CHAPTER 17 GROUPS

Example 16 Let T be reflection in the x-axis. Find the transformation
matrix of T with respect to these bases:
a)e; =i and e, =j

V3. 1 1. V3

b)e, =——i+—j and e = ——i4+—j
) € ) 2] 2 21 2]

SOLUTION

a) When e; =i and e, = j, e, is unchanged by reflection in the line y = 0,
and e, is moved to —e,. So, we have

T:<é-g)
V3

b) When ¢; = ?i +%j, e, is reflected to €] = Ti — %j. We have to

write this in terms of e; and e,, so we solve the equation
V3. 1, C@.l) 1. V3
—i——j=ae; +be;, =a|—i+—j) +b| ——i+-L1=j
A W TRIEY 2T
Equating components of i and j, we find that
V3 V31
——=———a——bh
2 2 2
L a—+ —\/—gb

2 2 2

Solving these, we obtain g =

b=
2

DO | =

Therefore, we have

1 3
T(e) = Eel - %ez

Similarly, we can find

V3 1

T(ey) = —791 r 562

Therefore, the transformation matrix is

1 V3
2 2
Vi1

2 2

T=

(B E SRR ERERERE RS RERRERERREREREREREREE R RN E N R R R RERRERRE R R SRR RRERRERRERDR]

Linear transformations of the set of all complex numbers

The complex conjugate mapping z — z* is a linear transformation of the set of
all complex numbers regarded as a real vector space. This is because z — z*
corresponds to a reflection in the real axis of an Argand diagram, which
corresponds to a reflection in the line y = 0 in R?.
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EXERCISE 17C

Example 17 Find the transformation matrix for the mapping
frz—-0+)z+QR-1)z

with respect to the basis {1,1}.

SOLUTION

We put e; = 1 and e, = i. (This reminds us to think of 1 and i as basis vectors.)

We now calculate the effect of the transformation on each vector.
fle))=f)=A+i)+2—1) =3 =3¢
fley) =) = +Di+Q2—-i)(-i)=-2—-i=—-2¢ —e,

Therefore, with respect to the basis {1,i}, the transformation matrix is
3 =2
0 -1

Exercise 17C

I E S EEEEEREREEREEEEE R EREEERENSEEI]

1 The vectors a, b and ¢ are

1 2 -2
a= |2 b=13 c=1[ -2
3 7 -8

Prove that a, b and ¢ are linearly dependent.

2 1 3
2 What is the span of the three vectors | 3§, [ 0|, [ 3 | in R*
4 1 4
Find two vectors with the same span.
3 The vectors a, b and ¢ are
1 0 4
a={2 b= |1 c=1| 9
3 4 13

Prove that a, b and ¢ are linearly independent.

4 The vectors a, b and ¢ in R® are

1 2 0
a= |2 b=1|4 c=10
3 5 1
Prove that a, b and ¢ are linearly dependent. Find a vector d which, together with a, b and c,

spans R°.

5 Find the transformation matrix (with respect to the standard basis) of the linear
transformation which takes (1,0) to (2, 1) and (1, 1) to (3, 4).

Now find the transformation matrix with respect to the basis <§), ( i )
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CHAPTER 17 GROUPS

6 The linear transformation T : R?> — R? is defined by

()= 0)0)

a) Describe all the points in the image of T.
b) Write down the dimension of the image of T.
¢) Find a spanning set for the image of T.

7 Certain sets of functions can be viewed as real vector spaces. For example, consider the set

T:= {functions f:R— R,f(x) =ay+ Y [b,sinnx + a,cos nx]}
n=0

‘Vectors’ in the vector space T are really functions.

a) Prove that T forms a real vector space.
b) Prove that the vectors sin x and sin 2x are linearly independent.

8 Let V be a real vector space with operations + and .. A set U, with operations + and ., is said
to be a subspace of V if the following conditions hold:

e U contains 0.
e U is closed under addition.
e U is closed under scalar multiplication.

a) Prove that if U is a subspace of V, then U is also a vector space.
b) What is the smallest possible subspace of R*?

9 The set C of complex numbers can be regarded as a real vector space, where addition of
complex numbers, and multiplication of a complex number by a real scalar, are defined in the

usual way.
i) Show that {1,]} is a basis for this vector space.

Let u =a+ bj and v = ¢ + dj (where a, b, c and d are real) be fixed complex numbers.
A mapping T : C — C is defined by T(z) = uz + vz* (where z* is the complex conjugate of z).

ii) Show that T is a linear mapping.
iii) Find the matrix M associated with T and the basis {1,]}.

6 1

iv) Given that M = ( 1 2

), find the complex number z for which uz + vz* = 1 + 4.
(MEI)
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Answers

Exercise 1A
1a —i byl ¢ -1 di 2a)3+2i b)6-31 ¢ —4+3i d) -2+2V2 e)2i 3a)3-4 b)2+6i

V15 V2

©) —4+3i d) —8—5 4a) -1+ /3 b)%i*i o) %(—1i\ﬁi) ) 12220 5a)10-2 b)1-i o 142

2

d) 2+55 e) I+i f)3+8 @) 10+18 h) 18+13 6a)3+11i b) 26+2i ¢) 74+7 d) 42—24i e) 10+ 11i
H)11-29 7a)L(5+14) b) £(23+11) €) 1-2i d) L(@4—19) 8a)x=4y=-2 b) x=—11y=22

c) x=8y=—-1 d)x=17,y=-17 e) x:'—;,y:% f) x=—5,y=-12 933+09 10 a) —2++/3i b) =1 +£/5
¢) $(=3+3) d) 3(1+£+30)

Exercise 1B

2

3

10
15
17
20

a)
a)
c)
a)

i)
b)

d)
b)

2V2, /4 b) 3V2,3n/4 c©) 4,27/3 d) V2,—3n/4 e) 4,n/2 1) 13, tan"(LSZ) g) 4z h) 7, tan”! <@>

i) ~7+24i di) 1174440 b) 0) S @) 25 i) 125 ¢) i) 0.9273 i) 1.8546 iii) 27819 4 a) 1 +3i b) 23+ 23

—i d) 2v2+2V2i e) —V3+i f) -3V3-3i 5a) —-142i b) 13,n*tan’l<%2> or 1.9656 6 %,2.1033

—143i b) 1VI0.m—tan~'3 0r 1.8925 8 i) b) 3n/4 i) £(5—3i) 9 i) secx ii) 4seca i) 7/2 — o iv) 2n/5 —«
sing i) m/2—o 11a)3—4i ¢) 195 d) 6+14i 12a) z=-2£V3i ) i) 265 i) £243 132-30 14 412§
5 ¢ 5(7+17) d) 118 e) ~7.—5 16a) —11—2i,1+2i ¢) 22 df -1,-2 17 a) 2v2,3n/4 b) 1/2v2, — 3n/4
90° 18 a) 2.68 rad b) 6,4 d) 28 19 0) £(3+2) il) ~1 20a) 14+2i,1+i b) i) 2v/5, 0.464 rad: /10, —0.3218 rad
i) V10

Exercise 1C
6a —1 b)2 ¢)0 7a)0or3 b2 c)w? dy—-lor2 8 3.%+%\/§i.§-l\@i 10 b) 5,3v2  1110) 2 i) 57/6

2 2

142 150 a) 1(1+1) b) $(1-0 i) (1—w)w 16b) i) 3/2,v/3/2 ii) n/6 17 a) /4, —4(1 +a) b) y=x

Exercise 2A

1 nm+ (—1)"Z 180m° 4+ (“17'48%. 2 2hmt 25, 360n° 4 120° 3 n 4 (~1" L 90n° + (—1y'15° 4 nE+ T 60n° + 15°
4 3 2 12 3712
T 2 2n 2 T T fid T 2 T L
5 2 eZm4+L 2 7n=—— 8 n=+ . 4541125 9 Zan+Z 120m° + 60°
nn+8 3n7r+9 31171 n2 4 n4 16 3nn 3

10 nn+g,2nni§; 1801° + 90°, 3607° + 60° 11 nn+§,180nc+90° 12 n% %m‘:ig; 90n°, 1201n° £20° 13 5z, 180n°

14 2nn+37“, Nz 4 (—1)"0.848; 360n° + 270°, 180n° + (—1)"48.59° 15 l1g—§,n§~%; 90n° — 22.5°, 361° —9° 16 nx, nnig
b a T i 2 4 2t i3

