
冁

啜

鑫

簸

獯

贽

鼹

鼹

攮

冁

B
爨

Ⅱ

亩

霾

●

●

CHAPTER 15 FuRTHER CoMP△ EX NUMBERs

App圩 ing this to|z|=1,we obt缸 n

|ll i-2|=u+叫

Now|wi-2=|iH″ +⒉ |,thus wC haⅤ e

|w+⒉ |=|1+叫  (since i|=1)

Thcrcfore,thc locus is thc pcrpendicular biscctor

of thc linc joining-2i to-1(sCe page13)。

Examp【e25 Find thc image Of a circle,ccntrc O,radius1,undcr the

tr"Ⅱform乩on v= 1 .
1~z

sOLVTlON

The gencra1point on thc OrigiⅡ al circlc is z==eiε  or z==cos g+isin a.

Hcncc,we haⅤ e

1_ela 1_cos g_isin g

Note  Do not usc

1 1_e iε

1_clε  (1一 ela)(1— C iθ )

as l_e亠ε is not the compleⅩ  co蝴ugatc of1_e田 .

Ι̌ultiplying both the nu1ncrator and thc dcnoⅡ 1inator by

1_cOs g+i⒍ne,we obtain

1 1-cos g+isin g

1_cos g_i⒍ na  (1_c。 sε _i⒍ng)(1— cos g+isⅡ g)

1_cos ε+isin g_(1-cos02+“
n2a

U⒍ng cOs2g+⒍n2a=1,we havc

l_cos g+i⒍ng
W=

2-2cos a

=:+;士岁悬而
trsing thc half-angle identiucs for sin g and cos g,wc。 btain

w=:+:cot(号
)

which红Ⅴcs叨 =告,⒍nce v=叨 +iv.

Therefore,the locus of w k the straight hnc,叨 =;
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0

冁

翳

TRANsFORMATIoNs lN A C0MPLEX PLANE

鑫  Example26Fhd theimage of z=2und∝ tllc transform乩on w=2z~昱 .

Ⅱ

蠢    sOLvTION

晕罟逞骂焉虽娓阝
°n伍e oⅡ纽n甜。岫。z=20ε,or z=2cⅡ g+⒉⒍n⒍

v=4∞ sε +⒋ ⒍n9-   3

∶  wh⒗ h giⅤes

20os g+i蚯nO

=4cos ε-+4isin g~:(cos ε—isin ε)

笏-← iv==|:cos g-+÷÷isin ε
→ 彷=至 c。sg and v=旦 蚯ng
2               2

∶  Elirninating cos g and蚯 ng,wc obt缸 n

晕       (辔 )2+(缶)2=1
莒  →等+篝 =1
:  Thcref。 re,the imagc^an cllipse with thc aboⅤ e equation.

炱  ExampIe27Fhd thcimage of z-7|=7undCr thc transformaton

髯  w=2± (z≠ 0)。
蟊        z
璐

爨

攥

唪    sOLVTlON

蘖 The gCncral point of z-7|=7^z=7+7cos g+⒎ ⒍ng.Hence,wc
翳   haⅤ c

(1+COs g+isin O(1+cOs g_isin o

4(1+COs a_isin ε)
(1+COs02+蚯n2ε

4(I+cos g_isinO
=2_

2-+2cos g         2~+2c。 sg

28
″ =
7+7cos ε+⒎ ⒍ng

4

I→-cos ε-+isin g

4(1+COs g_isin O
Ⅱ

●

劫

鑫

t
●

蟊

镛

■

●

锰

■

4isin g

6 11

5
_
2

o

-2

-4

-2 2

/
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CHAPTER 15 FURTHⅡ ER CoⅢ PLEX NVⅢ BERs

鑫  Usi11g the half-angle ic1entitics for sin ε

鼷  and C°
sa,we。bt缸n

∶         Jf+iv=2-2itan(:)
∶  wh忆hg卜∞切=2.

鬻 This linc,仍 =2,必 |″ -4=|ll|,which h the
:   pcrpendicular bisector of the line joining O and4.

∶

Note We could have found the image from

'刀
=7→ 降一丬=7

28-7w|=7|w|

which鲈ves|w|=|w-4|,as rcquired.

ExampIe28 Find thc虹nage of thc straight Ⅱne3x+2`=8undcr thc

transfOrmaton w= 1 .
2_z

sOLVTlON

We start by cxprcssing z≡ 豸+功 in tCrms of w=叨 +iv∶

W=   ◇ z=2—⊥
2_z

豸+v=2一
仍+iv

裰

鼹

蟊

镢

蛰

Ⅱ

■

■

■

妇

磁

I
咖

诹

黢

日

灞

●

■

■

匾

■

¤

●

■

■

■

■

煽

翳

鍪

鑫

镛

口

●

钿

■

磁

攮

齑

诼

汪

■

■

痴

镛

碾

Ⅱ

礓

■

●

簸

翳

鼹

冁

■

簸

蟊

=2_
仍 -— 1V

仍2-+V2

Hcncc,we haⅤ c

兀=2_`+v2 y=讲
v2

Using thcsc Ⅴalues in thc cquauon of thc1inc,3艿 +2`=8,we obtain

3(2一
石Γ羊石万)+2(石歹学

=万
)=:

→ ∝′+′)-3笏 +⒛ =Ⅸ′+′ )

→  JJ2+v2+:仍 一 v=0

wh忆h ghcs

(仍 +导
)2+(v— :)2==拮

This^the cquation of a ckclc,centre(一号.告 )or~导 +告 i,radius去√π.
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EXERCIsE 15D

Exercise15D

1 FOr thc transfoΠ △ation【 ,l=z2,flnd thc locus of w whcn

a)z liCS On a circle ccntrc O,radius5

b) z liCs on the real axis

c) z hes on thc imaginary axis

2 For thc transforI△ atiOn ll,2==z,Π nd thc locus ofll whcn

a) z lies On a circle ccntrc O,radius5

b) z lies on a circle centre O,radius2

c) z hCs on the imaginary axis.

3 For thc transformatiOn lll=z2,show that thc locus of lll,、 Ⅴhcn z1noⅤes along a linc`=/t-,is

a parabOla,Find its equatiOn,

4FOr thc“ ansformation v=z+1,ind

a) thC1oCus of v`、 Ⅴhcn z lics on thc rcal axis

b) thC locus ofl/ll、Ⅴhen z lics on the imaginary aⅩ 1s

c) any invariant points

5FOr the“ ansform狨 iOn w=3z+⒉ -5,ind tlle locus of v Rx z{=4,

6al For tl△ e transfOrmatiOn w=四
z+D,whcrc伤

,D,c∈ R,snd围 ,3and c红 ⅤCn thrdt w=3i whcn
z+C

z=-3i,and ll=1-4i whcn z=1+4i
b) ShOw that thc pOints for which l/Il=Ξ  lie on a circlc,Find its ccntrc and radius.

