
EXERCIsE 14B

a) Find the eigcnvalues of P.

b) Find an cigcnvcctor corrcsponding to cach cigenvaluc.

cl ⅤCrif,/that these⒍ genvcctors are orthOgona1.  (NEAB)

7The matrix A is given by A==(: :)·

a) i) Find the eigenⅤ alucs of A。

∶i) For each eigcnvalue flnd a corresponding eigenⅤ ector.

b) CⅡven that U= (△飞 :),writC down the Ⅴalues of c and D such that
U_lAU=(l∫  :)   (NEA:)

卩 The eigenⅤ
alucs OfthC matrix A== (f3  :  13∶

) are况

b尻2,况 3·

a) Show that九 =6is an eigenvaluc and fInd thc Other two cigenvalues况 2and况 3。
b)Ⅴeri灯 that det A=兄 1尤2尤 3.
c) I△nd an eigenvector corresponding to the eigenⅤ alue九 =6.

Given that (-{1) and (∶

) are eigCnvcctors of A corrcsponding to尻

2and尻 3,

d)writC down a matriⅩ  P such that PTAP is a diagonal matrix。   (EDEXCEL)

9   A=(昱
:丁 )

a) Show that3is an cigenvalue of A and ind the other two cigenva1ues.

b) Find an eigenvector corresponding tO the eigenvalue3.

∶∶∶∶;∶【l1∶hC vectors (∶1) and (∶∶) are cigCnⅤcctors corresponding tO the。 ther tw。
c)writC down a n△ atⅡx P such that PTAP is a diagonal matrix.  (EDEXCEL)

10 Thc matrix A is givcn by [~I1  :l· The planc transformation T is such that T∶
 [Jl卜
-)A[Jl·

a) i)  Show that A has only one eigcnvalue.Find this cigenvalue and a corresponding cigenvectOr。

i∶) HCncc,or otherwise,deteⅡ ninc a carte⒍ an cquation of thc fixcd line of T。

b) UndCr T,a squarc with area1cⅡ 12is transformed into a paraⅡ elogram、 vith area歹cm2.Find
thc value of破    (AEB90

11 The1natrix P is deⅡncd by

P=(: i :)
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CHAPTER 14 MATRlCEs

a) Sho、v that vl== ({}∶

) and v2== (J}1) are eigCnvCctors of P and 

Ⅱnd the twO
corresponding eigcnvalucs。

b) CⅡven that the third eigcnⅤ alue of P is4,flnd thc corresponding eigenⅤ cctor,v3。

c) ShoW that vl,v2and V3are1inearly indcpcndent。

d) Express the Ⅴcctor (:) as a1inear cO111bination。 f vl’ v2and v3with coCfflciChts in terms
Of the constants四 ,D and c.    (l、丁EAB)

12 Let A bc the matrix [:  」11·
a) DeterⅡ1inc the eigenvalucs ahd corresponding eigenvcctors of A。

|) i)  ShoW that AP-2A~8I=z,whcrc I= [:  :l andz= 
丨:  :l·

ii) The ma“ ix B=Aˉ1.By multiplying the matrix cquation A2-2A-8I=z by B,or

othe抑ise,ind thc values of thc scalars α and尸 for wh忆hB=α A+卩 I。   (AEB9D

13 a) DCterⅡⅡne thc cigenⅤ alues of the matrix

A=(∶
 亏
3 f:)

b) Show that (∶

) is an eigCnⅤ

cctor。fA·

:=(∶ Ι:)
c) Show that (∶

) is an eigenvcctor。

f:and write down the cOrresponding eigenvaluc。

d) Hence,or otherwise,write down an eigenⅤ ector Of the1natrix AB,and state thc

corresponding eigenⅤ aluc。   (EDEXCEL)

丬4 The transfOrmation:r1naps points(x,`)ofthe plane into imagc points(J′ ,V′)suCh that

艿
′
=4为 +2y+14

/=2艿 +7`+42
a) i)  Find thc coordinatcs of the inⅤariant point of T。

iD Hence exp犯 ss T h thc form

[、`llFt/l =A[、羊庀l
where庀 is a positiⅤ e integer and A is a2× 21natrix.
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EXERC[sE 14B

b) :)  DCtCrmine the eigenva1ues and cOrrcsponding占 igenvcctors of the matri攵
 [:  ;1.

ii) Deduce the cartesian equations of thc invariant Ⅱnes of T,and prove that they are

perpe殂diCular。

c) CⅡvC a fu11geometrical description of T。    o`EB98)

15i) GivCn that P= (∶
 ∶扌  :),flnd dCtIP and P—

1·

Thc3× 3Imatrix ⅣⅠ has eigenva1ues-1,2,5with correspOnd|ng cigcnⅤ ectors

(∶
)  (∶氵)  (:)

respectively.

ii) By considcring l、 /ΙP,or otherwise,flnd thc Inatrix l、 /Ι .

iii)I△ nd the characteristic equation for ⅣΙ。

Iv)Find`,g and r such thatl,1_l=`Ⅳ ′+gⅣΙ+I。I。   (MEI)

闸6 A Ⅱnear transforlnation of threc-dhnensional space is deincd by r′ =ⅣΙr,whcrc

r`=(∶丨
)  r=(∶)  
卜Ι=(:1 ∶ 亏

1)

a) shoW that the transformation is singu1ar if and only if庀 ==2。

b) In thC casc、 vhcn Rˉ 二=2,sho、v that⒈Ι rcprcsents a transfomation of three-dkncnsional space

ontO a planc and flnd a cartesian cquation of this plane.   (l卜 丁I彐 jΔkB)

17 Thc vcctors a,b and c,givcn bclov吒 arc lincarly indcpcndent。

a=(j1)  b=(;)  c=(:)

Find α,卩 and V such that the Ⅴector

d==(∶
i4)

can be eⅩpressed as a1inear combination of a,b and c,in the form

d=αa+卩b+vc  O丁EAB)

18 Thc1natrix A is defIned by

A=(∶
 ∶ ∶)

a) I7ind thc dctcrkrllnant of A in teⅡ ns of庀。

b)ThC1natrix A corresponds to a lincar transfor11fLation T in three-di1ncnsiona1space.Whcn a

region in three-di1nensional spacc is transformed by∶ Γ its vo11Ⅱ ne,T'1is increased by a faGtor

of four to4冫 1Find thc possiblc values of庀.    cⅪEAB)
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CHAPTER 14 MATRICEs

19 A Ⅱnear transfor1nation r of thrcc冖 dhncnsional spacc is deΠ ned by r′ =Ⅳ△,where

2    2     √’
1   1    1
2    2    √勹

去 去 0

Sho、v that eⅤery point on thc linc苋 =儿 z=0is invariant undcr5R
Find ⅣΙ2and hence show that卜 F=I,where I is the3× 3unit Fnatrix。
Chven that r is a rotation,statc

i)  the axis of thc rotation

ii) the angle of the rotation。

Write down the imagc undcr r ofthe unit vcctor

diagram thc scnsc of the rotation。    ()卜TEAB)

〓Μ

\
丶

ˉ
`
/

x
 
`
 
z

/
r
J
ˉ

Ⅰ
`
\

〓

\
丶

ˉ
J
/

艿
 
y
 
z

/
'
f
ˉ

ι

`
\

〓r

a
 
b
 
c

afonaemy
bCacdnecnehdna

\
丶

ˉ
`
/

0
0
1

/
f
丨

ι

\

20 a) The lllatrix A and a non-singular rnatrix ⅣΙ are deflned by

A=(i1 1; :) M=(∶
 亏l {0)

Sho、v that ⅣΙ
TAⅣ
Ι=4I,where ⅣΙT,the transpose of thc Fnatrix ⅣΙ,is given by

ⅣIT=(i1 虽 :)
and I dcnotes the3× 3unit rnatrix.

b)A closCd surface s in thrcc-di1ncnsiona1spacc is deflned by the cquation

5'+ⅨV2+'-2v+旬″=4

`厂

eri【 ťhat this equation can be obtained from the equation

rTAr=4  C)

where r== (∶

),rT==(xyz)and A is thC1natriⅩ

 dCflncd in part a·

cl A1incar transformatioh L is deflned by R=ⅣΙ Ir,whcre R=

deflned in part a.