17 nnt+—=,2nn+ (—1)"= 18 =+2nm, Zne—— 19 ——: nm o nnt+—
s 6 3 3 9 1-¢2 3

Exercise 2B
1 a) 13,67.3° b) 5,53.13° ¢} 5,53.13° d) v2,45° e) 10,53.13° 2 a) i) 15, —15 ii) 306.87°, 143.13°

2 b) i) 10, —10 ii) 18.43°, 108.43° «¢) i) %, 4 i) 53.13°,233,13° d) i)

3 5
. 4-V5 445

ii) 296.56°, 116.56°

405



ANSWERS

2 €) i) —1 (max), L (min) i) 233.13%, 53.13° §) i) — 3 (max), . (min) i) 216.87°,36.87° 3 a) 360n° + 53.13° + 60°
3 b) 360n° —22.62° £ 60° c) 180n° — 7.5°, 180n° +52.5° d) 60n° + 15° + (—1)"10° e) 60n°, 60n° — 17.7°

Exercise 2C

1a) —n/6 b)n/6 c) 5n/6 d)n/4 e) m/4 f) 184°0r0.3218 rad 3 1/10 5 360n° — 66.8°+142.0° 6 a) 13 b) 67.4°
6 c) 360n° —67.4°+£72.1° 7 i) v/58cos(0+23.2° ii) v/58, —/58 i) 360n° —23.2° +82.5° 8 a) 126.9°,270°

8 b) 180n° +90° 60n° +15° 9 a) 25,73.7° b) 360n° +20.6° or 360n° + 126.8° ¢) o <f(x) <1 10 60°; 195°, 345°

11 2cos(f — 60°), 360n° + 60° +40° 12 a) 85,0.154 rad b) 27n—0.154+£1.369 13 a) 25 b) —25 c¢) 1.85rad
13 d) 3.84rad, 6.16 rad 14 i) a) 15,53.13° b) 156.9°,276.9° ii) nn+n/3

Exercise 2D

2 =1y N2 ~1z.33
1() 5 b) 3 6 V2 d) 12 & 2x 9 1 2x 9 6(sin_'2x)° . 1620(tan™!5x)
V1 —25x2 1+ 9x? V1 —2x2 16 + 9x2 V1—x* 1+3x24x V1 —4x? 1+25x2
. 1 . 1 .1 fx . 1 fx 1. ‘1(2x> 1. ,1<3x> 1 ,1<x>
1 — 2 a) sin —~)+c¢ b)sin —)J+c¢ ¢€) —sin — |+ d) —sin — 1+ e) —tan — | +c
Vodm=r ¥ a7 %Y (2) ) (3) )2 T dg 1) L NG 3) "¢
2 1) %tan"<§> +c¢ @) %tan’l (‘%) +c¢ h) listan‘1 (%) +c¢ 3a)n/2 b)=n/8 ¢) n/2 d) /63 e)n/S
4 a) 0.0505 b) 0.0444 c) 0.615 d) 0.0741 e) 0.841 f) 0.0207 5 /24 69— (x—2%n/3 7 2+1J1r +2fii
X X

-&-xﬂ
8 ﬁ,l 9 Lﬁ

. X ey U o 1 a1
10 i§i)) ————— i) ——1 11 —sin”' [(—)+c 12ii) vV -2
3012 14+ x2p? ) V1 —x? ) 2 (x) ) 3
Exercise 3B
1a) x24y2=16 b)x=3 ¢)y=7 d) x> +y’=axtay/x2+y2 e) x> +y>tax=a/x2+y? f) y?=4—4x

r2cos’@  r2sin’f

2 a) r=3 b)r2sin20=32 ¢) =1 d) r=06cos0 ) r>+8rsinf =16 f) r?> =cos20

9 16
Exercise 3D
Trla? na’ na’ na’ na’ 17 ,1( 2) .4 3n
129 9 X g 32 _“45/54 L cosH -2 5 a) r2=sin"0 b) ii) —
) )T B g 9y 4 2 3 ) 7 =sin’d b)) =
2 2
6 (1, 5),(1, 5—“);7—“—4\/5 7b) " g b
6 6) 3 12 2
Exercise 3E
1y =0.185 10850 (2app=Sr, -0 et g T 3a)y—+—2 b)x==+
= 0.185a, y = +0.88a a =y =, ... X="—,X=—, ... a) y=+—- x =da
g g ) 2T V2 V2 Y

4 b) % ¢) iii) % 5 4/3c0s0 —cos?; 0, g —%,n 6 b) (0.667,0.421), (0.667, —0.421) 7 b) a2<27%>

8 b) (0, 0), <3, %) ¢) 133 9a)r=2 b)rcosd=3 c) rsin<0+§> =2v3

Exercise 4A

%
1a) x> b) Vx2+1 ¢) % d) secx e) Vx2—1 ) 2% 2y=Iix—1+ce™ 3y=—le¥tce™ 4 y:%——o—i
o 3 x

5y=x’+cx? 6y=5x-1'Inx—D+ecx—1*" 7 ysinx=2e"sinx—Lle¥cosx+c 8a) yer=x+c

8b)i)y=(x—-1De™ i)y=0 9 y:(ch%xz)exJ,y:(l+%x2)ex

3

10 y = xcosx + ccosx

My=Ixtexrty=1x+4x"* 12y=x’—xtex? 13i)v=

1 e® +ce” 14 v=200tan0.2 +sec0.2
a+f
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ANSWERS

15 i) ysecx=x+4c i) y=(x+2)cosx 16 y=Bx*+5e ¥~ 17 N—;t-i-ﬁ (No—ﬁ>eh 18 i) y:cek'*—x—%
18 i) a) y=—x—4—3e'™"D  19ii) ysin®x = —Llcos2x+c 20 s=Ltan! (5> +¢,s=4tan™! (é) 75

21 a) y=cx—xe ™ b) i) y=—xe™* i) 0

Exercise 4B
1 p=cCtvIDr L BB-VINx 2 ) — fe* 4 Be® 3 y=Ae®+Be ¥ 4 y=Ae* 4 Be ™ 5 x = Aeb + Be~!

6 x=de"+Be* 7 y=(A+Bx)e”® 8y=(A+Bx)e™ 9y=e {A cos(?x) +Bsin(§x>}

10 y = e 2(4cos2x + Bsin2x) 11 x = 4eB+VD! 4 BeB-VD1 12 x = ¢~(4cos2+/31 + Bsin2v/37)

Exercise 4C
1 y=de™ +Be* —2x—7 2y=Ae*+Be™—4e> 3y=de*+Be™2 22+ L2x 38l

y=Ae ™ + Be/? — 3% sin5x —

4 £ C0s5x 5 x=Ae" + Be ! —2e¥
6 s=Ae” + Be¥ + 2 cos2t— - sin2t T y=Ae ™ +Be¥+2xe™ 8 y=(4d+Bx+IixDe™
9

E3
y=¢"(AcosV2x + Bsinv2x) + 26% 10 y =e ¥(dcosx + Bsinx) +3e* 11 x = (4 + Bt + 212)¢"

12 x = Acos4t+ Bsindr+3sin4r 13 x = (2sin2¢ — 3cos20)e’ 14 @) y = Ae™ + Be > + 2™ b) p =2 — 5e2* | 2¢¥

15 y= A+ Bx+4e™ —4cos$x; p(0) and y'(0), or y for two values of x 16 ) y = ¢ 2*(4cos3x + 3sin3x) i) ——i

17 y=c*(Acosx + Bsinx) + % (sin2x + 8cos2x) 18 i) x = Acos4s + Bsinds iii) 1.424 19 x:21+3+4e”/1°sin<é>

20 x=Ade ™ + Be' +sin3t 21 y= Ae™ + Be™* 4 3cos2x — 4sin2x, y = 3cos2x — 4sin2x — 3e~¥

22 i) x =e¢*(Acos5t+ Bsin50) +2sin2¢ i) x = 3e¥cos 5t +2sin2:r 23 a) In(l + y) = c+1x?