7珈 让⒑山m鸲⑾ m∝ tl.c tra“ fOrlll血⑾ w=拷 哪 k￡ 搁 晌 山 H=⒊

8Find tlle image of z=3undcr tllc transform扯 ion v=3z+± 。
z

9Find tllc ima莎 of z-5|=5under thc“ansformatiOn v=￡旦←≠0)。
z

10 Thc point P in the'`rgand diagran△ rcprcscnts thc cOmplex number z

a)GhCn that z|=1,SkCtCh the lOcus of P,

Thc point Q iS thC imagc Of P undcr thc transformation

1

V=—
z— l

bl GivCn that z=cia,0(ε <2冗 ,shOW that lll=一
告
一
:iCOt告

g

c)ˇΙake a scparatc skctch of the locus Of Q   (EDExCEL)
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CHAPTER 15 FVRTHER C0MPLEX NUMBERs

11 i)  sOlve thc cquation z3ˉ 8i=0,giving your an⒏ 汀crs in the forn△ rc沼 ,where r>0and
一冗≤ g<冗。
i0 ThC poht P reprcscntsthc complex number z血 an Argand dhgram.G卜 en that z-3i|=2,

a) sketch thc locus of P in an Argand diagram。

Transforrnajons E\、 r。 and万3from thc z-planc to thc w-planc arc givcn by

Tl∶ v=⒓

马:v=3z

马:w=z米

b) DCscribe preciscly the locus of thc image of P undcr cach of thcsc transfOrmations.

(EDEXCEL)

12 A transformation r frOI11the z-planc to thc w-p1ane is given by

″=z+1 z≠ 1

F血d the imagc in the v-phnc of thc cirGle|z|=1,z≠ 1,under the“ ansform狨on⒎
(EDEXCEL)

13 The transfor1Ⅱ ation,冗 f1·om the z-planc to thc v-plane is givcn by

w=z-2 z≠ 2

whcrc z=x+” and″ =仍 +o.

Show that under r thc straight hhc with cquation2x+y=5is transformed to a circle in the

w-planc with centre(1,一
告)and radius告 √5·   (EDEXCEL)

14 Thc complex numbcrs z and w are deflned by

z=e(1+2i)φ  and v= z
1+i

where￠
^real.

a)D Show that z|=eφ and argz=2φ。
ii) In an Argand diagram,z is represented by thc point P.Sketcl△ the locus of P`Ⅳ hen￠

Ⅴaries frOn10to冗 。

b) i)  show that thc imaginary part ofll is

:e￠
(sin2￠ _l COs2φ )

Ⅱ)DCtCrmine the Ⅴalues of￠ in thC intcrva10≤ ￠ ≤ 冗 for Which w is real。  fNEAB)

15Givcn tllat z=兀 +△ and w=叨 +h are compleⅩ  numbers re1ated by ll=⊥ +1,。btain
z

exprcssions for1J犭饣and vin terms of x and`.

Thc cOmplcx numbers z and w are represented by the points P and Q rcspCctively in the

Argand diagram.Givcn that P moⅤ es缸ong the line y=2x,show that Q movCs along thc line

2仍 +v-2=0。   NΙEC)

360

www.as
warp

hy
sic

s.w
ee

bly
.co

m



16 Intrinsic coordinates

Jr zs J。 @/,￠′夕‘氵@x/o sr/l //o曰 /氵″ olrr/,o@sr//● 召@`e//c伤

`,9,@@'s ll e″

饣￠y/,召 ″e夕″召sr莎 o of/r``四 cr氵 c伤

`￠

``/Jc〃

r氵o,● s

ALFRED NORTH、ⅤHITEHEAD

Wc haⅤc already sccn that thc pOsitiOn of a pOint On a curvc(and
curvc’ s cquatiOn)rnay be givcn in terms of

● cartesian coordinatcs(△ ,`),or
● pOlar coordinatcs(r,a)(SCc pagCs43-56)

We can also dcⅡ ne thc position of a point On a curvc by

mcans of intrin⒍c coordinates(s,ψ ),whCre s is the lcngth of
thc arc fron1a sxcd point tO thc given point,and v9is thc

angle、vhich the tangent to the curve at that point1nakcs

with thc x-a冫 【is。

Thus,referring to thc丘 gurc On the right,intrinsic

coordinatcs、 vould givc thc pOsition Of point P in tcΠ us of
thc arclcngth PT and thc anglc which PA makcs v"th Ox,

Wc mu哎 stress,howeⅤ cr,th狨 thc m旬 Ori” ofthC equatons
of curves cannot rcahstical1y be given in intrinsic form 户LlsO,

only in rarc cases is it sensible tO try tO cOnⅤert the cartcsian,

paramctric or pOlar equation of a curⅤ c to its intrinsic fOrm。

Butt、vO curvcs in particular arc morc rcadⅡ y treatcd in thcir intrinsic forms,

Thcy arc the catenary(sCC EⅩaInple2,on pagcs365-6)and thc cycloid(seC
Examplc3,on pagcs366-7)

Trigonometric functions of ψ
Considering thc gradicnt of a tangcnt,、 Ⅴc haVe

旦ェ=tan ψ

When、ve dcrived thc length of the arc of a curve(sCe pagcs250~3),、 〃e found
that

hcnce thc

~
~
 
 
 

〓

凼
~
山

 凼
一山

→

\
丶

J
/

ψ
面

+tan2ll/
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CHAPTER 丬6 1NtRINsIC CooRDlNATEs

U蛀ng the identity1+tan21l/≡ sCc2ψ ,wC obt缸n

祟
==’ ecψ

→ cos ψ=旦兰

Using shll/=切 nV/cosψ,we havc

蛀n ll/=

==> s1nll/

ψ d苈

d豸 ds

Φ
ds

l/,+δ t//l)

Ⅰ::F(tanv/)

苫冫
(tanll/)罢
半
=(sCc2ψ )号

半

岣~
趵币

Radius of curvature

Lct P and Q bc points on thc curⅤ e with

ihtrin蚯c coordinates(s,ψ )and(s+Js,ll/+Jψ )
rcspe∝iⅤely.Hcncc,Js心 thc lcngth of PQ。