I) By using thc relationships

r=ⅣIR and rT=RTⅣ ⅠT

wl△ere RT=(Xy幻 ,in equation C),or。 therwise,show that L maps the surface s on to
thc surface of a sphere of unit radius centred at the origi且 WhiCh has the equation

X2+y2+Z2=1

iD Show thatdetM l=÷

\
丶

ˉ

`
/

x
y
z

/
f
ˉ

l
\

and lW1is the1natrix
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EXERClsE 14B

Ⅱ0Ghen tl△乩thc Ⅴolume enclOsed by a叩 hcrc of u血 t radus is鲁冗,Ⅱnd the volumc ofthe
region cnclosed by s。   (NEAB)

21 A transfor1nation T ofthree-d虹 ncnsional space is dcΠned by r′ =ⅣIr,where

r`=(∶丨
)  r=(∶ )  
ⅣΙ==(丨
 i ∶)

D Find thC Ⅱnagc P′ ofthe point P(2,-3,1)under T.
ii) ShOw that thcrc is a1ine jL such that aⅡ  points on L arc invariant undcr T,and Πnd the
cartcsian equations of this1ine.

i") Obtain the equation of the plane Jrthr。 ugh the origin O perpendicular tO L and verify that

P and P′ Ⅱein Ⅱ

iˇ) CⅡ ven that T reprcscnts a rotation about the line Ι∴flnd thC rnagnitude of thc angle of
rotation.

Find ⅣF and Ms and statc what transfonnations arc rcprescntcd by these matr忆 es。   (NEAB)

22 Dctcr111ine the eigenvalucs and corresponding eigenvectors of thc1natriX玉 、where

A= [三ξ  Ifl
The plane transfor1nation T is dcflned by T∶

 [;l·
->A丨
Jl·

〖}嚣玎椤:寻品r扌棣觜拷竺与丿
iI∶

l扌
?楹Ⅰ嘎;∶∶r:咒昱扁c。nstant)are invariant

hncs of T,

c) Evaluatc thc dctcrⅡ1inant of A,and explain thc gcOmetrical signiflcancc of this answcr in

rclatiOn to T.

d) ChⅤ C a full geometrical dcscription of T.   (AEB98)

23 A transfOrmation T of three-d虹 ncnsional spacc is dcΠned by r′ =ⅣΙr,where

r`=(∶
|)  r=(∶

)  
Ⅳ1=(J1 ∶ ∶)

、Ⅴherc庀 is real。

D FhdM lfor庀 ≠告
ii) In thC case when庀 ==1,flnd thc coordinates ofthc point whosc image under T is the point
(2,1,2).        ~
ⅡD In tl△ C ca∞ whcn庀 =告,血 ow tllat tl△ eimagc und∝ T ofcvery p⒍ 11t in spacc lics in tl△ c plane

3△ -5'-2z=0

iv) Sho、Ⅴ that,for One particular value of庀 ,there is a line jL such that evcry point on丿 L is

invariant undcr T。 Find thc cartesian cquations of L。     (NIE〃今kB)
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15 Further compIex numbers

扬 乃jj'`fsc召 //o″召￠ rJPr伢乃
`莎

氵c召 rΙ 刀 o丿 ,'3`伤 乃勿I,f栳 J比「ε
jvr召
〃 召se刀莎纟〃勿 r莎乃e/tJPf伤

``rjc伤

J

Fr两go刀 oPP9召 rr氵 Cr召s勿

`rs rs口

乃哆召ヵ
`刀

叮笏Fr/r召歹 钳 幽 rz,,钳 f刀 刀 ,乃叼夕佬氵冫⒎g勿 s召 犭 co御 咖 x刀 笏刀嗲3召
`s.

''r力

ε∝g屁 乃召 抵 a刀 o莎 s莎曰莎ε 【l/9伢莎沁 刀o″ 庀刀o1I″ 伤s厶:C Mo氵 vr召 ‘ r屁召εr纟婀 ,fr沁 c助伤r矽力伢r汤纟 v̌伤s

J9o磁 f驾 解 犭 fr.

ALBERT C LEⅥ 汀s

De Moivre’ s theorem

0n pagc8,wc found that

oosε +i⒍nO⑴ sφ +i⒍n￠)≡ cos(g+￠)+i⒍n(g+,)

Hcncc,we haⅤ e

(cos g+isin ε)2≡ oosε +isin a)(c。 sg+isin g)

≡cos2ε +i蛀n2ε

The general case of this rcsult is k9own as delˇⅠoiⅤ re’s theoren1,which statcs

tha△ for a11rcal Ⅴalues of冫饣9

缲        (cos9+isin O刀
三≡Cos刀ε+i sin刀ε

When″ is not an integer,then cos刀 g+i sin刀 g is only one ofthe possiblc

values。

Proof when刀 is a posiσ ve iⅡtegeF

This prOofis an cxample of proof by iⅡ ducdon(scC pagc159)。

We assume that the statcmcnt is truc whcn刀 ==F【
-.Hcnce,we have

Oosg+isin O攵 ≡lcos庀g+i sin Ft/g)

→  0os g+isin o攵
+1≡
rcos庀
g+i sin Ftzg)tc。 sε +isin o

Using oosε +isinO(COs￠ +i sin￠ )≡ cOs(ε +φ)+i sin(ε +￠),we Obtain

0os ε+iSin g)庀
+1≡
cos(庀 +l)g+i sin(庀 +1)g

Therefore,statement is true for刀 =佬 -+1。

When刀 =1,we haⅤe

0osg+i sin○
刀≡COs ε+isin g

and

cos刀ε+i“n刀ε≡ cos ε+isin g

Thercfore,the statement is true for刀 =1.

Thereforc,dc ⅣΙoiⅤre’s theorem is true for a11values of刀 ≥ 1.That is,for a11

positiⅤ c intcgcrs。
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DE mOIvRE9s THEOREⅢ

PFoof wheⅡ J,is a negative iⅡteger

Whcn PJ is a ncgativc intcger,刀 = _p,、Ⅴhcrc`is a positiⅤe integer.Hcncc,we
havc

0。se+i sin○
〃≡0os a+i“ nε)γ

rcos g+isin oP

L「 sing de bⅠ oivre’ s theoren△ for the posi伍vc integcr`,wc obtain

1                          1

0os ε+i蚯nO`  lcos`ε +i蛙n`o

c。 s、g_i⒍n`g
(cosf,g+i蛙 n、gxcos`g_i蛀 n`e)

wh妃h ghes

1
≡ cos`g_i蓝 n、ε

0os ε+i蛀nO`

But刀 =-p,hence we haⅤ e

cosr9g_i⒍n、 g≡ c。s(_rfg)— i⒍n(一刀a)

≡ Cos刀g+i sin刀 g

Thcrcforc,w。 havc

rcos g+isin O〃 ≡cos刀g+i蓝n刀g

for aⅡ ncgatiⅤ c intcgcrs。

∶  ExampIe1Find the value of lcos ε+i蛙ng)5.