23 b) y=Ce¥™; p=—3—Fx+e", y=Ce™ —2—2x+c* 24 a) y =e>(Acos3x + Bsin3x) b) 2.4

24 d) y = Jcos3x+ +sin3x —3e X (cos3x +sin3x) 25 a) y = Ae™ 4 Be /24 sinx+2cosx b) y=2e" —4e=/2 1 ginx + 2cos x

26 i) x=¢ {Acos<2>+Bsm<;>}+2<:ost i) $9 550000 27p:0,q:—4,y Asin2x + Bcos2x — 1 7XC082x, y ~ (n+%)n

28 a) 4 b) y=(1+ne"+1s%"

Exercise 4D

4(x —
1 a) xX3(x—4)=c b) y?=2x%Inx+cx?> ¢ ln{w}:i+c d) [O}—M}:lnx-i-c
X+y X+y

2 x+y—gln@dx+4y+5 =dx+c 32x+3y+2LIn(l6x+24y—13)=8x+c 4 a) y:Ax-&-—% b) y = Ax3+VI5 4 py3-VIs
4 ¢) y=Ax?>+Bx’Inx d) y:x*%{Acos(§lnx>+Bsin<?lnx>} 5 d 2\/dy,y Ae” + B 4 %e
5

6 a) z=le"tce™ b) y=Llxe"+cxe™ 7b)2 c) xp=2e"1—x)e > +2e> d) Infinite

(cosh™'x + ¢)

2

(-]

X=MA+Bhe ", y=A+B+Be;x=(1-te',y=—te" 9a)y= b) ii) y :l(A sin 5x + Bcos 5x)
X

Exercise 5A

1a) 177 b) 15 ¢) 0 d) =255 2a) (a+b+c)a—b)(b—c)(c—a) b) —24pgr ¢) (ab+bc+ ca)b— c)c—a)
d 0 3@->bb-cc—ala+b+c+1), -1

Exercise 5B

1 (@a-bb-c(c—a)a+b+c);1,2,-3;(,0,0 2ii) 5—t,t—1,0

3) <7z—19’ 37— 11z
5 5
4b) x=a+b,y=b—a+t,z=1t i) Planes intersect in a line ii) Two planes parallel 5 %, —2; planes form triangular prism

6 10 71-k%k#1,-1 i)2,1,0

,t> 4a)a=b=c
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ANSWERS

7iii) 243t -1 =211

8

10

12

Three planes meet at point; planes form triangular prism; two planes coincident

a) (a@a-bb-olc—aa+b+c) by =5 9ii)x=-17,y= %, z=—1 iv) Two parallel planes, intersecting third plane
i) (p+1(g—2) i) 7 iv) Sheaf of planes 11 (—1z, 27, 1); three planes intersect in line %: LZ = —23— 12 i) g #£2
i) p=—4g=2 i) g=2,p# -4

Exercise 6A

oe= (5 )+ 7) ae-(4)(2) @ (5) ()

7 1

4 3 -1 3 1 4 3 =15
2ar={ 8 |+ 11 b) r= 8 | +¢| 11 cyr=|( 7 | +¢t| 3 dr=| -5+ 2
-2 -6 3 6 -2 -10 -9 16
3 a) x72:y+72275 b)x—4:y—8:z+6 c)x—7:y74:z+1 d)x+8:y71:z+3
3 4 —7 - 3 6 2 —1 -3 1 3 -7
3 4 —2 5 -5 1 3 2
4 a)r=|-2]+r| 3 b) r= 1 4+t =7 c)r=| 2 |+« -3 dr={5]+¢ 3
4 —5 -3 =2 —4 2 D) -1
3 2 2 ) — 3
4e)r=|_o|+¢t| 4 5a) 109° b) 933 6ayr=(1]+t{6]| byr=|—4]|+¢f 12
o -3 4 1 3 1
4 -1
6c)r=| 1 |+¢] 1 72v/2 819/5v2 9a)i)1:2:-2 i) i, 3, -2 b)i)3:—4:-5 i) 3/5V2, —4/5V2, —1/V2
-5 -1
9 ¢ i) 3:2:-5 i) 3/v38,2/V38,—5/V38 d) i) 1:-2:-3 i) 1//14, ~2//14, —3//14
10 a) r=2i+j+k+(-2i+4j+2k) d) 18.7° 11 b) r=-9j+ 13k +1G+2j—3k) ¢) (5.1,-2) e) 43° 0 (4.5,0, —0.5)
1 0
12 a) (4, -1,-3) b) 714 13a)r=[(2|+¢| 4 b) 21° 14 47i—9j + 62k, a= -5 15a) i—3j—k ¢} 95.2°
3 -3
7 1
16 i) (2,3,35) i) 40.9° 17 a) 0.148rad 18 (I,1,-12) 19 i)yr= | —8 | +¢{ =5 | i) 5i+2j+ 5k

Exercise 6B

3 9
1a) —5i+7j+11k b) 3li+22j+k ¢) 22i+14j+ 16k d) —32i+23j— 10k 2a)r,<—5>:13 b)r,(7):47
3

4
28
2cr,|-17]|=41 3a)3x+ty+7z=4 b)2x+4y+3z2=8 ¢) —x+5p+3z+7=0 4 a) 685 b)34.1° c) 28.1°
18
{3/5v/2
4.d) 485 5291° 60" 7r.[4/5/2 | =2v22V2 8a)i)—13 ii) —12i+8j+8k b) i) +5 i) 2v17
,1/\/5
S0 1 4
g8byiir,.| 2 | =3 9a) —i+8—4k b)3i+j—k dr=(1]+¢]13 10 a) r=24i + 6j+ (i +j+ 2k)
2 1 25
36 11
10 ¢) (35,17,32) d) 18101 11 a) 36i+12j+9 b)r.| 12| =9 ¢) (1,-3,1) 1210 —i+j+k 13r.( 5 | =14
9 =i

1 1
14 r= (—8) +z< 2 ) ) —x+5y+32=46 i) 120+ 14j—4k 15 10) —i+2j+k iv) 31.8° 16 3i+ 8k — 15}, 14.4°
7 -1

17 i) 3x+y+22=15 i) S—x=y=z 18a)2i-3j—2k b) L1v17 ¢) r. (- 3j—2k)=—7 d) 2x—3y—2z= 7
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ANSWERS

2 2
18 e)% £)32° 19i+3—3k 200) 1. 1) i) 3i+2j+4k iii) 8 —2j— 5k iv)r~<1)+t(47>
1 2

21 2axb 0.7 22b) Ti+3j—dk ¢ 728" d) (-3, 1.41) e) 1v% 23 a)%’:%:”ﬁ b) x+z=0

4 2
24 a) (1,-2,3) b) 2x+y-32=-9 ¢ 70.9° 25ii) 7+2k i) —L i) r= (12) +r<10) 26 i) 2i —2j—2k
5 11

26 i) x—y-z=12 27 a) (-3,0,1) b) =3, -1 ¢) x—3p—z+4=0 28 1:-2:42v—y—z=0 29 a) i) 2i — 3j+ 6k

2 3 2
29 a) iii) r, (3) =14 b)yi)r= <—1> + 1 ( 1) iii) Opposite side of plane to origin; distance 1 from IT
6 2 1

1 2 1 -1 — 16
31 e) (5,4,7) 32 i)r‘<§>+z<fl),@ ii)r*—(é)th(g),SO.S“ iii)% 33 i) 3 i) <120) iii)%

34 3i—5j- 7k, 3x—Sy~7z=1 353i+4j+k3x—29-2-=—-1 36b)i) (4,0,0) iv) (21,4 v) 8

1
30 a) ii)r_(())—l b) ii) 3x+5y+324+1=0 31 a)r=i+2j+k+7Qi+j+3k b)(3,3.4) c) 5i—j—3k d),/%
1

Exercise 6C

3 2
1-73 2177 321 48 500 ii) EF iii)@ 6 a) —30i — 15)+ 45k b)r_<l>+t<l> d) 35
2 -3

7 a) 5i-3j~4k b) 100 c) 50 8a) —6i—2j+5k b) 165 L o) r (6i+2i-3k=1 d) (3 L 1) e 9.5

Exercise 7A

7a)y<Lyzf Byzly<y 8x=—%x=

yEE 9 x=-ly=x-2 10i) x=-2 ii)7

<afon

16 54

Mi)x=2x=-2,y=10 ii G—27 12y

i) (10,82) 12a) y=1,x=2V/3-1,x=—1-2V3 b) (5, 3).(1, )

1Ba)i)x=—Ly=""10) 0,0, (-1, 1) 14a)s b) i) x=2 i) y=2x+1 ¢) (3, 8min 15 Bp=2det g o
“ 2 x=1 x+4+2
15ii) y=2,x=1,x=-2 iv) (—3,2) 16 a)l— c) =2 x=0 d) ii) (1, 1), (=1, 1)
3= 2 = s = LD, (-1,