If δs is suⅢ cicnuy sma11,wc may assumc that
PQ′ a∞gment of a Ci℃ le。

If C is the centre of thc circlc passing through

P and Q,thCn the anglc PCQ is aV/。

Let丿~,be thc radius of curvature at P.Hence,

the length Of PQ isJ‘ 9Jψ .That is,

Js=ρ Jψ  → ρ=忑
万

As as~→ o,this givcs

Radius Of curⅤ ature=ρ =坐

TO fInd thc radius of curvature in tcrms of∶ ,‘

·and y,wc need to differenuate

軎
==tanψ  with respcct to X,、 Vhich giⅤ es

d2`~
dx2

d2`_
d艿2

d艿

dV/
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RADIVs 0F CVRVATVRE

uhgρ =詈氵=祟苦责and sub血mjng br祟 and詈责,WC haⅤc

留(鞘
\
)

Φ

面

'
(\

丶

J
/
句
石

/
(

+

向
币

+tan2ψ ) 1+

\
丶

J
/
Φ
面

/
(
`

+

→

、vhich givcs

趵
币

`
丶

丿

'

Φ
瓦

'
(

丨1+
ρ =

d2`

dx2

、
`1严

hcn x and`arc g1ven in terms of a paramctcr r,wc can flnd男 竖:and」生∠,and

№n∞睾,血 terms J红
We haⅤe

軎=击锫)
→軎=手留)条
→孕=手锷书睾
器%∶;￡i;;$Ji∶艹

dicatc that wc havc diffcrcntiatcd with rcspcct tO r(scc

9≡
:社  and ,≡
望三二

i≡ 旦王 and *手旦L

wh⒗h givc

望⊥=手 (专
)专

Rcmcmb∝hg tllat半 is a quot忆 llt,wc Ⅱnd

〓

1
T
χ

`
丶

J
/

x
 ≡〓~
`

/
(

〓趵
币

·
x
〓
ν

二

妒

丫 V
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CHAPTER 16 INTRINsIC C00RDINATEs

Sub虻ituting this cxprcssion in[1],we。 btE辶in

丨1-← (:∶)21:            ri2+j∶
ρ =
丿△
_Jy

氵13

→  /’ =

Thus,thc radius of curⅤ aturc is given by

蠹

罾

爨

量

馨

罾

黪

丨l+(苦专)21言p=  d2`

d丌2

Or F,=鲫  or

`犭

一豸

`

ds
ρ=dlP

ExampIe1 Find the radius Of curvaturc Of thc rectangular hypcrbola

y=匹,givcn tllat its paramctric coordinatcs are x=4r9`=兰 。
X                                         r

sOLVTION

ⅣΙethod1
Wc usc thc rccollalllendcd1△ cthOd Of staying in thc paramctric form

thrOughout,Hcncc,we havc

i=4 →  攵=0 夕=

Substituting for峦 ,文,,and,in

F’ =岬
yx一 兀y

wherc r’ is thC radius of curvature,wc Obtain

ρ =

(弭芳y
32

b/Iethod2

Wc could usc thc cartesian forlll,、 ⅤhiCh rcadily givcs u'挈btlt△。m whch'          冫 ˇ   dx

卑
厶 r狨h∝ ⑾ ∞ 山Ⅲc呲 ω ob盹 as犰 c bⅡ躏 ng show⒏

VVe haⅤ e

豸=4莎  → 坐:=4
dr

whch ghe

dV d莎

8
~
'

〓
〓
`→

4
~
r
2

_

\
丶

丿

/

l
~
r
4

+

/
`
ι

\

0
∠

〓`→

4
~
`

~
·
 
 
 

~̄
莎
2

ψ
面

 
 

〓
ψ
面

→

→

4
_
r

〓`

1
_
4

×

4
_
`
_〓

dy

d艿 dr dJ
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Finding iⅡtrinsic equations

¤

攮

●

●

■

菇

蟊

I
蟊

B
●

鼹

Ⅱ

ι

碾

愠

攮

砷

涵

■

蠡

啜

渌

攮

愠

咖

■

攮

鼹

蹴

豳

磕

歃

鼷

冁

豳

鼹

●

齑

●

△

¤

Ⅱ

瑟

●

■

啜

翳

豳

●

●

●

璩

鼹

翳

蠡

鼙

馕

蟊

醪

爨

樨

■

攮

■

■

蟊

鳙

豳

●

Ⅱ

蟊

簸

Ⅰ

Ⅱ

■

●

鑫

鍪

痴

■

倔

■

痴

≡xample2`=cosh艿 passcs through the point(0,1),
equation of thc cufvc。

sOLVTl0N

We know that

wh忆h giⅤes

→  s=∫ cosh x d豸 =slnh艿 +c
When艿 =0,s=0,which gives c=0.Hence,we flnd

s=“nh豸

Now苦
券
=sinh豸。So,using tanV/=睾 (seC pagC361),we obtain

蛀nh豸 =tan ll/

since s==s1nh X,We haⅤ e

s=tanψ

This is an equation with s and ll/as the only variables.Thcrcforc,the

int蓝n蓝c equatiOn ofy=cosh艿 is s=tan ll/.

EⅡffcrcntiating again,wc obtain

兰2=击
(一劳)

→
 瓦万=导 (一嘉)睾 =嘉×÷=ζ:

Substituting for{;钅 and舁 in

|1+(:券)21号
r,=  d2、

dx2

where ρ is thc radius of curⅤ ature,we have

卩=2′ 3(1+丿T):

FlNDlNG INtRINslC EQVATIONs

Find thc intrin⒍ c

冗d

f
l
J

〓

+sinh2艿 d觅
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CHAPTER 16 1NTRINsIC GooRDINATEs

Thc curⅤc y=cosh艿 ⑴hich we Inct on pagcs189and190)is a cateⅡ ary。

Thc catenary is the fOrlll assumcd by a uniforⅡ 1,hcavy and Πexiblc cab1e
hanging freely beb〃 ccn two points.An example is a slack rnooring line betwcen

a ship and a quay。 In large suspcnsion bridges,、 vhcre heaⅤ y cab1cs are uscd,

the curve assumcd by the cablcs is somctkncs closc to a catenary.

The standard intrinsic cquation of the catcnary is s==砑 tan ll/,where g is the

`-intercept,corresponding tO the standard cartesian equation`=曰
cOsh(芳

)·

Anothcr curⅤ e of practical interest(for Cxample,as the Ⅱank profllc Ofthe
teeth of certain gear whccls)is tlle cycloid。 This is the locus of a point ixcd on

the circumference of a circle which is roⅡ ing alonε a stationary,straight base-
Ⅱne,as shown bclow。

Note that the distancc betwecn successiⅤ e cusps is2冗 ε,、Vhere ε is thc radius of

thc ro11ing circle。 Hence,thc catenary is periomc with period2冗 四.

The cartesian equation of the cyclOid is difΠ cult to dcrivc,⒒ ence、ve normaⅡ y
work with its parametric equa蛀ons

艿=四 (r一 蛀n矽) and`=c(1_cos θ
、vhcrc r is thc ccntral ang1c of the circlc,as shown in the flgure.