■    sOLUtlON

∶ Applying de MoⅤ re’s thcOrcm,wc haⅤ e

∶      lcos ε+isin o5≡ cos5g+i sin5g

景   ExampIe2 Find 丨cos(詈)+i
镭

■   sOLUTION
碌

嵬 Applying de MoⅤ re’s theorem

∶            [cos(詈 )+i sin(詈 )∷
●

0

饔  wh允 h giⅤCs
0

县        丨cos(詈)+i sin(詈 )∷
翳

\
丶

J
/〓

`
丶

J
/

卫

2

/
r
l
\

n

钞

 
 
n
d
s

×
 
 
 
 
 
 
 
 
 
 
 
a

。D
 
 
 
 
 
 
 
 
 
 
^
υ

+
i
s
i
n
(
吲

艹

·
\
η

引υ
 
.
扫
 
 
 
 
e
c
。
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CHApTER 15 FuRTHER cOMPLEX NVMBERs

甏ExamplⅡ咖卜n⑶伽引⒎
攮   sOLVTION

∶   1JSing COS(::_a) ==sin色、Ⅴe obta1n

曩            丨
sin(号
) 
斗-iCos(号

)|6≡ 丨
cOS(詈
) +i si11(詈)16

¤                     =Cos冗 +1sln冗

霭  which虫 ves

量  卜
n⑶ 咖

引
L丬 ⒃ 蛳 =丬 咖 贮 ⑴

鬟  AltCrnathc灯 ,wc can procccd as follows∶

量 卜n⑶仙引碹〔⒈∞⑶讪引y
甏     ≡〔卜←韵+Ι由n←割y
E   ApplyingdeNΙ

oivre’ s theoren△ to thc RHS,、 vc obtain

叵  [h⑶洫⑶|△‰双剖舢⑺忙̈ =丬

霭 The∞ fo∞,we ha℃

量 卜n⑶咖引L丬
鬟   as abovc。

Cauσon You wⅡ l haⅤc noticed that

丨
cos(詈
) 

— i sin(詈
)16≡

三Cos2冗 一 i Sin2冗

and hcnce you may haⅤe dcduccd that

0OS g— isin g)″ ≡cOs刀a_i sin刀g

Ho、Ⅴcver,this caⅡ not bc uscd as a correct vcrsion of dcˇ ⅠoiⅤ rc’ s theoren1,

、Ⅴhich is Only apphcablc to(cos9+isin o″

Thus,if yOu arc askcd to use de]Ⅰ ~̌【 oivrc’ s thcOrc1m to flnd thc valuc o免 say,

|cos(罟) 

—i Sin(晋
)16,you must changc this into 丨cos(一号) +i sin(~晋 )16,

as shown in EⅩ ample3。
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DE MOlVRE’ s THE0REm

盔  Example4Find the vdue of(1+D4.
癫

皤   sOLVTION

蘧 Initial圩 ,WC convcrt(1+D4hto its O,o form,and thcn u∞ dc Molzre’ s

爨  tllCOrcm。 Hcncc,we haⅤ e

营 ㈩℃
'⒈

∝⑶舢引y

:              =(、
/勹
)4丨COs(晋

)+i sin(晋 )14

畲           =40os冗 +i⒍ n冗 )

∶  wh允 h gives

∶        (1+i)4=-4

:   Example5 Find the valuc oft丌1÷习丁F·
。   sOLVTION

￡ First,wc conⅤ crt4-4ⅡntO⒒s rr,O form,and t⒒ en use dc Mowe’ s
耋  tlleorem。 Honce,we haⅤ e.
蝠

薹            4-4i=4√Ξ丨cos(一毋)+i sin(~号)|
:         
→  (4-4i)3=={4√’

[cos(一晋)+i sin(~号 )l}3
覃     → 7亠‰7=

(4√z丨cos(一毋)+i sin(~晋)l}3
1

128√勹
[c。

s(一毋)+i蚰←号)13
=128√’[c°s(一号)+i“n(~云)1 3

罂 using dC M0vrc’ s tl△ e⒍em,we obtain

量    面圭可=彘 [cos(晋)+i蚰 (晋)l
= 1 ←去+去◆

繁  wh妃 h gives

莒  面戋歹=击←1+D
翮

籀
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CHAptER 15 FVRtⅡ ER CoⅢ PLEX NuMBERs

Exercise15A

1 Using dc bΙOivre’ s thcOrcnl,snd the value of each ofthc fo11o、 ving。

al0os g+i“ ne)6 b,0os2g+i蓝n2g)4      c,
`
丶

`
/

伍
σ
n

+
 
 
1

\
丶

J
/

工

3

/
f
l
\

οc

d,lc⒇⑶伽⑶16Θ

ω卜愕)伽愕Ⅺ
10⑾

2⒏mpli灯 cach Of thc followhg.

al lcOs3J+i sin3o00s7g+i sin7a)

丨cos(:)+i sin(:)15
c) [cOs(:)一

i sin(罟

)14

3⒏ lmplify each of tlle follow血 g。

n

`
4
丿
 
 
 
 
 
.
⒏

^
u
 
 
 
 
 

·

1

2
 
 
 
 
+

·
i
s
i
n
书

狒
(
· .

(
c
ο

s
丨

c
o
s

丶

丶
J
/

阳
⒘
n+

\
丶

J
/

冗
一
6

/
f
ι

\

o

「

丨 c
L

`
丶

`
/冗
一⒙
_

/
I
`

a,(l+i):

d,(1— i)4

b)(2— √3D6

e)(2+2√3i泸

bJ0os5g+i蛀n500。 s6g_i sin6g)

dl(1+i)4+(1— i)4

c)(3— √506

f)(2i— √5沪

⒊mplif,r cach of thc following.

a)(cos g_i⒍ng)5        b)

cl6in g+i。
。sO6     dl

0in g— iCOs○
4

1

\
丶

J
/

锷
οc_

`
l
/冗
~
5

/
r
l
\

n

5S纽ow that

cos2艿 +i sin2犭

cos9x_i“ n9艿

can be eⅩpressed in thc foΠ m cos刀艿+i sin刀豸,whcrc rPis an intcger to be found.  (EDEXCEL)

刀th roots of uⅡ ity

Whcn卩o is not an intcgcr,de bΙ oivrc’ s theoreⅡ1givcs onIy oⅡ e of the possible
values for oos g+isin o刀 ,Which^cos刀g+i sin刀 a.

Howcvcr,oosg+i⒍ nO斋 can take刀 df℃rcnt Ⅴalues,as we wi11now show.