Exercise 7B

1ax>-1x<-2 bx>3 ¢ -10<x<-3 dx>5x<-14 ¢ —E>x>-1 fllax<t

28) x<-2, -1<x<0 b) x>82<x<3 ) 5<x<3(3+VE3) G- V6 <x<-1 d) “T<x3<x<¥
2e 2<x<—-14 Ba) -I<x(x£-2) b) S<x<-l(x#-2) O i<x<ll(x#4) d) xX>6,—4>x(x#-5)
3e) x>5x<—2(x#-2) Hx>-21x£-3) da)l>x>-2 b) x>1x<—3 ¢ x<-2(x#-1)

5 x>dMWRP <0 B6x>lx<—-1 7x>2,-1l<x<l 82—l 1<x<td 92<xw<S xe~1

11 a) )< ¢, )2 3;(-4,3)(6. 1) b) One 12 ¥x<—3,x>% 1Bx>-lx<-3 141,24 p=x+2

4
15 a) (0,3),(=2,0) b) x> -1

Exercise 8A
1a -3,-7 b1L5 ¢ —5-4 d -4, % e 2,5 f)-2-1 2a)x?-7x+15=0 b) x2+3x+5=0
2¢) x?4+2x-4=0 d)x?+5x—11=0 3a)0 b) —10 ¢) =9 41i) 9+i iy 3—2i  51i0) -10-137 ii) =5 2]

6 x?—4x2—4x-25=0 76,—6 83x>—1lx+10=0 9 a) 15

409



ANSWERS

Exercise 8B

1 x2 4 14x4+44=0 2 x2—45x+63=0 33x>—8x2+32x—56=0 48x> —12x2—-22x+5=0 5 4x2+59x+289=0
6 Ox2 +41x+225=0 7 a)x2+7x+6=0 b) 6x2+7x+1=0 ¢) 4x2—-37x+9=0 d) 2x>—x—-3=0

8 a) 3x2+36x—32=0 b) 6x2+9x—1=0 ¢) 2 -Bx+4=0 d) 3x>+27x+52=0 9 a) x> +9x?+45x+189=0
9b) x3+x2—17x—49=0 ¢) x*—6x2+14x—8=0 10 x*+9x>+63x? —297x+81 =0 11 x?+10x+75=0

12 4x2 -3x+1=0

Exercise 8C

1i,-i,%i % 222,23 31 43 50<k<4 61—1,%:ﬁ:1\?

7b)3—i,—11 8 b) i) 2+3i, 1 (twice)
8 b)ii) 22— 4z+13)(Z2+2z+1) 9b) i, 1+i,1—i 102—i 2 110143 ii)5 -5 12 -3}, 3

1B b) (z-2)(E2—62+10%2,3+1,3—1 1410) 1-3i ii) 2> —4z2+14z—-20=0 151-i;2,18 16a) % b) 1-2i, —%
17 i) 3p? i) 20 —3pz2 +3pz— (PP +4°) =0 18 5440, 5—4i, V2(1 +1i), V2(1 — 1), —V2(1 +1i), —vV2(1 — 1)

Exercise 9A
n2

64 11 2Un?-1) 14a —2
3 Qn—D@n+1)

16 a) %(H D+ 2)n— 1)

1 1 0 2
18 Counter-example: (0) X (0) = <0> R é— (2) 23 %(n +1)2n+7)In2 25 b) Not convergent. (—2)" does not tend to 0
0 0 0 1

27 Yes 28 % 29 i) Not true: for example, u =2, v=3, w=6 ii) True

29 iii) True. Converse of ii is ‘If u divides v + w, then u divides both u and w’. This is not true.

Exercise 9B
1 %”(n+1)(n+2) 2 %(}1+1)(n2+n+1) 3 %(nzﬂ) 4 %(4n2+33n—1) 5b) 61907 6 n2Qn2—1) 7 18760

8 N2(2N+1)*, —N*(4N +3)

Exercise 9C

2
13 g mEIM 3a)%<1 1>b)a:b:1 0 48 5%(1 1),1 -17é

2r—1 2rt1

4 4+ D+ 2) ar+1 20+3)76 22n+3)
1 1 1 1 n
62 7i)l—e™ i)x>01 8- ——,— 9i)1- ii) 22—3 10 b
) 1= ) x a7 OV ary M ) 2042

Exercise 9D

25 ; X s 3
1 b) £ ¢ 0.110 2|)x—7+? i) 2, —<

3 a) 2(1+x)cosx — (1 +x)*sinx, 2cos x — 4(1 + x)sin x — (1 + x)*cos x; —6sinx — 6(1 + x) cos x + (1 + x)*sin x

2 3 5
3 b) 1+2x+x2 —x3 4i)x—%+);—' 5b) 0029565 6 (1+sinx+cosx)e’; 1,4 7i) A=0,B=1,C=0,D=—1
3 5 6 (=1yx" 2x 32
700) 1—u?+u* i) x—>+Y iwtan'x 81,1,1 9a)-— c 10 a) i i) In2+ 2
) ) 2 5 ) 28 ) a+x* ) r(r—1) Al 2+ x2 ) lnd+ 2

x* i rr=1 o r=DC=2 5 re-DE=Dr—=3) 4« . 23 ; 2 9
10 b) 3 M) 1 +rx+ 2 X+ 5 x4 a x* i) 5 12 i) 1—&-x+2—!+§+Z

120) =2 iy et2
n!



ANSWERS

Exercise 9E

4x3  4x3 125 3 625 5 256 5 T N
1a) 2x——+——... b)Sx——"x"+-—"x ¢) 1+8x+32x"+—=—x"+... d) x"—"—+"——-"1 ...
A BT | 9= T 9l T e WE R
8 3 X(4”+2> 15 9 3 63 4
1 e —{2x+2x2+2x3+... 2 a) x° ——+—— S AR W B S N T . N T R
) <x 3 > ) 5! D ) 2 8
s 9 %% . x4 %2 xt
2¢)2-8x"+—x" d)ell— A e) In2———-— 3 a) Converge b) Converge c) Converge
4 26 4 96
g g E LR e m s B ¢ Mivalienors 5 10 d B0y 6 x <3 7a) i w8
20 4 @n)! ’ ’ ’ ’ 3 | T4 64 512
7 b) fe_y2. 5P .5 g a) 1 8 28 215 b) gt 3 Woa g a)l, —1.3
4 64 2 4738 16 ) 12 8 G
1, 1 1,2 Lo 5.4 ]
10 a o R R L )
) a—gh e gt e T il

Exercise 10A
8 _
1a) i) L@@ +e?) i) 376 b)i) i’ —e?) i) 100 c) i) %% i) 0.999 3 a) 2sinh2x b) 5cosh5x ¢) 3sech?3x
- €

3 d) 8sinh4x — 15cosh3x e) 6sinh2x+ 30cosh5x f) —cosech’x ¢g) —sechx tanhx h) 45sinh 3x cosh*3x
3 i) G4cosh8xsinh®8x j) tanhx k) 2cosh2xe™™2* 1) ScosechSxsech5x 4 a) lcosh3x b) 1sinhdx ¢ 3cosh<§>
4 d) 105inh<§> e) %sinhS,vc—étcosh(%) f) Lincoshdx 5 a) 0540 b) 0.693 c) 0457 d) 0.191 e) 1.10, —0.625

5 00514 6l n2 7a)n S-S
) - J ) 1) EX g

b) In2 8 (—In2,4),min 10 i) xsinhx + 4coshx ii), iii) xsinhx + 2ncosh x

11 —In3,0 16 b) i) (1.32,2.15) ii) 3.3000 ¢) —1,4

Exercise 10B

5 g2 o V2 d) 3 g Ll
V1 +25x2 Vox? — 1 VT +2x2 Vox2 =16 VIEx® xV1—x2

2 b) COSh71<%‘> 4 o %cosh’l <%) ) —cosh < > +¢ €) sinh™ <%) +¢ f) sinh™! <£) +c g %Sinh’l <i1§1> & 2

2 h) %sinh’l<§3§> +¢ 3ayln(1++v2) b)In(l+v2) ¢ hQ2+V3) d)

1 a)

f)

] X
g) = 2 a) cosh 1<%> 48

fln(2+f) e) 111(5+\/—)