Example3 Find thc intrinsic cquauon。 f the cycloid,

sOLVTION

We knOw that

●

簸

Ⅱ

口

咖

Ⅱ

■

¤

攮

●

Ⅱ

翻

●

●

蟊

磴

癍

爨

餮

辍

攮

鑫

镛

蟊

攮

Ⅱ

蟊

鼹

瑙

曦

■

●

ι

癜

眵

¤

翳

翳

谡

■

●

■

EⅡffcrcntiating thc parametric cquations fOr the cycloid and substituting

them in the abovc,wc obtain

s=∫、/ci(1— cOs θ2+四2siΙ 2矽 d矽
→  s=伤∫√
′
2-2cosr d莎

Using cOs矽≡≡1-2sin2(:),wC havc

s=ε∫丨2-2[1-2sin2(膏)ldr=ε∫2sin(膏)d矽
wh妃h gives

s=-4砑 cos(膏
)+c       [11
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FlN D△ NG INTRINsIC EQuAT【 oⅡ s

Us1ng

tanll/=业 =

we obtain

tanV/   s1n矽
l— Cos莎

Using sin r≡ 2sin(:)cos(膏
)and cos矽
≡l

2s1n(膏
)cos(:)

ψ d矽
dr d艿

·m
0
乙

CvahCwθ

0

n
2
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、、、tanll/=
`
丶

J
/

r
_
2
一

(
`

n
0
∠

__
2s1n2(膏
)

wh忆h givcs

|anll/=cot(膏
) =tan

→ ll/=号一: →

龇血鸭h:h阢靴ha·/e

s=c-ˉ 4ε cos(号一ψ
)

Thereforc,the intrinsic equation of thc cycloid is

s=c-4c sinll/

Thc valuc of c、ⅤⅡl be different fOr each arch Of the cycloid。

Exercise16

矽

J
 τ~
2

卫

2
 
 

〓

/
1
`
莎

_
2

In Questions1to8,flnd thc radius of curⅤ ature of each curve at the pOint spcciflcd。

1`2=艿3+3,at(1,2).

3`=s1n豸 ,when苋 =詈 .

5x=',`=`,when矽 =1.

7豸 =∞
`九 `=蚯`免

wl△en矽 =畀

9 Find thc radius of curvature,in ter1ns ofll/,for

2`=Cx,at(1,e,。

4`=x ln艿 ,at(1,0).

6豸 =仞 =号,WhCn矽 =⒉

8艿 =g Co矿 矽,y=伤 ⒍n3莎,when矽 =
卫

3

b)s=3ll/+4ψ 蚯nψa【 s=ll/3+cos ψ
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CHAPTER 16 INTRINslC C0oRDINATEs

10 Find thc intrinsic equation of thc curve`==ln scc x,wherC s is the distance from the origin。

11 A curve has inton⒍ c equation s=ccOsll/.

a) Calculate the radius of curvaturc of the curⅤ e in terms ofll/.

b) Sho、v that the tangent to thc curve at thc point where s=o is paraⅡ cl to thc`-axis。

(EDEXCEL)

12 The curⅤc(3has equation`==3cosh(昔
)。

a) show that the radius of curvatuFe,at thc pOint on C where豸 =莎,is3Cosh2(膏
)·

b) Find the radius of curvature at the point where莎 =1.5,giⅤ ing your ans、Ⅴcr to three
蛀gniflcant丘 gurcs.

c) Find the area ofthc surface generatcd when thc arc of C bctv△ cen艿 =-3and艿 二=3is
rotated through2冗 radia卩s about the艿 -a攵 is,giving yOur answer in tcrms of c and冗

.

(EDEXCEL)

13A cuⅣe hⅡ parametr⒗ cquatons艿 =4r一 昔莎
3,`=2'-8。

i)  

∶冫「竿:骂弘:the radius of curvature at a general point(4r一
昔r3,2莎
2-8)on thC curⅤ

e is

ii) Find the centre of curⅤ ature corrcsponding to the point on the curve given by莎 =3。

The arc ofthe curve given by0≤ 矽≤2√3is denoted by C.

Ⅱi) Find the lcngth ofthc arc C。
iˇ) Find thc area Of the curvcd surface gcncrated、 vhen thc arc C is rotatcd about the yˉ axis.

(MEI)

14A curve is given para1nctrically by x=ca(2⒍ n2ε +COs2g),`=eε (sin2g~2c。 s2g)。 P is the
point corrcsponding to g=0,and Q is the point corrcsponding tO g=α ⑴here α)0),

i) Show that thc gradient ofthe curvc at Q is tan2α ,and flnd the1ength of the arc Ofthe curve
b⒍wccn P and Q.

i0Using intrinsic coordinates θ,ψ),WhCre s。 thc arc length ofthc curⅤ e mcasurcd from P

and tanV/=:劳 ,show that s==5(C告
ll/~1).

iii)Find the radius of curvature at thc point Q.

iˇ) Show that thc ccntre of curvature corrcsponding to thc point Q is

(告 eα (2COs2α _siI△ 2α),告 Cα (2sin2α -+cos2α ))    (ˇΙEI)
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17Groups
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WALTER PURKERT AND HANS、 VUSsING

彐iⅡary and unary operatioⅡ s

A binary operatioⅡ,usuaⅡ y denoted by涞 ,is a rule、〃hich takes an ordered pair

of clcmcnts,‘·【and i:9,and givcs a uniquely deⅡned third elemcnt,c,so that

伢涞D=c。 (OthCr symbOls used to represcnt a binary opcration inc1udc o,⑧
and① .)

For examp1O,multipⅡ cation is a binary operation。 If wc rcpresent米 by
muljpⅡ ca伍on,then

4兴 3=4× 3=12

Addiu。n is a1so a binary operatiOn。 If we rcprcscnt米 by addition,then

6来 3=6+3=9

Likcwise for division,whcrc wc havc

6米 3=鱼 =2
3

But note that in thc casc of division,thc opcration is Ⅱot commutajve.Hencc,
wc havc

That is,

6米 3≠ 3米 6

In gcneral,、 Ⅳc havc

△米D≠ 3兴 四

Thus,for some binary operations,the order in which we entcr the elements

does rnatter.

Unary operaⅡons

A uⅡary operation is one、 vhich uses only onc clcmcnt。 For examplc,rI-'is
a unary Opcration.

1
_
2

〓

3
~
6

〓
6米0J
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CHAPTER17 GROuPs

ModuIar arithmetic

Wc can perfor111arithmeucal。 perations in different1Ⅱ oduⅡ .To indicate the use

of a partiαⅡar mOdulo,say刀 ,we add lmod刀 )aftCr we have complctcd the
calculauon.