Wc lct

0os g+i蚯 n○斋=《c。 s￠ +i“nφ)
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"TH RooTs 0F VNITΥ

Comparing thc rnoduh Of both sidcs,wc havc r=1,

Raising bOth sidcs tO thc刀 th po、Ⅴcr,and using

[(cOs g+i sin。斋]″ =c。 sε +isin g

we Obtain

c。sg+isin g=[(cOS ε+iSin o芳 ]″ =0。 sφ +i sin￠ )″

◇  c。 sg+i⒍ n9=cos刀φ+i sin刀φ

Thcrcfore,we have

c。sg=c。 s″, and sinε =sin刀φ

wh忆h giⅤc

″φ=g,g+2冗,g+4冗,g+6冗 ,¨ ,

sincc cOs(a+2冗)=Cos a,and⒍ n(g+2π)=sin g,

That is,wc havc

,=旦 , +2冗 , +4冗 ,⋯ .

Pf    P,      r9

whkh meansthat ooSε +i sin9艹 厶idcnt忆 al to

cos(号
)+i sin(号)

or     cos(竿
)+i sin(g+2TE)

or     cos(竿
)+i sin(￡

L;f±三
)

and sO on,adding钅 :Cach timc unti1wc obtain

铣1揩器犭线f蒿乒拖
s￡

报￥絮罗
1·altles匪Ⅶn濒⒍

Wc note that thcsc JP sOlutions arc syll△ l11etricaⅡ y placcd

On a circle dra、Ⅴn on an2`rgand diagram。
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CHAPTER 15 FVRTHER COMpLEX NuMBERs

ExampIe6 Find thc value of(-64)砉 .

sOLVTION

Exp∞ssing-64in thc form《 cOs ε+isin o,wc ha靶

-64=64(cos冗 +i蛀n冗 )

wh忆h ghes

(-64)芸 =64岩 (c。 s冗 +i sin冗 )芸

==2丨COs(詈
) +i sin(詈 )|  (fr。

m de bΙ oivre’ s theorcI△ ll

LTsing syln1netry,、Ⅴc find that the othcr roOts are as shown in thc diagram

bclOw right.That is,

2[cos(号
)+i sin(罟 )l

2[cos(晋
)+i sin(晋)]

2[cos(—
;畀)+i sin(_;睾)l

2[cos(一罟)+i sin(一号)l
2[cos(一唁)+i sin(— :)]

痴

簸

口

蟊

Ⅱ

鲛

鼙

●

口

路

■

■

鼹

圈

●

△

蟊

●

■

●

璐

口

△

■

■

灞

燔

蠛

麟

磕

蟊

Sincc a11ofthese valucs can be exprcssed sknp1y in thc forln曰 -+iD,it is

coⅡⅡnon to give thesc answers in tllc form

土(喾土:),士 i

EXampIe7Find the valucs of(-1— √tD告 .

Expressing-1_√ 3iin thc fo1。 m cosg+i蚯 ng,we have

l_√ti=2卜s←弩)+i蚰←管)l
Thercfore,from de Mowe’ s thcOrem,one v缸uc of(-1— √ti庐心

(2[cos(—
;畀)+i⒍

n(—
;畀)l∫
=2告丨cOs(— :)+i蛀n(_:)l
=√勹
l+:一喾◆
√2  √t
=— — — —— 1
2    2
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"TH R0oTs 0F uNITΥ

馐  By wmmctγ ,tllC Otller roOt is as sllOwn in tllc dh⒏ am
:  on thC⒒ ght.That is,

粢          √,
蠢   ^丁 +堕 i2
罩  Theref。 re,we ha￠

晷   ←
卜 诌
◆

告
=土 (呼 一誓 ◆

豳

∶  ExampIe8Find thc solutions of27'=8.

■    sOLVTI0N

:  we takC thC cubc root Of botll sid∞ ,rcmcmbering to mllltⅡ 圩onc⒍dc Of

:   thC resulting equatiOn by cach of thc thrcc cube rOots of unity,taken Onc

矗  狨a timc.In tllis casc,it is蚯 mpler tO ml1ltΦ灯氵愆by tllc tllree cubc rOots
:  Hcncc,we havc

27z3==8

→  3z=氵 t× 2

Im

:   From page 18,we kno、
Ⅴ that讠 /t has thc following valucs∶

∶   1 —:+÷f⒒ —:一喾i
∶ U⒍ng氵t=1,xle obt缸n

∶      3z=2 → z=:

∶   L【 sing氵t=_:~←」芍早i,We Obtain
■

0

宫 u蚯 圯 氵
t=~:喾 1WC Obt洫

3z=-1+诌 i→ z=:+《廴

3z=1_√3i → z
1
一

3

诌
丁

: ExampIe9Find thc so1utions of16z4=r-^— 1)4,

0
■    sOLVTION

: wC takC tlle fourtll rOot of both⒍ dcs,∞membcring to mtlltiply one sⅡ c

罡   Of the resulting cquation by each Of thc four fourth rOots Of unity,takcn
:   onc at a tⅡ nc。

沔

2

沉
2

纟::∶
·。·虍扌̌

1

-2 -1 ○

-1

1

彳
2

沉
Ξ

-2
2
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CHApTER 15 FuRTⅡ ER co"PLEX ⅡUMBERs

Hence,we haVe

16严 =0-1)4
◇ ”=ˇtf。,-1)

Wc know that ψt=1,-1,i,~i。

U蚯ng ψt=1,wc obt缸n

2z=z-1 ◇  z=-1

U⒍ng◇t=— 1,we obtain

”=—0-1) → 冫=1
Using◇t=i,we obtrdin

”=i(z-1)

1

◇  z=-

2_i

i(2+◆

(2— D(2+θ

wh⒗h gives

z=尝 (1一 ⒉)

U⒍ng◇t=~i,we obt缸n

2z=-i臼 一I)

1

→  z=— ——

2+i

◇ z=i(2-◆
5

wh忆h giⅤes

z=去 (1+2D

Therefore,the four⒃ lutons of16尸 =臼—1)4盯e~1,昔 ,尝 (1土 ⒉).

ExponentiaI forl11of a compIex Ⅱumber

L「sing the power series expahsions studicd on pages177-9,、 ve have

矿ε=1+J+乎 +竽¨

=1+ig丢一萼+等 +等一⋯

l
_
3

〓z→

`
l
J
/

一

胪
一引
+
旷
~
引
_
g

/
f
ˉ

`
\
+

\
丶

J
/

_〃一剁
 涮

`
~
”

 
.
扣

_
 
 
g

(
ˉ

 
c
o
s

~
~
 
 
 

〓C◇
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EXPoⅡ ENTIAL fORM 0F A ComP廴 EX NvmBER

This is thc exponential forⅡ l of a complcx number.

ExpressOd gcncra11y,we have

爨       z==r(COs J+isinθ   
→  z==reia

We can usc thc cxponcntial form to蜕 mpli壬、
`many typcs of prob1em。

Note Using the expol△ el△thlform ofCosJ+i sin○ 刀,wel△ave

(cos ε+isin o刀 =oiθ )″ =ei(刀
a)=c。

s刀g+i sin rBe

which proⅤcs dc`Ι oivrc’ s thcOFcm.

