=-45-385+272

=-158
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RuLEs FoR THE MANIPVLATION OF DETERMINANTs

DctcrⅡ1inants,unⅡ ke rnatrices,aIlllays consist of a square array of clcmcnts.

Thc determinant ofthe square matrk A is dcnotcd⒍ ther by|A|or by dct A。

Bccausc dctcΠ△inants are always squarc,the expansion1ncthod just described
can be appⅡ ed to deterⅡ 1inants of any sizc。 Thus to cⅤaluate thc dcterⅡⅡnant of

a4× 41natrix,wc flrst expand it along its top row to gct an eⅩ pression
inⅤolving four3× 3matrices,remcmbcring to alterⅡ ate the pIus aⅡ d IⅡ iⅡus

signs.For cxample,

-1 -3 -4
-3  4  7
8    5    6

+叶
: 手 丁

Wc thcn procecd to cva1uate each3× 3matrix as beforc.

2
_
4
7
6

4
_
3
4
5

3
_
ˉ

_
3
8

〓
l
一

s
ˇ

0
∠

1
工

=1 一丬: 13 丁|+
_
3
4
5

~
ˉ
_
3
8

`
ˇ

0
乙

1
王

0
∠

_

RuIes】or the maⅡipuIation of deterⅡ linants

4  6   8

Changing a deterⅡlinaⅡt Ⅵ吐thout changing its value

Wc can altcr the ro、 Ⅴs and thc columns of a dctcrⅡ Ⅱnantin thrcc ways w1thout

changing its vaIue.Two arc giⅤ en below.

Adding aⅡy rOw,or column,to aⅡ y other rolV,or coIumn

If wc add the corrcsponding clements in two rOws(or ColumnΘ ,thC Ⅴdue of
thc dctcrⅡ linant is unaltcrcd.For example,we haⅤ e

〖:‖ =民 ;‖
The rule also applies to the subtracJon of the corresponding elements in two

rows(or columns).So,we havc

1 1  1
鳖  Example2Evaluate|0 -1 -1

铵

Ⅱ    sOLVTION

璧  Thc most eⅢ cient way to cv缸 uatc th^dct∝ mhallt^to add the second
:  row to thcJ丨 :ilⅡ t rOw。

爰   Note If you cannot quickly spot this shnpⅡ flcation,⒒ is better to cxpand

髯   ;踞e`il￡奋I∶∶F::l∶∶
s’ rather than to spend ti1nc trying Ⅴarious

c
 
_
 

·J

r
丿屁

D
 
_
勿

召
g

ε
 
_
 
g
歹

〓

c
^
r
`
·

J

D
 
g
屁砑

歹

g

www.as
warp

hy
sic

s.w
ee

bly
.co

m



0

蟓

J

CHAPTER 5 DETERMINANTs

缪  So,wc have

1 1  1
0 -1 -1|=
4  6   8

1-1
-1
8

=1× (-8+0=-2

1+0 1_
0   -1
4      6

1   0   0

0 -1 -1
4  6   8

鳘  EⅩpanding th厶 simpIined determinant,we get

1   0   0

0 -1 -1丨 =
-1 _l
6    8

1×

AddiⅡ g any multiple of any rOw,or coIumⅡ ,to any other row,or columⅡ

If we add the samc multiple Ofthc elements of a column(or rOw)to the

cOrresponding elements of anothcr column(or r0、 v),the valuc ofthc
dcteΠninant is una1tered。 For e)qample,we havc

4  6   8

∶:∶卜

∶::|=

∶::: ::|
r/      3      c

〃-3四  c-33 /-3c
bc    `o    氵

Thc rule also appⅡ es to negative multiplcs。 So,wc have

覃   Example3 EⅤa1uatC|i  ∶  ∶|
鼹   sOLVTlON

:   ⅠⅠFλ :∶丨l∶I;nant is bCst siFnpliflcd by subtracting2×
the third rov`from

瑟   Again,if you cannot quickly spot this,it is bctter to eⅩ pand using2× 2

盔  dCtCrminants。

∶  So,wC have

=|4Ⅰ
2 6:6 :了 :⒈

=|i ∶ ;
∶  Expandhg this⒍ mplⅢed detcrmhal△t,we gct
量   |i∶∶

2  0  0

0  1  4

1  3  4
=2×
|: 扌|=-16

鑫

翳

碾

瀚

翳
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RULEs F0R THE MANIPULATI0N OF DETERMINANTs

Two rOws or columns caⅡ  be interchanged by changing the sign of
the deterⅡⅡnaⅡ t

FOr eⅩamplc,by s、 vitching cOlumns1and2in thc lcR-hand dcterIllinants,、 vc
get

and

WheⅡ any two rOws or any two columns are equaI,the deterⅡ 1inant
ls zero

Say,for cxamplc,thc cOrrcspOnding clcments in columns l and3arc equal,as

in thc dctcrn1inant bclo、Ⅴ If wc subtract cOlumn3frOnl column1,cOlumn1
becOmcs a co1umn of zcrOs.Hcncc,thc value of thc dctcrⅡ Ⅱnant1nust bc zero,

c
f
丿

 
J

四

歹

 
g

D
 
g
乃

_〓

c
^
r
ν

·J

D
 
c
乃曰

〃

g

0
4
4

0
石

n
υ

1
Ι

0
 
1
 
3

_〓

0
4
4

∩
υ

1
Ⅰ

0
0

0
∠

 
n
υ

 
1
Ι

4  1  4
2   3   2

3 -5 3

0   1   4

=0 3 2|=0
0 -5 3

2  0  0  7  0
01464

曩   ExampIe4 Evaluatc|11  :  :  :  :
簟                  |2  0 2 12 2

霞    sOLuTION

鼍  Evaluating this detcrminant by normal cxpansion wOtlld bc vcry time

量   ::r鞣忌⒈:〖r诂:覆IlI:鞯::飞 :hat c°
lu111ns3and5are idcnucal,and s。

1、刁Iultiplying any rOw,or any column,by`:,:Ⅱ uItiplies the value of the
deterⅡⅡnant by茈

If we mtllto~a11the elcmcn“ of one row lOr column)by庀 ,thS is thc samc as
multiplying thc va1uc of the detcrⅡ1inant by Fc.For cⅩ amplc,、Ⅴe havc

〖笤‖诮:‖
If wc Inu1tip1y eⅤ ery element in thc dctcrn1inant by庀 ,、vc obtain
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