Takc,for exampk,thc mul住pka住oⅡ Oftwo intc珈 rs血 modLllo6。 Wcn△ulto灯
the two integers normaⅡy and thcn subtract6rcpcatedly until thc anmⅣ er is
between O and5.

Hence,wc haⅤ c for3× 3=:9

3× 3=3rlnod6) 蚯ncC9-6=3
Si1nilarly,for5× 4=二 20,we havc

5× 4=2(mod6) 蛀nce⒛ -6-6-6=2
And for4× 3二=12,we havc

4× 3=0rlnod6) 蚯n°C12-6-6=0
卜Ιodular addition is sknⅡ ar to multiphcation.Suppose we、 Ⅴant to add two
int。 gcrs in modulo4.We add thel11noI1置 la11y and thcn subtract4repcatedly

unjlthc answer is be小Ⅳccn O and3.

For cxample,we have

2+3=5=1(mod θ  2+0=2(mod θ
l+3=4=0(mod4)  3+3=2rI· lod4)

∶  Example1Express9× 11in modulo【 7.

■   sOLUTI0N

:  wC haⅤe9× 11=99,whch becomes

■     9× l1=14rn·od17) sincC99-17-17-17-17-17=14

Def1nition of a group

A group cOFllpriscs

●a sct of elemcnts lor membCrΘ ,C,togcther with
● a binary operation米 on this sct。

To be a group,C mu虬 satis灯 thc following four properties6omCtimes∞ fcrred
to as axioms).

● C△osⅡe  C must bc closed。 This Fneans that if四 and D are Fnembcrs of C九
then四苄3must also be a【ncmber of C。 This is、vrittcn as

曰米D∈ C,for a11曰 and3∈ c
● AssociaJˇ⒒y Provided their o五 纽nal ordcr is preservcd,the resu1t of
combining△,D and c dOes not dcpcnd on whioh two a曲 acent elemcnts are
co血bined Ⅱrst.This is written as

(ε 米3)来 c=ε 米(D紊 0,fOr all曰 ,D and c∈ c
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DEFlNlTI0N OF A GRoVP

● IdeⅡ伍ty  Thcrcis an elemcnt召 in C for which r/米 召 ==召 米C==ε for cvery四 in
(∶
;∶ .That is,there is an idenJty elemeⅡ t c in C which docs not change any

othcr elcment。

● IⅡverses  For any element伢 in C∴ thcre is an inverse elenleⅡ t of曰 in C,
denoted by曰 ^l。 This is written as

For any四 ∈ C,there exists四
^1∈
C,for wh忆 hc米 曰

^l=ff_l紫
曰 =召

To conflrm that a sct of clcmcnts,together with an opcration on thc sct,forms

a group,we haⅤe to ⅤeriJ[∶
,严
that the set posscssCs eVery oⅡ e Of thcsc four

properties.This can be difflcult,sincc wc nqcd to chcck each property fOr every

eIemeⅡt or pairs of eIemeⅡts of thc sct.

Note Whcn you are givcn a qucstiOn involving a group,you wⅡ l also alwrays
be given a binary operation(which is usual1y1nuljpⅡ cation or addition).It is

essentia1that you rccognisc which binary operation is being used.

炱 黯 慌 尼T逞 ±芳.m涮
C=扎 廴丬 丬 m扯 r mu⒒讦啦G狄0n。泥

盂    so· UtION

蠹  To prove that this o a gFo刂 p,wc nced tO veri1:∶ ,严
each ofthe four pFopc⒒ ies

蟊   in turn.It is essential to conflrIm that aII the properties are satisfled.

:  cI。 sure we have to vcrify tllat,for any四 and D∈ G,Ω米3∈ C.

矍 ThC℃ forc.if wc takc any element h C and multip圩 it by any otl△cr
∶  elCmCntin G,thc rcsult shou1d be an clcmcntin C。 One way tO check this

瑟  is to takc cⅤ cry pair in turn.(Tho method is only feasiblc in this case

霎 becausc c h a small group。)Hence,we havc

:     1米 1=1   1米 i=i   1米 -1=-1  1来 一i= i
蠹     i米 1=i   i米 i=-1  i紫 -1= i  i米 i=1
鼍     -1荠 1=-1  -1米 i= i  _I米 -1=1  -1*-i=i
锸     一i米 1=— i  _i米 i=1  _i来 -1=i  _i米 i=-1

鑫 That is,伤 米3∈ G。

琶  Assoc“ 加ity We haⅤ e to veri灯 that@米 θ 米c=日 荠@米 O for al1△ ,3and

氦 c in〈 (∶

:i· .

癯 WC havC,for cxamp⒗ ,

∶   C*D米
丬 =凵 米△ =1⒛ dh← l米 一D=hi=1

蠹  This Ⅴerifles assooativ“ y for just this Onc triple Combination.To proⅤ e
∶ associativity by this method,wc would haⅤ e tO chcck every other triplc

鑫  c。mun狨。n,of whch tl△ ere arc64。

覃
s土::估Ⅰ碾 甘苫】珉1凄:估哕Ji茗

删 and虬乩c me h∝ Jk沈 l△△Lllj洳住on J

:  Identi印  1^tllC⒗ enti灯 elCmcnt ofths group.Thsis bccause multo圩 hg
瑟  any number by1dOcs nOt change i“ valuc。 To cOnflrln that1is thc identit∶

`
置  elCIl·ent,we haⅤ e to vcri灯 that1米 四 =曰 米1=ε  for eⅤ ery ε血 C。
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CHAPTER 17 GROUPs

耋   In this case,it is not toO oncrous to do aⅡ  thc calculations concerned.

:  HenCe,we have
魏     1米 1=1米 1=1   I兴 i=i米 1=i
¤

:     l米 i=— i米 1=_i  1米 -1=-1兴 1=-1

器  Alternathely,we can蛀mply“ate that l^the Ⅱenti”,sincc we knOw

∶   that rnultiplying any number by1docs not change its valuc。
∶  IⅢes∞ wc need to shd thc invcse of each ofthe elemcllts I,i,-1and
王  一it。 c。nⅡrln that cach血Ⅴcrsc^a member oftl△ e gωup。 To扯 o,for
鲨  cach clcment△ in C,wc nccd to flnd an ε1,and Ⅴerif,,that

瑟 曰切 1=ε 1米ε=1。

:  HCnce,we havc
:     InⅤerse。f1“ 1,since1来 1=1来 1=1

备     Inverse。 fi^_i,⒍nce i来 一i=_i米 i=1
臼

∶     InvCrsc。 f-1is-1,蛀nce-1来 -1=-1米 -1=1

∶     InvCrsc。 f_i is i,⒍ ncc_i米 i=i米 一i=1

:  since a11。 f the propcrt忆 s arc satisfled for any cho忆 e of clemen“ ,wc havc
蠹  proⅤed that((∶ ;∶ is a grOup。

It can takc a long thnc to prOvc that a set of elements,togethcr、 1Ⅴith an

operation on thc set,fOrms a group,cspccia11y if there are rnany elements.