∶  ExampIe1o Exprc跗 2+2i in姆
i9form。

¤

。    so△ VT10N

瑟   ThC modulus of2-← 2i is2诌 and its arg咖Cnt is∶
;.IICnce,wc havc

琶        2+2i干 2√9C苷

: Example,i Express1i灬 v/[;h严 e四 form.
0
■   sOLU】 oN

罢 ThC111odulus of1晒
o2涮 ⒒s argume碰 o一

詈
。He∝ ⒐ we跏 c

:       1— i√3=2e丬〃3

∶   云Iξ∶::黾 ;鬼:;女FthCvaluesof(~2·卜2i)昔 and show thcir positions on an
翘    sOLuTION

: Wc pr。 cced as fo11ow⒏

蠢 ·Fi‘t,Cxprcss(-2+2D in i“ O9O form.
罟  ·Then flnd onc vahc of(-2+⒉庐
≡  ·Fin狃圩9use s,Jmrl△ e圩y to Πnd tlac Other roots.
畲  Hence,we have

:  ㈠+⒉沪=(M⒈os锷)+`h轷)l∫
:              ={2鲁 Icos(晋)+i蜕

n(晋
)l∫

0

嚣 TlaCref。re,from dc Mo加∞、theorcm,one value of(-2+⒉疒跽

宫         2告丨COs|(号)+i sin(晋 )l
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CHAPTER 15 FURTHER C0MPLEX N∶ VMBERs

琶    By sy111111Ctry,thc Othcr roots are

量    2告 [c∞锷+弩)+i山锷+弩)l
蕙 and 2告 [cⅡ锷+弩)+i血锷+弩)|罂  These tllree roots see Argand dagram
益  on tl·er圯hθ may be expres∞ d as
■

鲎    2告 cW4 2告铲洫/⒓  2告铲甄/⒓

In1

洹矿
l

Ι̌ulJplying oⅡ e compIex Ⅱumber by another

Exprcssing the two numbers,zl and z2,in their eⅩ poncntia1forⅡ1,`吖e have

z1z2=r1C iε l× r2cia2

wh忆h gkcs

zlz2==rlr2ei(ε l+ε 2)

This is a Ⅴery shnple way Of shov泣 ng that to flnd the product oft、vo colmplex

numbers,we multip灯 the moduli and add tl△ e arguments,rSec page8。 )

simpⅡ fyiⅡg certain integrals

Wc can si1npⅡ fy integrals of the type∫ c￠
x cos3艿
dx using the exponential

forⅡ△as shown in Examplcs13and14.

曩   Exa” pIe13 Find∫ eh sin豸 d艿 .
蠢    sOLvTIo"
0
鑫   Wc havc
镶

晷          ∫C⒉ sin x d豸 ==Im∫ Ch(cos艿 +isin x)d艿

曩   WherC In.∫ is the imaginary part of the giⅤ en intcgra1.

Re

访 /12

o

挖
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EXP0NENTIAL FORm OF A comPLEX NvⅢ BER

∶  Using thC Cxponential form of cos x+i sin艿 ,we obtain

:        ∫e2x sin艿 d艿 =I1n∫ eh× ch d艿

曩                   =I1n∫ e⑿ +Dx d豸
■

罟  Wh忆 h giⅤes

营         ∫e2xsin x d豸 ==Im(卉 e⑿
+ll γ
)

■

∶                       =:IⅡ
1[l乙

ΓT;;亍:|≡丐丁
e2∝(cos艿 +i sin苋)-← cl

￡                =Irn[e⒉
【尘匹旦王兰Ⅰ塑

讠旨苎号芋
乒≡廴二⊥坠翌兰

刂
+c

盔  Hence,we flnd th狨

:         ∫C⒉ sin艿 d豸 =早←(2sin豸 ~cos x)+c

莒   ExampIe14 Find∫ ezIx cos3豸 d艿·
■

■

●    sOLuTION
■

∶  wc have

:           ∫

C绌 cos3艿 =Re∫ e衔 (COs3艿 +i sin3x)d艿

■

:∶ ∶l∶ 袈 !器 瑟 l∶】f∶咒 鸾 l絮 ;·矾 濒 缸n
0

i          ∫eZIx cos3艿 d苋 :=Re∫ e(4+⒊ )xd艿

:   =k弦卿㈡
■

:                       ^==RC[             c4攵
(cos3艿 +i sin3艿 )-← cl

∶  Hence,we have

:          ∫
e⒋ cos3艿 d艿 ==号

;(±
2望卫
÷差≠
垫坐≡塑

)+c
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CHApTER 15 FVRTHER C0MPLEX NUMBERs

Exercise15B

1 FOr cach Ofthc fo11o、 ving,Ⅱ nd thc possiblc values of z,giving your ans、Ⅴcrs in

i)ε +iD form  iD r0θ Rrm

a)z4=-16     b)z3=-8+8i   c【 z3=27i

d)'=16i     e)`=-25i     θz5=-32

2 Find the six siⅩ th roots of un⒒ y。

3 Solve each of thcsc,

a)r-+⒉)2=4        b【 l-— 1)3=8         cl'=l~-+1)2

d)0+3i)2=(2z-1)2     e)l-— D4=81(z+2)4

4 Find thc scvcn scvcnth rOOts of unity in thc eiθ  for1n

5 solve z5二=32i。 Chvc your ans、Ⅴers in the rcia fOrⅡ 1,and show thcⅡ 1on an'`rgand diagram,

6 By cOnsidcring thc ninth roOts of unity,shOw that

cOS(号
尹)+cos(钅尹)+cos(号尹)+cos(是尹)=— :

7 By considcring thc scvcnth roots of unity,sho、 Ⅴ that

cOs(号
)+cOS(;畀)+COS(;笋)=:

8Whcn cOs碉 =cos3a,pr。ve that g=0,斧 ,弩 ,号⒎
Hencc prOvc that cos(箐

),cos(弩 ),cos(睾 ) arC thC roOts Of8x3+4x2-4x_ˉ
1=0。

9 Evaluate each of thesc

a) ∫C4Ⅹ cOS5xd、             b) ∫e3xs1n7x dJ
c) ∫C 2xs1114x dx            d) ∫c 4x cos3J dx
10Find,in pol盯 form,cach of tlle fou⒒ ll roOts of-8-8√3i. (wJEQ

11 Ⅴeri灯 that(3-2D2=5-1⒉ ,ShOwing yOur working clca1。 ly。 Find the two roots ofthc
cquation(z— D2=5-12i   (oCR)

12D Find the eⅩ act mOdtllus and argumcnt ofthe complcx numbcr-4√3-4i,
i∶) Hencc obtain thc roots of thc cquation

'+4√
5+⒋ =o

giving your answcrs in thc foⅡ n reiO,whcrc r)0and一 冗<a≤ 冗,  (oCR)

342

www.as
warp

hy
sic

s.w
ee

bly
.co

m



EXERClsE 15B

13Express(8√ 7× 1+◆ in the form roosg+is血 O,wh∝ er>o and一 冗 (g≤ 冗。HenCe,or

otlleb毗∞,solx/e the equaton/=⒅ √勿(1+D,givhg yOur answersin polar form。  ⑩c⑷

14 Writc cach ofthe compleⅩ  numbers

勾=1— ⑴匀i 勿=臼臼+i
in thc foΠⅡ rcia,wherc r>0and一 冗(ε ≤ TE.

Hence show thatifzⅠ +zz=x+v,where豸 ,`∈ llR,thcn

芏=2+√5   (。cR)
X

15 a) Statc deˇⅠoivre’ s theorcm￡ or the eⅩpansion of(cos ε+isin O刀 ,wherc「F is a positive integer
or rational number。

b) Find the Fnodulus and thc argument of each ofthe three cube roots of1+i,

c,show that(1+D51=2乃 (-1+)   NIEC)

16 Write do、 vn thc Inodulus and argument ofthc coη plex numbcr-64。

Hence sohe the equation z4+-4=0,匪 vhg your answersin the form《 cos g+i蚯no,whCrc
r)0and_π <g≤ 冗。
EⅩpress each of these four roots in the forⅡ 1fr+iD and show,with the aid of a diagraⅡ 1,that

thc points in the compleⅩ plane which represent thcn△ form the vertices of a square.