1. (10+4V6 1. (6+2V10 \/2) il <4+m> ( ﬁ) 1 <13+2ﬁ>
4 a) 51 <5+\/_> b)31 <3+\/7> c)ln<l+ 5 d)2ln 5 e) In{ 1+ 3 f)41n 51275

cosh™ (%) +c¢ b) ln<;i§> 6 b) In(1++2) 7 a) xtanhx —Incoshx+ ¢

7 b) y=xsinhx—coshxlncoshx+ccoshx 8 a) 2,1.4 b) %tanh’l (

(4]
o
~

2'\'2H> fc 9b) 02763 10 a) 2x+ 1) 425

10 b) %sinh(z’Yz_l) NG 5.4 25 12 6-3P 12 n@+v3) 18 ¢ xsinh'x—vItalte

17ii) Lln(6+v37) 18 a)x=1 b)ii) vV2—In(1+v2): V2, 1+v2 19 a) 2tan~'e* +¢ ¢) 2.604 20 mln(2++/3)
3

) o) 2n+1 5 13 v
A \\ WEMEI SNt o 32 M LST by x x0T
x2=9 ¥ ¥ Sy Ixd 2n+1 *2 x4t xS x8 3 57 In<k1

22 b) %ln<l> c) £1n<2> 23 b ii) 2In2 -1

21 ¢c)

Exercise 10C

’7 2 £
1 a) \1+2x+§x4 b) 3x+%x~‘ o 1+x+§V +75x°+%x4 a7 ot 12562 - 306" s T

2 —;—Xsz —97%cosh’l <§> +c¢ 3 %xvxl + 16 + 8sinh 1(%) +c¢ 4 %X\/.\'3+25+§sinh’l <§) + ¢
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5 %xv,‘c2 25—%§cosh (;C) +c fxvxZ 4+ 2cosh™ < )+c 7 éxvx2+9—§sinh’l (g) +c

%\/——JrZSlnh (>+c 9 i) 0; 2{1—(n+l)coshmc-i—ncosh(nJr1)x

coshx — 1

} 12 y =1 cothx — L xcosech x + ccosech’x

X

14 Weani % 159i) 176 17 d) I +v3)-4v3 L -1 18b) 1, -1 B o) xP41xS
e

Exercise 11A

12a) 40,x=-4 b) (7,0),x=-7 ¢) (0,2,y=-2 d) 0,-4),y=4 € (-3,0,x=3 ) @, -1, x=-8 @) 52,x=1
2a) p?=12x b)y>*=16x ¢) x>=8y d) x>=-20y 3a) p=x+5> b) py=x+5> ¢ y=5+x d) 2y=x+20
4 a) x+y=6 b) (18, -12)

Exercise 11B

1 a) ?,(iﬁ,o),xf:t% b) @,(i\/ﬁ,o),x*i% c)%;(ii&,O), _i%é )i ©, £2v3), y = :t158
1e)%,(5,72),x:?,x:—24—1 2a)§—;+;—;—1 )—+§2 1 )—+§2 1 )—Z%J

3 a) 4xcos0+ 5ysind =20 b) 4ycosf = 5xsinf —9sinfcosfd 4 (AAa 0), (—%a,0)

Exercise 11C

1a)f (8, 0)x—i%6 b)@,(i\/ﬁ()), ~i% c)—S\/‘E,(i\/H,O), _i% d)@,(i\/ﬁ,o),x:i%
1e)£(1:t\/_ 2)x—1ij3i4 2a)’3‘—;flyo28:1 b ;‘—;—;828:1 c)?—;f);—; 1 d)z—;—%

3 a) 4xsec —Sytanf =20 b) 5xsinf+4y =41tand

Exercise 11D

2 a) (0,2 b) y2=9x 3 b) (apg, a(p+¢q) ¢) pg=—-1 4 b) Ix+7y=37,y+3x=13 5a)£cost+%sint:l

a

6 a) 3xcosf+2ysinf =6

a® —b?
5 b) axsint—bycost = (a’ —b?)sintcost ¢) ( 5 )cost,
a

ZSnt

6 ¢) 0=0°233.1°360% (=12, 24) 8¢)1 9 a) 92) +2 . 71 *f b) (£/5,0) d) 33.84

10 ¢) C): (&3q, 0),y:i§;C2:(:t%,0>,y:i3x d C;: @,(i@a, 0),x::t%; Gy VIO, <i 1()30“,()),)5:3:%

12 iv) (—1,29)

Exercise 12A

The constant of integration is omitted from these answers.

1a) 1x2+D° b) L@2-1° o) S(x*~1° d) —L@—x%° e) —leosSx 1) 1sinh’x @) fcosh®3x  h) Lsin2x

2 a) le*(cosx+sinx) b) LeX(cos2x +2sin2x) ¢) LeP(sinx +2cosx) d) Le¥(Ssin5x + 3 cos 5x)

2 e) {ze**(2cosh2x —sinh2x) f) —Le (3cosh3x+7sinh3x) 3 a) x—tan'x b) x— Stan~! (2) c) %x - %ln (8x+3)

3.d) _Z —?111(5 4x) e) In(x? +2x+3)~ﬁtn’l<x\_/gl> f)%ln(x2+x+1)~%ta ’l<2)i/+3_1>
3 9) \/mfgcosh”(h\/—gl) h) m—% sinh™! <\/§(x~1)> i) —2V1 = 4x — x2 +sin™" (xj;)
3 ) fm—%sin”(m;S) 4a) VI—x2+sin'x b) 1~§+% 5 sin’1<x§3>

) 1+1—+2-x79+1x2 73x1+4 )2;1;
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Exercise 12B

1a) 57/32 b) & 2[,=x"¢—nl,; 3120-326/c 4a) ir—2 b)L-1in2
6 Ltcosh'lsinh 1 +-Acosh’lsinh1+Esinhl 11 by 36 12 Lr*-322+24 13 £ 14 b) 2—% c) 16~2—;
i € €
o ol 1, 2 2 :
15 0) £ 16 im2-1 17b) V3+im@+v3) 181, -1 2; 3 7+7 TR T In2 21 ——2\f 24 le2 42

Sa’m

26 b) —11V2+4y3 271a)3.3 p)i)I 28a)r ¢ S d) 29 b) i) In2 iv) $ln2 30 i) 7’11 1 cos"t! g

31 b) 7 sfgm(uﬂ) ) 1.641%

Exercise 12C

1 L31V31-8) 2 (—li%\/-il—]—@ 341+ +1In(t+V1+12) 44a 5 csinhl 6 a) 12—”(2+782¢_)

12na?
5

6 b) %”(5\/5‘1) ) d) 5?”(613/2—413/2) e) n(Lsinh2+ 1)

6 ) ZePVTH98% + Seinh™! 3 - 21496 ~ Zsinh ' (3¢) 78a 8a) 1.2 b)i) 12’“

x2

10 L™ -1 1110)3

2 /2
12 64%“ 13 2—26’“/2,2J [4+c(cost—sinH2edr 146 16i) 3v2 i) 24;ﬁn 17.6) i) 12 i) %n
0

19 %(10\@7 1) 20b) (Len—2)2v2n 22 a) Leosh’r+c c) 438

Exercise 12D

1 3 2 Does not exist 3 Does not exist 4 Does not exist 5 Doesnot exist =~ 6 Does not exist 7 Does not exist 8 7/2a
%* x? 5 kn
9 Does not exist 10 Does not exist 11 a) ?lnxf'?Jrc b) —~ 12 a) 1 b) In(5> 13 a) ~% b) ii) $In2

14 i) In2 i) In2 iv) n/4 15 % 16 iii) —4

Exercise 13A

1112 2087 3246 4095 5093 6060 7 141 8 a) —3.8125, —3.7936, —3.7915, —3.7913, —3.7912, —3.7912, —3.791
8 b) —3.791 ¢) Five 9 [0.375,0.5], fourteen. 10 b) 1.432 d) 0.669 11 b) 1.373

12 Starting with xp = 0: x; =1, x; = 0.806824 2641, x; = 0.792 1349597, x4 = 0.792059 9704, x5 = 0.792059 9684, x, = 0.792 059 9684
13 a) 0.109, —0.402 b) 2.11 ¢) 2.13 14 0.53 Tangent parallel to x-axis 15 4.026 16 b) 6.135 17 b) 1.54 ¢) —0.54

18 a) i) 1.4973 i) 1.4973043 19 ¢) 1.07 20 a) 0.2443,0.2553, 0.2582, 0.2589 b) 2.544 21 a) 0.337609 22 a)
22 b) i) 4x° —12x2+9x+3=0 i) —0.2460 23 —0.670,0.78, [1.2, 1.20625]

13
1% 2

Exercise 13B
1 a) i) 42.0000 ii) 41.3333 b) i) 328.0000 ii) 320.0000 ¢) i) 3.6734 i) 3.7175 d) i) 5.0898 i) 5.1795 2 i) 1255.81

2 ii) 1403.734 3 b) 3.6281 ¢) sinh2 d) 0.03% 4 b) 27% c) 16~276 5 a) i) 0.4285 i) 0.4217 b) 0.4207
e e

6 b) %{Zﬁ—ln Q+VS)| ¢ 1.641% 70579 8 253,126 9 052,052 10 0.7498%8 11 0.1026

12 0.82 i) Underestimate ii) Larger estimate and better approximation

Exercise 13C

2 3 -4 3 3

L S - S SN SN R~ I T RPN - SO G S A1
2 8 3 6 6

5 y=0C-D+ix—1+1x—1°+... a) 01055 b) —0.0955 6 y~2¥+§%
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ANSWERS

2
. 1 1 i1 1 i
7snx=—4—+—|x——]| ——=(x—=—1],0.719448
V2 ﬁ( 4) 2\/§< 4>
3x2 4x°

8 f(0.5+4 h) = —2 — 28h — 784h? Sensitive because derivative large near x =0.5 9 y=1+2x— .