Howeψ er,there are short-cuts wc can takc。

● We can use algcbraic rulcs to provc closure.For eⅩample,to proⅤ e that thc

sct ofintegers under addition forⅡ s a group,wc just state that the suⅡ 1of
any two integers is a1ways an intcgcr.

● Associativity is al、 Ⅴays diⅢcult tO prOve.However,wc rccaⅡ that thc
multip1ication and thc addition of real numbers,thc1nultiphcation and the

addition of compleⅩ  numbcrs,and the FnultipⅡcation and the addition of

square matriccs,arc all associative。

● To Ⅱnd thc idcntity of a group,we reca11that O is thc idcntity for addidon
(since adding zcro to a number does not changc thc number)。 WC reca11alsO
that1is thc identity fOr rnultipⅡ cation(sincC Fnultiplying a number by1

docs not change the number).We lllust bc careful,however,because in some

unusual cases of rnu1tiplication,such as rnodulo14,the identity rnay not be1

(see page375)。

●To Ⅱnd invcmcs,wc oftenju虬 need to ghc a gcner扯 formula wh忆 h
idcntiJl∶iles aⅡ thc inⅤ crscs。

嵬  ExampIe3PrOvc that thc sct C=(0,1,2,31undcr the binary operatiOn
蠹  ad(1itiOn(mOd ZI)forms a group。
0

:    sOLvTIoN

鑫  As usud,we must ⅤeⅡ J[∶:y⒎ that all thc group propcrt始 s are satis丘 cd。
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GR0UP TABLE

Closure WhcneⅤer wc add two numbe“ (mod4),wC always gct a
numbcr bctween O and3ThcrcfOre,addition(mod4)iS closed,

AssociatiⅤ ity 2`ddition is associatiⅤ e,and so additiOn(mod4)rnust also
bc assOciatiⅤ e.

IdeⅡtity Adding O tO a numbcr(mod4)dOCs not change thc number,So
0is thc idcntity Of addition(mod4)

InⅤerses  We have∶

Inverse Of O is0,since0+0=0rlll。 d4)

Invcrsc Of1^3,since1+3=3+l=0(mod4)

Invcrsc of2is2,since2+2=0【 111od4)

Inv∝se of3`1,since3+1=1+3=0(mod⑶

Thcrefore,a11four grOup propcrtics are satisΠ cd.

Hence,thc sct C=(0,1,2,31under thc binary opcration addition llllod4)

forlns a group.

A grOup table shows thc c1∶ Ilc∝ of comuning any twO elcmentb,(OthCr
dcscriptions cOmmonly uscd arc Caylcy tablc,compOsition tablc,cOmbination

tablc,opcration table and multipⅡ cation table。 )ThC Cntry in ro、Ⅴ rz and
column3is thc cOmposition四 米D.

Thc group tablc fOr the∞ tC=(0,1,2,31under addition mOdulO4怂 shown
bclow As an cxample,Bl idCntifles thc result1米 2=3.

十(mod⑶

Group table

0

1

2

3

0
 
1

1
火

 
0
∠

 
3
ˇ

 
∩
ˇ

0
ˇ

 
1
^
 
0
彡

 
3
ˇ

3

0

1

2

To complete thc tab1c,、 Ⅴe nccd to Ⅱnd cach Ofthe16rcsults.

Wc can usc thc fact that犭 米召 =x and g米 J=J to Ⅱnd scvcn Of these rcsults
quitc shnply。 /`Ⅱ the othcr cntrics havc to bc calculatcd。

Evcn though wc haⅤe to complctc a11the cntrics in thc table,it is often easicr
to draw and usc a group table tO scc、 ⅣhCthCr the sct under the operatiOn forms

a group.

FOr the group propertics,wc have∶

Closure  This can bc seen by noting that a1l thc results in thc group table arc

in thc Original sct。

AssociatiⅤ ity  This cannot be sccn frona thc grOup tablc,
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CHAPTER 17 GR0VPs

IdenJty The column under the identity c1emcnt and thc row acr9ss from thc

identity clcment cOntain thc clcmcnts in thc samc Order as the original sct.

Thc row and thc column givcn bclow show that O is thc idcntity clemcnt∶

Note The identity clcmcnt docs not haⅤ e to be0or1.For eⅩ a彐1p1e,see the
group tab1e on page375fOr thc sct of intcgers(2,4,6,8,10,121undCr

multiplic狨ion(mod1θ .

InⅤerses  We can Ⅱnd thc position ofthc idcntity clcmcntin cach column and

cach row。 For cxa血 plc,1来 3=3米 1=0,which is the identity.Thcrcforc,3is
the inⅤ ersc of1。

In fact,the sct C=乇 0,1,2,¨ P̈P9-11under the binary operation,addition
(modJ,l),破 sO forms a group。 (You can c廴cck th跽 for yourself for Ⅴ盯o“
Ⅴalucs Of「 9f。 )NotiCe that,in general,the inverse of庀 undcr additiOn(mod″ D is
r9q一 庀。

Example4Find whether thc sct(1,3)undcr multiphcation(mod11)
forⅡs a group。

sOLVTION

Wc can nnd thc answcr by chccking cach ofthc group properties in turn,

until wc flnd one which docs not work.Wc rccal1that for(I:to be a group,

wc nccd to check that aⅡ  fOur group properties are satisⅡ cd.So,to check
that C is not a group,wc nccd only to丘 nd one property、 氵、严hich is not

satisⅡcd。

In this casc,sincc

3米 3=3× 3=9(mod11)

and9is not a mcmbcr ofthc Original sct,cIosure does not hoId.

Sincc thc sct(1,3)is n9t Closcd undcr rnultiphcatiOn(mod11),it does Ⅱot

for1△ a group.

Note Ifin EⅩample4we、 vere tO cOnsider the othcr grOup propertics,wc
wOuld flnd∶

● Thc group is associative,since multip1ication is associative.

● There is an idcntity clcmcnt,1,sincc1is the identity undcr lnultipⅡ cation。

●Therc is,howcvcr,no Clcmcnt伢 for which3米 四≡ 1(mod l1),and so the
property of possessing an inverse element is not satis11∶ iled cither.

+(mod θ
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GR0UP TABLE

ExampIe5PrOve that the set Ofintegers f2,4,6,8,10,121undCr

mtlltolkx廴 jon(mod14)forms a group.

sOLVT】oN

Again,we necd to chcck that a11thc group propcrties hold。 HowcⅤ cr,thC
1ast two are difflcult to provc,and so we have to use a group tablc to

wOrk out how aⅡ the elemcnts comb1nc.