(AEB90

17 a) SolvC thc cquation z5=4+4i,giving your an9吖 ers in the forn1z=rc k冗 ,、Ⅴhere r is the

modulus of z and庀 is a rational numbcr such that0≤ 庀≤2.

b) ShoW On an Argand diagram thc points rcprcscnting your solutiOns。     (EDEXCEL)

18D ShoW that

e(3+2i)Ⅹ ≡c3x(c。 s2豸 +i sin2J)

where∶,(;is real。

ii) Find the real and imaginary parts of

eh⑴ s2x+i⒍ n2x)
(3+2D

⑾ rC=卜 弦αⅪ⒓油 涮 s=卜 h⒉ d·七y呲 邮 吨mh侧 岫 咖 gc硝

or Otherwise,flnd C and s。 [You may assu111c the norlllal rules of integration apply to

∫

C攵
艿
dx when/Gˉ is co平plex·]   (NICCEA)

19a,VCri灯 that zl=1+cπi/5is a root ofthc cquation o-1)5=-1.

b)Find the othcr four roots Of thc equation.

c) Mark on an Argand diagram thc points corresponding to the Ⅱve roots ofthc cquation.

ShOw that thcsc roots lie on a circle,and state the centrc and the radius Of the circ1e.

d)By considering the Argand diagran1,or otherwise,snd

D argzl in terlms of冗。

i【) |z1|in thC form‘ 7cos{:∶ ,where‘ 7and3arc integers to be deterlnined。     (1、丁EAB)
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CHAPTER 15 FURTHER C0MPLEX NuMBERs

20D Find thc roots ofthc cquation(z-4)3=8iin thc for1n四 +i3,whcrc△ and3are real
numbers。 Indicatc,on an Argand diagran1,the points A,B and C representing thcse three

roots and flnd the area of∠ ˇ

`BC.iD The equa住on z3+`z2+40z+g=0,where`and g are rcal,has a root3+i.Write down
anOther root of the equation.

Hcncc,or otherwise,flnd the values of`and~r·   (EDExCEL)

21 Wotc down tlle flfth roots of un⒒ y in the foⅡ m cosg+isin g,where0≤ g(2冗。

i) Hence,or otherwisc,flnd thc flfth roots ofi in a si1nⅡ ar for1m。

i刂 By W蛀 ting the equation o-1泸 =z5in the form

阿)5引
show that its roots arc

:(1+icot尝庀冗) 庀=1,2,3,4   (ocR)

22i) Find thc six comp1eⅩ  roots of the equation z6+8i=0,exprcssing cach in the fom reJ.

Chve the eⅩ act values of刂 ~;}in radians。

iD Show that(1+D and(-1-D are two ofthe roots.
Ⅱi) Sketch the siⅩ  roots on an Argand diagran1,clearly indicating the significant geometrical
fc狨ures.  (NICCEA)
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~
严
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TrigoⅡometric identities

Expres⒍ ons for cos刀 J aⅡ d siⅡ
″
J in terms of rⅡuldpIes of e

Lct z≡ cOs g+isin g。 we thcn have

⊥≡。。sg+isinO1≡ cOs ε—isin g
z

wh妃h gives

i蕊n○刀=cos刀 g+i蜕n刀g

g
 
 
 

ε

刀
 
 
 

刀

·汕
 
 ·跏

344

www.as
warp

hy
sic

s.w
ee

bly
.co

m



TRIGONOMETRIC lDENtITIEs

刀g

Iag

s
 
 
 
 
n∞ 
 
 
 

≡Ⅲ

0
彡

 
 
 
 
0
彡

〓~
 
 
 
~
~
~

1
~
'
 
1
~
'+

 
 
 
_

z
 
 
 
 
 
z

贤

馨

馨

鬟

鬈

馨

髻

鲮

wh忆h ghes

With the aid of thesc four idcntitics fOr z土
:and z刀
土
:|,、
Ⅴe can write any

powcr of cOsg or sin(~,)in terlns of multiplcs Of g.

盂  ExampIe15If z≡ cos g+isin g,cxprcss tl△ e fo11owing in tcrms of ε。

耋〃  ⑴尸
咖    sOLVTION

爨  we kn。 w that,when z≡ cos g+i蚯 ng,

翠       严≡cos刀ε+i“ n刀ε

邕  for alhnteger刀。

:  HCncC,wC have
∶  a,     严≡c。s4g+i⒍n49

:  bl          zˉ
3≡ cos(-3ε )+i“n(-3g)

Ⅱ       ◇  z3≡ ∞ s3ε 一i sin3g

瑟  ExampIe16If z≡ cos g+isin g,cxprcss thc followhg in tcrms of z。

箧   a) c°
s6ε    b) sin3g

鑫

。    sOLuTION

邕  when z≡ c。sg+isin g,wc know that

景          z″ -←亏劳≡2cos刀 g

∶ and  /~⊥ ≡⒉⒍n刀 g
0                 z刀

:  HCncC,WC havc

鬈   a)     2COs6ε≡z6-卜妾
曩       →  cOs6g≡ :(z6H卜妾)
醯

詈⑴ 獭"≡ '去
薹      =今   sin3g≡ :i(z3—∶;)
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CHApTER 15 FV RTHER C0Ⅲ PLEX NUMBE Rs

蠹  Example17Exprcss co矿 g asthc c。sincs OfmultΦ les of g.
豳

0
魔    sOLVT IoⅡ

:  We procCCd as
。           follows∶
■  ● E,
¤       殳press cos a in tCrms。fz,and hence flnd cos3g.

:   · CollCct tcrI11s ofthe type z″ +」
⊥
,acc。 rding to the Ⅴalucs of刀 (as、vC arc

∶   rCquked to ghc thc answcr as the co⒍ nes
尿   ● Fina11y,convert these               

°f multiplcs of g).
terms into cos1ncs of rnu1tiples of ε.

罡  Hence,wc have
鼹。           cOs ε:≡Ξ(z+∶ )
i  wh忆h givcs
口

鬯           c° s3ε≡ [:(z-+∶)13
。          ≡去(z+∶)3
攮         ≡言(z3+3z2×⊥+3z×圭+J『)
■                                 z鹦        ≡吉(z3+3z+2+去)z

躐   Rcarranging the terms on the RHS,wc obta1n

蠢           c° s3g≡恿[(z3+:;)+3(z-+∶ )l
瑟  ConⅤerting thc RHs,wc have
●

攮           cos3gE≡ 言
(2cos3g-+3× 2c。sg)

:  wh忆h ghes

妯           cOs3ε E≡ -Lc。s3a~+|:cos g
4

瑟  ExampIe18EⅩ pre“ c°
。                     s6J as the cosines of mu1jplcs of e。

届    sOLU110N

盔  WC havC

:           Cos6a三
≡丨;(z-←∶)16●

篝  whcre z≡ c。sg+isinJ,

琶 Using the un。mi沮 theo)rem,we obt缸n

∶      (z+∶ )6=z6+6z5×
⊥+15/×去+。 +̈妾z 2
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TRIGONOmETRIc IDENTlTIEs

:  wh忆h ghes

莒      cos6g≡击(z6+6/+15z2+⒛ +釜 +丢 +妾)
:             
≡喏;[(z6+妾)+6(z4+去)+15(z2+参)-← 201

:  ConⅤ erting the RHS,wc havc

畜           cos6g≡ l扌礻(2cos6a~+6× 2c。 s4ε -+15× 2cos2g~+20)

∶           =>  COs6g≡≡甘ic。 s6g-+-f甘 c。s4g-+l;:c° s2a~+~j∶

蘧  Example19EⅩprcss蛀n骀 as the盅 n∞ ofmultoles of g.