2 2 3
10 a) 3<1+d—y)(x+y)2,3ﬂ(x+y)2+6<1+d—y) x+y) by y=14+x+3x2+7x> ¢ 09 11 y:3+2x+3x2—7i
dx dx? dx 3

2.
12 a) 09 b) 0.8362 ¢) 0.7607 13 a) 1.1 b) 1.221 14 a) x=227,y= 033 b) %+16x:20 15 a) 1.628

15 b) y=xQlnx+1) ¢) 0.6% 16 0.0025, 0.0051, 0.0078 17 a) i) %:4—3& ii) 0.22 b) i) x = 4e¥ + Be!
v

17 b) i) x =e¥ —¢/,0.245 18 2.21,0.64 19 2.0766,2.0743 20 0.049, 1

Exercise 14A
-20 4 -9 0o -1 2
14 0 2 =2 -5 4 4 -7
(5 2)resar 20 (F4) w (4 T) )( | ) d,(l € )

n -2 5 2 3 5
L2 -2 8

2e —— [ -17 -3 —19] 3
ML\ 5 4 11

1
;C | -2 =1 2%
£ g 5 a) 2 1 =5 | b)19,-14,-27
3 2x—5 3
1
3
LD 4 -0 1 i 1 —a 0
6 | -4 4 4 76l 2L —1| 91 1 1 0 i) (=1, 1, 0)
0 \11 21 4 8 % f I+a\ _5-a a2-5 14ua

x—1 =3x

1. 00 & a
3a—-1 a+1 -4
—1
10 i 1 2a—1 =2 ,< L s 4 3 ) 11 i) 2 ii) 1—L -1 13
6a—6 _3 _3 6 l—a 1-a 1—a Ly 1 2a 2a
a a
R P
2a 2a

1 3 8 =3 2 3 a
12 i) ——— | 3¢—-5 5-2a -1 i) =y 77y2+< )y; 13 ¢c) —A A, —A; (—D"A
10—a —a —a 5 5 5 10 — 5a

Bd) x—y—z=1,x+y—z=0,—x—-y+z=0x=0,p=2z=—

10 0 100 A
152 (043) )08 7] (0 1 1-2
00 1 00 1 2\o 0o 2

Exercise 14B

ol
o
~—
D=
|
o=
-
E-Y
L)
~
—
W o= W
—_ W

4 -2 -3
|1 0o -1
2 1 2

1 Rotation clockwise about O through 27/3
2 Reflection in y-axis, followed by one-way stretch in y-direction, scale factor 2 <Bl O), ( L 0>

1)°\0 2
V3

3 Shear in x-direction moving (0, 1) to (—1, 1) i) ii) Rotation clockwise about O through =/3

2
3
2

[N B i
P

4 i) (0,0),(3,0),(2,4) ii) 6,150 i) 6 50,1 6 a)3, -1 b) (_11>, <i) 7 a)i) 5 —1 ii) <}>, (_21> b) 6,5

1 1 1 1 -1 2 2 -1 2
8a)4,-3 ¢ | -1 d | -1 -1 1 9a)9 -3 b) 2 c) 2 -1 2 10 a) i) 5, ( 1) i) x+2y=0
=2 -2 1 0 2 -1 2 2 N

1
10 b) 25 11 a) -2,1 b) (1) d) %(a—2b+c)v1+%(a+b72c)vz+%(a+b+c)v3 12 a) 4, -2; (i), <_15>
1
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ANSWERS

3 . .
12b) i)l -1 13a)2-23 o5 d <1>.,10 14 a) i) (0, -7) ii)k:7,A:<3 ;) b) i) %8(721)(;)
0

14 b) ii) x+2y =0,y =2x 14 c) One-way stretch centred at (0, —7), scale factor 3, in direction of x + 2y = 0, followed by

2 1
e & ! 6 =& 13
one-way stretch centred at (0, —7), scale factor 8, in direction of y =2x 15 i) 3, % % —4 ii) { =29 —17 66
3 o0 7 —-13 -8 29
7

G2~ 16 b) 2x+2y—z=0 17 2,-3,5 18 a)k’-2k+1 b)3, -1

154ii) =62 +32+10=0 iv) —

0
19 b) |1
0

) 0 0 1 1 00 17 ) 5
21iii) x+y+z= iv) £ 1 00J],[0 1 O Rotation about L through —; identity 22 1, 27; < ,), ( )
3 \o 10 00 1 3 2 gl

10 -1/V2
0 o) Qi) x=ypz=0 )9° d | 1/vZ | 20¢ iii)% 2L R o e
0
0

22 a) 5x=y ¢) 27 Scale factor of area enlargement d) One-way stretch in < 3

2
k-2 4-3% 1 .
28 bl 0-F e 1 | DEl-17 i iedin?

1-2k 3 5 s ’ 3 2 3

> direction, scale factor 27

Exercise 15A

1 a) cos60 +isin6f b) cos80+isin89 ¢) —1 d) —i e) cos8@—isin80 f) —1 g) 1 h) =i 2 a) cos100+isin 100
2 b) cos@—isind ¢) —1 d)y =8 3a)l6 b)512i c)24V/3 d) -4 e) 22 ) —5121 4 a) cos30 —isin 30

4 b) cos40+isindl ¢) —cos66+isin6d d) —1 5 cosllx+isinllx

Exercise 15B

1 @) i) £V2(1 £1) i) 264, Demin4 2ein/4 Demdi4 By iy 23(1 +1), 2F {cos(lll—zn) +isin(111—2n>},2% {cos(%) 7isin(5—n>}

1 b) i) 264, 28 e!12 25712 ) i) 2(V/340), 2(—V3+i) 31 i) 3e™O, 3¢S, 372 d) i) £2/2(1 +i)

d) ii) 44 4e~F4 ) i) —;—5( —1+1), %(1 —1) i) Se¥4 se M f) i) —2, 2[cos <%> :tisin(%)} 2{003(35 > ilsm(?)}

1 f) ") zein,'j_’ 2eiin,5. 26‘”, Ze—m/i’ 2673171’5 2 etin,"}ﬁ Ctzin/,?, Cin, eiO or l, 71, + <éi§l> 3 a) 2~ 21, ~-2-2 b) 3, e \/51

-

3¢ -1 dI+34+-i e —3-1i—3+1{ A 75 3

5 %l 4 el()’ 62171/"7’ e4i7{/'7. eéir’7 —2in/7 e—4ir(,/7. e—(yinﬁ

e
5 2e/10 Dein/2 2edin/l0 2e=3in/10 DT/l g @) L(4cosSx+SsinSx)e +¢ b) & (3sin7x—TcosTx)eN + ¢

9 ¢) —L(2sindx +4cosdx)e + o d) £ (3sin3x —4cos3x)f ¢ 10 27O, 2o 25O D3 41 3~ i, ~3 4+ 3i

12 i) 8, —51/6 i) 2e75/18 2eTin/18 P llin/IE 43 16[005<E> +isin<£ﬂ 2{cos< n) +isin n>
4 4 16 16
2[005 (9l> +1isin (9_n>] 2{cos<— 7—”) +isin<f 7—“)} , 2[cos<fls—n> +isin<71—37£>} 14 2e77/3 Dein/o
16 16 16 16 16 16