Closure  If we muluply twO evcn intcgcrs togcther,we obtain an eⅤ en

intcgcr,which is also cvcn(mod14).Hence,the sct^clOsed.

AssociatiⅤ ity  ⒈/【ultipⅡcation is assOciativc。

IdeⅡJty Thcrc is no obVious idcntity clcmcnt。 The identity clcment we

wou1d natura11y1ook for,1,is1nissing from thc group.To ovcrcOme this
problen1,wc draw the group tablc,which shows the effect of combining

any two elemcnts。

From this tablc,wc can see the column under8,or thc row across fron△ 8,

is2,4,6,8,10,12,、ⅤhiGh is the same as the original sct.Thus,
multiphcation by8changcs none ofthe e1ements ofthe group,and so8is
the identity clcmcnt of this group.

Inverses As with most problems inⅤ olving multiplication fmod刀),thCrc
is no easy way to provc that every elemcnt has an inversc。 Howevcr,as in
Examplc4,wc can usc the group table.To△nd the inⅤersc of2,wc nccd

an elcmcnt砑 fOr whch2米 c=8。 (Remember th狨 8is thc Ⅲcntio clcmC灬
of this group。 )

Invcrsc of2is4,sincc2米 4=4米 2=8rlllod14)

Invcrsc Of4`2,since4米 2=2涞 4=8(mod14)

Inverse of6爪 6,since6米 6=6米 6=8(mod14)

InⅤerse of8is8,since8*8=8*8=8(mod14)

Il△Ⅴersc of10is⒓ ,since10米 12=12米 10=8(mod14)

InⅤcrsc Of12is10,since12来 10=10米 12=8tlnod14)

Thus,、ve havc chccked that a11the group propcrtics hold.

Therefore,tl△ e∞t of血 tegers(2,4,6,8,10,12)under multip1ication
(mod14)forms a group。

Note  We say thatthe numbcr6in Example5is seIf inverse,since its inⅤ erse is

itselR(See also page393。 )
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CHAPTER 17 GR0UPs

Exercise17A

In Questions1to4,provc that each sct under thc giⅤ en opcration satis丘 cs aⅡ thc group propertics
and hencc fOrms a group。

1TⅡc sct I1,51undCr(× ,mod12) 2The set f1,2,3,41under(× ,mod~sJ,

3Thc set(0,1,2,3,4,51under(+,mod6)   4The set f1,2,3,4,5,61under(× ,mod D。

5Show that thc sct fl,31undcr(× ,mod1勾 does not form a group.

6 Show that thc sct of positivc intcgers under addition is not a group.

syⅡⅡⅡetries of a reguIar刀■sided poIygon

Thc set of syⅡ 11netries of a regu1ar polygon forms a group under thc

cOmpositiOn of wmmetrics。 Hcnce,tho is true ofthc set of symmetrics o免 for
cxample,a square,a regular hexagon and a regular heptagon。

鼹

0

鑫

蠡

攮

攮

口

鼹

0
0

宙

■

ExampIe6 Prove that the set of sy1111netries of a regular pentagon under

composition forll△ s a group.

sOLuTlON

It is cas忆 r to speofy th恕 group geometri(冫 E111y than to write dOwn

:l絮岌:罟:哏I;F黜 :∶邑觜絷;∶h:糕f;;∶ :。“ T
(bottom row)drawn below。

ReⅡ ec住ons
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sYMMETRlEs0F A REGuLAR"~sIDED POLΥ G0N

The binary opcratlon in this casc is the compositiOn Of syⅡ 11nctrics.For

cxamplc,thc composition of a clOck、Ⅴisc rOtation through72° and a
c1ock、vise rOtation thrOugh216° is a clOckwise rOtation thrOugh288°

.

To proⅤ e that thc set of syⅡ 11nctrics forI△ s a group,wc1nust chcck each of
the fOur grOup propcrties

Closure  The cOmpositiOn Of two rOtations is anothcr rotatiOn,The

compOsition Of a rcflection and a rOtation is a rcflcctiOn,as sho、Ⅴn in thc

example belo、Ⅴ。

ReΠ cction in thc pcrpendicular biscctOr Of RS,which

passcs thrOugh P,¨ 。

¨。fO11o、Ⅴed by an anticlock、 Ⅴisc rotajOn through72°  ¨

S  。̈ is the reΠ cction in thc pcrpendicular bisector of PT,
which passes through R

Q   R

The cOmposition Oftwo rc∏ cctions is a rotation,as shown in the examples
belOw∶

Rcllcction in the pcrpendicular biscctor of RS,which

passcs thrOugh P,¨

¨.fo1lo、vcd by rcflcction in thc perpendicular biscctor of

PT,wh⒗h passcs through R,¨ ,

 ̈is an anticlockwisc rOtatiOn through288°

SO,thc set of sym1netrics of a pcntagOn is clOscd。
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CHAPTER 17 GR0uPs

Associa住￠ty Wecert缸 n圩 do Ⅱot want to provc四 米(D米 0=(C涞 3)*c for

cach of thc tcn syllllnctrics,giving1000possiblc combinations!Instcad,

wc rcca11that cach symInctry can bc rcprcscntcd by a2× 2matrix
(see page310)。 Thus,thc composition of transforImations corrcsponds to

the rnultip1ication of matriccs。 sincc thc1nultipⅡcatiOn of matrices is

associatiⅤe,so is the composition of transformations.Hcnce,the set of

sym1netries of a pentagon is associativc。

Ⅲentity The idelltity transformaton rrotat。 n of0° )h in tlle set of
transfoΠnations。

IⅡverses  Evcry symInctry has an inⅤ ersc.In cach casc,the inⅤ erse is a

sylnlnetry`Ⅳ hich rcturns thc pentagon to its Original position.For a

clockⅥ注se transfoΠnation of刀
°
,the anticlockv注sc rOtation of一 刀

°
is thc

inⅤcrsc transfor1nation。

Carrying out thc same rc∏ cCtion twice,aln/ays returns the pcntagon to its

original position。 Thus,thc inⅤ crse of a giⅤen reⅡ ection is thc same

renccti。 n.Hence,a11rcflcctions arc sclfLinvcrsc.

Thcrcforc,wc haⅤ e Ⅴerifled that thc symlllctries Of a pcntagon forl11a

group.

E注hedraI groups

A group of syⅡ Ⅱnctries is ca11ed a dihedral group.Thc group ofsy11△ 111etries of a
pcntagon contains ten(2× 5)elelnents and is dcnotcd by DI0.The syml△△etries

of thc Othcr regular polygons also forlll groups.For cxample,thc syⅡ 11nctrics

of a regular heptagon fOrlll a grOup。 Sincc a hcptagon has sevcn sidcs,thc

group contains14(2× 7)ClCmcnts。 Hcncc,thc group of syrn1netries of a
regular heptagon is dcnoted by D14.