透    sOLVTION

蘧  we have

:           sin5g≡  [圣
(z—∶)15

盂  whCrC z=cos g+i⒍ng。

蠹  Using the bhomi泛 11thcOrcm,wc obtE1in

晕         
蛀n5ε ≡
亏瓦F(z5-5z3+10z_⊥

2+J;一
亏;)z

0

蓄            ≡董齐[(z5一去)-5(z3一去)+10(z—∶)
∶  ConvCrting thc RHS,we havc

∶    蚯n5ε≡丁釜卩蚰5ε -⒑蚰3ε +⒛⒍n剑
晕    → 蚰5ε≡⊥sh m~三蚯n"+:血 a16 16

Expansions of cos刀 J and sin刀 J as powers of cos J aⅡ d sin J

To change a function suc纽 as cOs6g int。 po、vers of cos ε,we cxpress cos6g as
the real part of cos6g~+i sin。 69.

By de]!、 /l[oivre’ s theorenl,we have

cos6ε +i sin6g=0。sg+isin o6

thc RHS of whic纽 we eⅩpand by thc binolnia1theorem.Wc thcn extract the

real tcrms from this expansion.

SiⅡ吐larly,wc cxpress,for examplc,sin7g as thc imaginary part of

cos7ε +i sin7g。
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CHAPTER 15 FuRTHER CoMPLEX NVMBERs

箧  Example2o Exp⒑ss sin3g in terms of蓝 ng。

。    sOLuTlON

嚣  we put

篝           sin3e=Im(c。 s3g~+i sin3g)
圣  whcrc Im臼)is the ima虫 nary p盯 t ofz。

齄  HCncC,we haⅤ c

蓄       蚯n3a=Im0。 sa+i sin○
3

鲞  Expanding the RHS by the binomia1thcOrcm,wc obt之 1in

蠹      蜕n3ε =Im[co矿 g+3coPε (i蛀nO+3cos9(i蚯no2+(i蛀n03]

∶        =Im lcOs3g+3ic。 s2g蚯ng-3cos ε蛀n2g~i sin3g)

邕          =3c。
`g“

na_⒍n3g

玉  u蓝ng co`g=1_sin2g(as the answcr has to be in terms of⒍ no,we
瑟   haⅤc

鲎     sin3g=3(1-⒍n2g)sin ε一蛀n3g
∶        =3⒍ n9~3⒍n3ε _“n3a
爨  wh忆 h gives

鑫     sin3g=3蚯 ng~4sin3g

蕙  ExampIe21

髯  al Expre“ cos6ε in terms of pOwers of cosg。

薹   b) Express sh·
6a in ter彐

?s ofp°
wers of cos g.

°    sOLVTIo"

盂  a)we put

:       cos6ε =Re(cos6g+i sin6o

:  whCre Re⑺ means the rcal part of z.

。     Hcnce,we haⅤ e

蠹        cos6ε =lcos g+i⒍ nθ 6

罡   Expanding the RHS by thc b血 omhl thcOrcm,we obtain

量                  cOs6g==]Re[cos69-+6cos5a(i si1ag)~← :|:cos4g(isin ε)2-←
耋     +罟 ∞壶(蛀n。3+号

器
∞′即 蚯n。

4+

蠊

璩

曩    +黯 咖蚰盯Ⅲ酬
嚣       →  ∞s6g=c。 s6g~15c。 s4g sin2ε +15cos2g sin4ε ~蛀n69
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TRIGON0METRlC IDENTITIEs

堇   Using⒍ n勿 =1_cOPg,wc have
蘖      ∞s6g=c。 s6ε -15Cos4ε (1— cos2g)+15cos2g(1_cOS2g)2— (1— cOS2a)3
:           =c。 ∮ε~15cos+g+15c。 ∮g+15c。

`ε

~3o co￠ g+15cO∮ε_
镳           -1+3cos2g~3c。 s4g+c。 s6g

髦    whkh虫vCS

蠹             c。 s6ε =32cOs6g← 48G。s4a-+18c。 s2a-1

昼 ⑴ We ptlt

霉       sin6g=ImOos6g+i sin6⑺

莒     wherC Im(z)1ucans the imaginary part Of z。
饔   Hence,we havc

霉        sin6g=ImOosg+isin o6

罡   Expandhg the RHS by the bhomialthcOrcm,wc obt缸 n

邃     sh6ε =I111lcos6ε +6cOs5ε o蚰○+罟
寻
cOs4g。血 吖 +

叠     +罟 ∞壶v⒍n⑺3+导器∞岬蚯n。4+
髦    +黯 啷酬"酬
:      → sin6g=6∞ s5g sin ε_⒛ cos3a sin3ε +6cos9sin5ε
:   ThC∞fOⅡ,we havc
菊       sin6g=6c。

s5g_⒛ c。s3g(1_c。 s2g)+6cOs g(1_c。 s2g)￡
囔          蛀nε
酪          =6cos5g_⒛ c。s3a+⒛ c。s5g+6c。 sε ~12cos3g+6cos5ε

鳌    Wh忆 h gives

鲨             s1n6ε
撬       一 =32cos5a~32c。 s3ε +6cos ε
翳          sln a

慝   ExampIe22

蘖  a’ Exprcss sin5a in tcrms of sin g,

蘖   b)IIcnce,prOvc that sin(詈 ),sin(弩),sin(号罕) and sin(;畀) are thc

豇     rOots of the cquation16J4-20x2-+5=0

蘖   c) Dcduce that sin2(:) and sin2(弩) are r。ots Of the cquation
￡     16`2-20`+5=0,and hencc flnd thc exact valuc of

豇 Ⅱh⑶《訇 ¨锷)
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CHAPTER 15 FURTHER C0MPLEX NuMBERs

:    sOLuTION
0

童  a)we put
:        s血 5ε =Imlcos5g+i sin5o
镶

Ξ   whCre Im臼)is thC ima匪 nary part of z。

:   HCncC,we纽 avc

蠢       sin5g=ImOosε +isin o5
穰

昱           =In· 0os5g+⒌ co俨ε蛀ng+1α 2co驴ε⒍n2g+1α3c。
`ε

⒍n3a+

:      +⒌
4⑽ g⒍俨ε+卢⒍栌o

∶    Which giⅤ
es

蠹      sin5a=5c。 s4g⒍nε ~10cos2a⒍n3g+蛀n5g

盔   Ushg cOPg=1-蓝 n2ε,wc obt缸n

曩    蚰
"=叩
一蓝
`吖
血 g一 双 1-⒍′O⒍沪ε+“栌g

罡       →  sin5g=16sin5a~2o sin3ε +5“ng

聂  bl From part a,we haⅤ e

:      sin5g=16sil.。 9_⒛ sin2g+5
蘧          sin g
餍  Whcn sin5g=0,16⒍n4g~20sin2g+5=0,which纽 vcs

:      16豸 4-20艿2+5=0

甚     °n substituting J==sin g.