15 b) 2%, 1/12; 27, 3¢ /4; 20, —Tr/12.

e ) () () ) () e 5) )]

2426 —2421, —2-2i,2-20 17 a) V2&™?, 27N, 2 18 i) Le¥(3cos2x + 2sin2x), £ e (3sin2x — 2cos2x)

18 i) Le®(3cos2x +2sin2x) + ¢, £e¥(3sin2x = 2c0s2x) +¢ 19 b) 1+ 1467 (or 0), 1 +e 373, 1 e7/5 | 4 e/

19 ¢) (1,0),1 d) i) % ii) 2cos<%> 200) 4-20,4+V3+1L4 V34033 i) —i; —11, -50

orm
21 LOS( ) +1sm< n) (r=0,1,2,3.4) i) cos<z> +isin(l>, COS<E> +isin<z). cos(9—n—> +1s1n<9n>
5 2 10 2 2 10 10

COS(113O > +131U<%>, 08 (%) +isin<%> 22 i) V2e™4 \/2eTH/12 \fRellin/12 \fFeNin/A | f7eSin/12 [ onin/12
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Exercise 15C

1 a) 2isinf b) 2cos40 ¢) 2cos50 d) 2isin20 —2isinf 2 a) 1<z"’+i> b) i zS—i> c) 1 Ayl
2 z6 2i z’8 2 z4

2 4
2 d) i z° 7L> e) 7l<z5—i> f) L(zﬂ—i> 3 a) 32cos®0 —48cos*0 + 18cos’0 — 1 b) Scos*d — 8cos?0 + 1
2i z3 4 z5 16 z3
3 c) 8cos’d —4cosf d) 32cos’0 —32cos’0+6cos 4 a) 3sinf —4sin30 b) 16sin°0 — 20sin*0 + 5sin b
4 ¢) —64sin°0+ 80sin*0 — 24sin?0 + 1 d) 16sin*d — 12sin20+1 5 a) 3sinf — Lsin30 b) 40830 +2cos 0
5 ¢) + cos 50+ cos30+3cosh d) 5 sin50 — 3 sin30 + 3 sinf e) 37 €08 60 + & cos 40 + 12 cos 6 + %
n St 3n 27 7 . . 30 . 3 4 .
7 tan ) tan ) tan m 8 5,5 9vi) —1+2i 13 a) 4cos’0sinf —4cosfsin’0 b) z* = cos40 +isin40
13 ¢) cos40 = cos*0 — 6cos*0sin?0 +sin*0 d) 8,4,2,1 14 5, —10, 1;:thos<%>, iZcos(%T)

15 cosf +1isin@, cos<~2£ +isin<2—n>, cos<ﬂ> +isin<4—n), cos (— 375) +isin<~2l>, cos<4—n> —isin(4—n>
) S 5 3 5 § 5 5
2 2n 5, A7 1
15 b) (z—1)|z% — 2zcos 5 +1||z% = 2zcos 5 +1| e L(/35-1)

17 eSin/ﬁ’ e—in/z’ e—in/é, e—Sin/G’ ein/z; (ZZ § \/§Z s 1)(22 _ \/§Z + 1)(22 + 1)

Exercise 15D
1 a) wlies on circle, centre O, radius 25 b) w lies on that part of real axis with argument 0

1 ¢) wlies on that part of real axis with argument # 2 a) w lies on circle, centre O, radius v/5

2 b) wlies on circle, centre O, radius v2 ¢) wlesonlineu=v 3 v2=4k*(u+k2) 4 a) Circle, centre — 11, radius 3

4 b) Imaginary axis ¢) £3v3+1i 5 |w+5—2i| = 12 or circle, centre (—5, 2i), radius 12 6 a) 4,9, —4 b) 4,0),5
2 2

7 Circle |[w—2—24i| =217 8 Ellipse: (%) +<%> =1 9 Straight line: w=3 11 i) 2e/?, 2e1%/6 De-5in/6

11 ii) b) Circle, centre —3, radius 2; circle, centre 9i, radius 6; circle, centre —3i, radius2 12 w=0 14 b) ii) =/8, 57/8

5 1+—>  —F
x2+y2 x2+y2

Exercise 16

) 2\3/2 :
118 z% 3 i—g 42V2 5 13‘6/T§ 6 17‘121_7‘ ¥ po s—?a 9 a) 3y —siny b) 3+ 4siny + 4 cosy
9 ¢) cosy —ysingy +2¢ 10 s=Inlsecy +tanyy| 11 a) —asinyy 12 b) 3.81 ¢) 9771(62+4~e‘2) 13 i) (42, 26%)
13 i) 16V3 iv) <3847 1925\/§>n 140) Se* —5 i) Se”

Exercise 17A

5 3x3=09, setisnotclosed 6 No inverse of —1

Exercise 17B
1 1).Gi:1, G:0 i) Because 0 does not have an inverse under x i) f(x)) = In(xy) = Inx + Iny = f(x) + f(y)

24, Gy 1 37 9 Ga 1 5 7 11 G 1 3 507
1 1 37 9 1 1 57 11 1 1 3 5 7
3 3 9 1 7 5 5 1 11 7 3 3 1 7 5
7 7 1 9 3 7 7 11 1 5 5 5 7 1 3
9 9 7 3 1 11 11 7 5 1 7 7 5 3 1

G, and G; isomorphic. Isomorphism G, t0 G3: 1 —1,5—3,7 = 5,11 —» 7
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2i) Giix=1,9G: x=1,5,7,11: G3: x=1,3,5,7

3 Shear in x-direction moving (0, 1) to (n, 1) 4 i)

4

5

iii)

a)

S e S
1 1 3 5 7
3 3 1 7 5
5 5 7 Ig 3
7 7 5 3 1

r 5 i & iv) Yes. Composition table of {f, g, h, k} obtained from composition table of {1, 3.5, 7}
by replacing 1 with f, 3 with g, 5 with h, and 7 with k.
f f g h k
g f k h
h k f g
k k h g f
| 3 5 7 b) Not closed, 2 x 4 = 0 (mod 8) ¢) Whenever 7 is not a prime
1 1 3 5 7
3 3 1 7 5
5 5 7 1 3
7 ¥ 5 3 1
6 H subgroup of G 8 i) I A C D E iy {I}, {I, C}, {L. D}, {L, E}, {I, A, B}
. 1 X C b E iv) a) No b) Yes ¢) No
A A B E C D
B B I A D E C
C C D E 1 A B
D D E C B 1 A
E E C D A B |

9

10

10

1

12

13

i) 2,2 ii) {e.a b, c} {e

iv)

i)

ii) M isomorphic to G. Correspondence is:

a, be, abe}, {e, b, ac, abc} and {e, ¢, ab, abc} iii) Lagrange’s theorem, 8 not divisible by 3

S —— 0 : 5 3 4 5 P 7 v) No. Three elements of order 2 in G, only one in H.
Order 1 8 4 8 2 8 4 8

Element e g I's g° gt g° i Element i I hy hs hy hs

Order 1 3 2 3 6 Order 1 3 3 2 2 2

i) {6, Pl»pfbp}} and {6” P2 915 fIz}

c) 10; {10, 8}, {10,4, 16} d) Yes

"EA—I‘%EEA‘1
")1*14,2(1)~0

Proper subgroups of H: {i}, {i, by, ha}, {i, I}, {i. ha}s {0, hs}

&}

3 2 53 g% &b
o €88 88

gt yg
10 110 9 12 3 4

€8s
1 2 9

4 3

— g

1) 4,4

iii) No, 8 not divisible by 6 v) G isomorphicto K 12b) 8 10 14 16

13 i) E, one-way stretch in x-direction, scale factor % E, shear

2 1 2
3] Es(B:EA) = 3
s 0 1
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(L 0N b (1 F) 1 Pl
=lo w)E'={, || WA=E'E'E'E

6 self-inverse ii) —1, ]T-/ 15 ii) B. I, A’B

12 6 12 3 9

15ii)) L 1; A, 4; A%, 2: A°, 4;B.2; AB.2; A’B, 2; A’B,2 v) {LL A, A>, A’} and {1, AB, A’B, A’} vi) Only {I, A, A%, A’} cyclic
16 a) By Lagrange’s theorem: if X has n elements, then 2 divides » and so does 4. Minimum 8
17 b) M(i) has order 4. Required groups are: group of order 4: {M($1), M(—5), M(—41), M($)}: group of order 2: M(— 1), M(1)}

17 d) Inverse of M(2) is M(%). which is not in S. Hence, S is not a group, and so cannot be a subgroup of G.