Non-flnite groups

The groups that wc have so far considcrcd arc a11composcd of sets which

contain a flnite numbcr of clcmcnts.Wc wiⅡ  now consider grOups whose sets

contain an inⅡⅡite number of elements.

Whcn deahng with a non-finite group,、 ve use a sⅡ nⅡar approach to that which

wc use with flnite groups,eⅩ cept that we canⅡot construct a group tab1e

bccausc thcrc is an inflnite number of elements。 However,this docs not Fnakc

the ⅤeriⅡcation of the group too much hardcr;itjust rncans that it has tO bc
donc aIgebraica1ˇ .

Example7 Prove that the set ofintegers undcr addition forms a group。

sOLVTIoⅡ

Sincc thcrc is an innnitc numbcr Ofintcgcrs,we cannOt usc a group tablc。

We theⅡfo∞ use algebraic methods tO verify that all four propcrties are
satisi{∶ iicd。
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N0Nˉ FINITE GROUPs

餍  Closure If we add togcthcr any twO integes,wc always gct an intcgcr.
∶  ThCrCfore,if伤 and D are integcrs,wc know that

馊       r/米 D=夕 +D=c
0

￡   and hence c is an integer.Thereforc,the set of intcgcrs undcr addition is
蠹   c1osed.

矍  Associati讧 ty Wc may⒍mply quotc tl△ e fad thrat addton is alwa阝
胫   associativc。
0

:糨 扌 腮 楹

vv1th轭ddo△ ⒃ “ Ⅱ湔 0dC1△△ellt.For aIly虫
"n

鏊      曰米0=0米曰=四 +0=0+曰 =c
∶  This pr。 ves that O is thc idcntity elelllent for the group.

啻   IⅡ verses Given any integer叱 its inverse is一四。This is becausc
:     ε米一ε=△ +-△ =0 and 一四米△=_ε +曰 =0
:   Theref。 re,we havc checked that thc four prOpcrtics arc satisΠ cd,and so

:  tl·e sCt ofintcgc“ under ad山ton forms a group。

:  Example8PrOve that thc sct ofinteges undcr multiplication as the

罂  b血aw OpCr扯on dO∞ not fOrm a group.

琶    sOLUTION
B

:滥蔼牒怒:强萎lⅠ∶∶搬11器瞿%ll古:￡;∶∶;扌:;∶;刂:I、∷1拈损1.
霁   In thio casc,the inversc propcrty does not hold.

罡  ThC idCntity elelnent undcr multiplication would be1,but the invcrsc of2

馐  would bC告,⒍ncc

:      告米2=告×2=1
蠹    But告 is1· 0t a Inclllber of the set of integers,and thcrcforc2does not haVe

圣   an invCrse in the set.

爨  SincC Onc。f tl△ e elements docs not satof,z onc oftl△ e propert允s,thc set of
囔   intcgers under rnultiphcatiOn cannot bc a group.

鑫   ExampIe9 Provc that thc sct of rcaI numbcrs(eⅩ cluding zero)under the

隼  bina叩 0per扯 ion of mL11tΦ lic乩0n forms a group,

鲨    sOLuTION

鳘  AgE辶 in,wc nccd to chcck that E111four propertics are sat^Ⅱ ed.

犟  cIosure The produ∝ of any two rcal numbcrs wh忆 h are not zero^ako
蘧  a rcal number which^not zero.Therefore,the set is closed.

益 Associ筑ivi印  Mtllt0lication跽 alw叩sⅡ∞ ciati妮 。

:揽 r:虫憔 i∶;f∶;∶:∶I∶H。

洫 mcatiol1。 al△山
"血
n岫 ∞叩.H吧
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CHAPTER 17 GROuPs
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IⅡⅤerses For any rc缸 numbcr豸 ,its inⅤersc^⊥ ⒍nce
艿

Hencc,cvcry clcmcnt has an invcrsc which is a1mcmbcr Ofthe set.

Thcreforc,thc set of real numbcrs(exoluding zcro)under the binary

opcration of rnultipⅡ cation forIns a group。

Example10 Let C bc the set of3× 3matrices with intcger e1emcnts and
dctern1inant1,under thc rnultipⅡ cation of rnatrices as the binary

opcration。 ProⅤe that(7forms a group。

sOL刂 TION

To1∶ind、
`、

厂hether a set of matrices undcr a particular opcration for1ns a

group,We haⅤ e to apply the rules of rnatrices.But、 ve also stⅡl necd to
check that(了 satisfics every one of the four group propcrties.

CIosure  If丿L and I;arc3× 3Fnatrices,thcn AB wⅡ lalso bc a3× 3rnatrix.

We also nced to check that AB has integer clcmcnts。

If A and B havc integer elements,then considcr how we fInd AB。 Wc
multiply thc intcgcrs in A by thc integers in B,and thcn add theln up.

Thcrcforc,the entries in AB arc a11integers。

Fina11y,we also need to chcck that the value ofthe detcr111inant AB is1。

U⒍ng det(AB)=detA× detB,we flnd that

det(AB)=1× 1=1
Hence,AB is a1ncmber of thc sct and thus the set undcr rnultiplication is

closcd.

Associati、ity  lVΙ ultiphcation of rnatriccs is assOciatiⅤ e。

IdeⅡtity  The idcntity of rnatrix multipⅡ cation is thc identity matrix I。

Since I has intcgcr elements and deterⅡ 1inant1,I is a lnembcr ofthe set。

IⅡverse  The inversc of a3× 3matrix is a3× 3matrix.IIowcver,、ve
necd to check that the inⅤerse rnatrix has integer elements and

dcterI11inant1.

To Ⅴehf,zthat thc inⅤ eⅡe matrk has intcger clc血 cnts,wc con⒍ dcr how
we would Ⅱnd thc inverse(scc pages304-6).TO Ⅱnd the inⅤersc of a3× 3
matrix,we nccd to nnd thc c。 factor of caCh elcmcnt。 In this casc,this

mcans flnding the detcrⅡ 1inants of nine2× 2Inatrices,cach of which has

integcr clements.This gives integer results.Thcn、 Ⅴe divide each cofactor
by the detern1inant of the origina13× 3matrix,which in this case is1。

〓豸×

1
~
x

〓豸×

1
一

J

Note The set of real numbcrs including zero undcr thc binary operation of

multipⅡcation is not a group.This is becausc zcro does not havc an inverse。

To flnd an inversc of zcro,would1mcan1:inding:,whiCh is impossiblc。
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