18 a) For 4,let 0 = 0; for B, let 0 = % Then 42 = B> =1, but (4B)* = —1 d) i) Dg not abelian since g *a # a% g

18 d) ii) Set has 6 elements. Because 8 not divisible by 6, there is no subgroup of Dg with 6 elements.

19 iii) iv) Symmetries of equilateral triangle

Second

O a1 T b2 Ty s g

First

A T U 3 Ty s g
i) Fisy T3 T g Ty s
T3 i3 Y9 yis) s g g
N Tty Tg Tis T %] 3
s s Ty TG s o] b5
Te g s T4 V%) T3 m

20 iii) 0 iv) Noinverse of —1 v) Delete —1
Exercise 17C

: 2 1 ! 2 1 1 3
2r.{ 2 |=0,13)and |0 4 For example: | 1 5 (1 3) <5 4>
-3 4 1 0 )

2
1

a+c¢ d-b

6 a) Pointsonline2y=x b) 1 ¢) ( b+d a-c

> 8 b) Point O 9iii)M:< > iv) z=—-2+413j



Index

abelian group 383, 399
angle
between line and plane
111
between lines 97
between planes 110
approximations see
numerical methods
arc length 250, 252, 253
area
under curve 280
of sector 48
of surface of revolution
254
of triangle 105
Argand diagram 6
roots on 336, 337
of unity 18, 335
argument 6
associativity
of group combination
370
of matrix multiplication
302
asymptotes
horizontal 130
oblique 132
vertical 130
auxiliary equation 62

basis sets 401
binary operations 369
boundary conditions 59, 63

cartesian equations
of curves, arc length 250
of lines 95
of planes 107
catenary 361, 366
Cayley table see group table
characteristic equation
316, 323
closure, of groups 370
cobweb diagram 275
cofactors 305
combination table see group
table
common line, of two planes
112
commutativity
of matrix multiplication
302
of vector product 103
complementary function 66

complex conjugate 2, 3, 6,
154
complex numbers 1, 330, 400

division of 3, 8

linear transformations 402
multiplication of 3, 8, 340
polar form 6

as roots 1, 64, 154, 334
see also Argand diagram

complex plane
lociin 12
transformations in 355
composition table see group
table
conics 218, 230
see also ellipse, hyperbola,
parabola
convergence 175
d’Alembert’s ratio test
175
cosh function 189, 190, 213
cosine functions, general
solutions 22
cube roots, of unity 18
cubic equations, roots of 149
cycloid 361, 366, 367

d’Alembert’s ratio test 175
de Moivre’s theorem 330
determinants 80, 303
cofactors 305
diagonal of 84
factorisation of 84
minor 304

transpose 84, 306

see also matrices
diagonalisation 319
differencing 171
differential equations 57, 286
auxiliary equation 62
complementary function

first order 57
general solution 58, 66
homogeneous 76
integrating factor 57
numerical solution 286
Taylor’s series 292
particular integral 66
particular solution 59
second order 61, 66
solution by substitution 75
differentiation
of hyperbolic functions
192
of inverse hyperbolic
functions 201
of inverse trigonometric
functions 35
dimension, of basis vector
401
direction, of lines 97, 99
direction cosines 99
direction ratios 98
directrices 219
distance
of planes from origin 112
from a point 113
divisibility 162
division, of complex numbers
3,8
eccentric angle 224, 228

eccentricity 219

cigenvalues 314, 315
eigenvectors 314, 315
ellipse 17, 218, 219, 222

enlargement 311
equations
linear, geometric
interpretation 88
inconsistent 88
linearly dependent &9
unique solution 88
of lines, vector form 94
of planes, vector form 106
of tangents, polar form 53
Euler’s method 286

factorisation, of determinants
84
foci 219

generators 382

group table 373
groups 369

abelian 383
associativity 370
closure 370

cyclic 382

defining properties 370
dihedral 378
element, order of 386
identity element 371
inverse element 371
isomorphic 388
non-finite 378
order of 386
permutation 381
subgroups 387

of symmetrics 376

harmonic form 26
hyperbola 218, 219, 227
rectangluar 228
hyperbolic functions 189
differentiation 192
‘double-angle’ formulae
210
identities 191
Osborn’s rule 213
integration 193
inverse 194, 198, 201
logarithmic form 198
power series 212
see also cosh function, sinh
function, tanh function

identity element 371
imaginary numbers 1
inequalities 140
initial line 43
integrating factor 57
integration 235, 340

of fractions 237

of hyperbolic functions

193
improper integrals 259
of inverse hyperbolic
functions 194
inverse function of a
function 235
by parts 236
reduction formulae 241
summation of series 262
see also area, Simpson’s
rule, trapezium rule
interpolation see numerical
methods
intrinsic coordinates 361
intrinsic equations 365
invariance
of lines 312
of points 313
inverse element 371
inverse trigonometric
functions 30
sketching graphs 31, 32
iteration see numerical
methods

Lagrange’s theorem 389
latus rectum 219, 231
I'Hopital’s rule 183

loci, in complex plane 12

Maclaurin’s series 177, 212,
292

mapping, linear 401

matrices

addition of 300
characteristic equation
316, 323
column matrix 299
determinant 303
diagonalisation 319
diagonal matrix 319
identity matrix 303
invariant points and lines
312
inverses 304
multiplication of 300
associativity and
commutativity 302
order of 299
row matrix 299
singular matrix 304
transformations 309
zero matrix 303
see also eigenvalues,
eigenvectors, invariance,
transformations
modular arithmetic 370
see also group table, groups
modulus 6
modulus curves 143
multiplication
of complex numbers
340

3,8,



INDEX

of matrices 300
multiplication table see group
table

nth roots of unity 334
Newton—-Raphson method
271
numerical methods 268
double step 288
Euler’s method 286
interval bisection 269
iteration 273
linear interpolation 270
Newton—Raphson method
271
Simpson’s rule 280, 281
single step 286
Taylor’s series 292
trapezium rule 280

operation table see group
table
order
of groups 386
of matrices 299
of elements 386
Osborn’s rule 213

parabola 218, 219
parametric equations

of conics 219, 224, 228

of curves, arc length 252
particular integral 66
particular solution 59
planes

distance from origin 112

from a point 113
equations 88, 106
sheaf of 89

polar coordinates 43
of complex numbers 6
polar equations
of conics 230
of curves, arc length 252
pole 43
polynomials equations
roots of 147, 150, 154,
268
see also cubic equations,
quadratic equations
power series see Maclaurin’s
series, series, Taylor’s
series
principal value
proof 159
by contradiction 164
by induction 159, 330

6, 43

quadratic equations, roots of
1, 47

radius of curvature 362
roots
complex 1, 64, 154
of cubic equations 149
of polynomial equations
147, 150, 154, 268
of quadratic equations
147
of unity 18, 334
see also cobweb diagram,
staircase diagram,
numerical methods
scalar triple product 121
see also vector product
semi latus rectum 219
series
cos x power series 177

cosh x power series 213
e* power series 178
In (1 + x) power series
178
sin x power series 177
sinh x power series 212
summation of 168, 262
see also convergence,
Maclaurin’s series,
Taylor’s series
sets, linearly independent
400
Simpson’s rule 280, 281
sine functions, general
solutions 23
sinh function 189, 190, 212
sketching curves 130
hyperbolic functions 190
inverse hyperbolic
functions 194
inverse trigonometric
functions 31
modulus curves 143
in polar form 45
rational functions 133
spanning sets 400
staircase diagram 274
surface of revolution, area
254
symmetries, of polygon 376

tangent functions, general
solutions 25
tanh function 189, 190
Taylor’s series 292
transformations 309
in complex plane 355
linear 310, 402
rotation 310

420

shear 311

trapezium rule 280

trigonometric functions see
cosine function, inverse
trigonometric functions,
sine function, tangent
function

trigonometric identities 344

unary operations 369

vector geometry 94
vector equations of lines 94
cartesian form 95
vector equations of planes
106
distance of plane from

origin 112
of plane from a point
113

vector product 102
area of triangle 105
see also scalar triple
product
vector spaces, real 399
vectors
coplanar 123
direction cosines of 99
direction ratios of 98
normalised 320
see also basis sets,
spanning sets
volume
of cuboid 123
of parallelepiped 123
of pyramid 127
of tetrahedron 125
of triangular prism 126