:  Thc s。lutions of16豸 4-20豸2+5=0arc x=“ng,whcrc g satisflcs

: w=阅 岫
"d恤 咖 獭 ㈦ h跏 山说涮 帅 免

:   we eⅩ dudc thc possible root⒍ n9=0。 Hcncc,we havc

:    血m=o→ g=o(Cxdudcd),詈 ,管 9誓 ·̈
∶   which匪ⅤC thC follOwing Ⅴalucs for sin ε∶

曩   ⒍n(:),蚰 C争),蚰 C乎)whch^伍e mme孙蚰C争),
耋             sin(弩 ) whiCh is thc samc as sin(:),
琶            sin冗 WhiCh is zcro and hcncc cxcluded,

量          ⒏n(罟) and sln(罟)
瑟   Theref。 re,tllc four dfferent noll zcro va1ucs of x for16苋4-20x2+5=0

瑟       are

∶         s1n(:)  sln(弩 )  sln(罟 )  ⒏n(罟)
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TRIG0NOmETRIc JDENT1TIEs

We substitute`==豸 2to obtain the equation16`2-ˉ 20`+5=0,whOsc
rOots are the two diffcrcnt values for`given by the substitutiOn,

Thcrc arc just two Valucs of x2,sin2(詈
) antl sin2(2∶

三
),sinCe

Therefore,thc two differcnt roots Of thc cquation16y2-20y+5=0

are`=s1n2(詈
) and`=s1n2(弩 ).

i) 1J⒍ ng thc product ofthc roots of a polynOnⅡ al(see pagc147),wc
have for16,`2-20`+5=0,

6
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吲
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丶

丶
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冗
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5

/
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ι

\
n

α卩=π

◇  sln2(:)s1n2(弩
) =f∶

∶今 sln(詈
)s1n(弩)=土

Since bOth sin(詈
) and sin(∶

:∴∶;丨:∶) are positiⅤe,we obtain
sln(:)s1n(弩

)=丬F

ii) Sincc16`2-20`+5=0is a quadratic equation,its roots arc

U⒍ng thc ident⒒ y cosg≡

⒛ 士√
′
400-320
32

20土 √80土√丽   5圭 5̌
8

1_sin2(:),we。 btain

1-2sin2(:)

1-2×
5飞√5

√5~1
4

y=

`=

s1n2(:) =

32

5— √5

dna

\
丶

J
/

2
冗

~
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/
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ι
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〓
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⒗
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CHAPTER 15 FURTHER COMPLEX NVmBERs

Exercise15C

1 If z==cos ε+i sin免 flnd the Ⅴalues of each of thc fo11owing.

a)z2一劳      b)z4+圭       c)z5+去        d)z2— :+:一圭
2 Express each ofthe foⅡ owing in teΠ ms of z,whcrc z==cos g+isin g.

a) cos6g             b) sin5g              c) cos4g              d) sin3g

e) sin25g             f) cos43ε

3 EⅩpress each of the fo11ov注 ng in terms of cosg。

㈤∞诵a  ⑴∞“g  ㈡塄   ⑷W
4 EⅩprcss cach of thc fo11ovong in terms of sin ε,

⑴蚰V  ⑴洇   Θ珲   Φ塄
5 Express each of the folloⅥ注ng in terms of sines or cosines of rnultiple angles.

a) sin39              b) COs3a              c) c。 s5a              d) sin5g

e) cos6g

6 Prove that cos4a==lⅡ (c° s4g-+4cos2g~+3)。

7 Provc that tan3g==              。IIence solvc r3-3r2-3矽 -← 1=0.

8 By considcring(cos ε+isin O3,use deˇΙoivrc’ s theorcm to cstabhsh the identity

c。s3g≡ 4c。s3g~3c。sa

Write down the coeⅢ cicnt of g4in the series expansion of cos3g.

Hencc,using thc idcntity aboⅤe,obtain the cOcⅢ cicnt of g4in thc scries eⅩpansion of cos3ε。
(AEB90

9D shOW that(2+D4=-7+24i.
ii) UsC dC lvⅠ oivrc’ s thcOrem to sho、v that

c。s4a=c。 s4g-6COs2g sin2ε ~← sin4g

and    sin4g=4sin g cOs3g~ˉ 4sin3gc。 sg

Ⅱi)If莎 =tan g,sh。w that

tan4g= 4莎
ˉ4r3

1-6矽 2+矽 4

~)By consⅢcrhg thc argumellt of⑿ +o,expl缸n whyr=告
`a root oftl△

c following cquation

4r-4'    24
1-6莎 2+矽4  7
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EXERCIsE 15C

)̌ Using thc sylnInctry properties of thc four roots of z4=日
4,draw an Argand diagram

βhowing thc four roo“ of严 =-7+2⒋ 。
ǐ) Fin-Onc Othcr root Of thc cquation in part:v.   CNIcCEA)

10 Usc de lˇ Ιoivre’ s theorem to provc that

sin6g=6c。 s5g sin a~ˉ 20c。 s3g sin3ε -卜 6cos g sin5g

By putting x==sin ε,dcduce that,for u|≤ 1,

一

告

≤
x(16艿

4-16苋 2+3)~K1一

豸

2)≤

告    (oCR)

11 Use de lˇΙoiⅤ re’s theorem to prove that

∞s5g=c。 sg(16cos4ε _⒛ cos2g+~sl

By considering thc cquation cOs5g==0,shOw that thc cxact value of cos2(Π 告冗)is至
L∴

于
ZΙ⒈

(oC幻

12 LTse de bΙ oivrc’ s thcOrem to show that

tan5ε =5r-1o矽
3+r5

1-10矽?+5矽 4

WhCre莎 =tan g。   (oCR)

13Lct z=cos a+i⒍nε .

a) UsC thC binomialtheorem to show that thc real part of z4is

cos4ε -6cos2g sin2g~+sin4g

Ob忱iⅡ a蚯milar cxpresson for thc ima匪 nary p盯 t of∶ 2:∶

z41in terms of 
ε。

b,UsC dC⒈压0hrc’s theorem tO writc down an expre“ on for尸 in terms of4g.
c) UsC your answers to parts a and b to eⅩ press cos4g in tcrms of cosε  and sin g.

d,HCnce show that cos4g can bc written in thc form庀 (cos叨 a_c。 酽 O+、 ,whCrc庀 ,昭 ,刀,`
arc intcgcrs。 State the va1ucs of/tˉ ,r,f,卩o,`·   (sQA/CsYS)

14 Use dc bΙ oivrc’ s thcOrem to show that

sin5g==c cos4g sin g~+Dc。 s2g sin3g~← c sin5ε

whcrc‘·J,i:,and c are integers to bc deter111ined。

Hcncc show that

sin5g=16c。
s4矽 -12cos2g+1 ⒅≠庀冗,WhCre庀 ∈z)

By Fneans of the substitution x=2cos乳 flnd,in trigonometric forn△,the roots of the equation

豸4-3艿2+1=0

Hencc,or otherv注 se,show that

coP(尝冗)+co′ (:π)=昙   (NEA:)
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CHAPTER 15 FVRTHER CoⅢ PLEX NuⅢ BERs

15 Find each of the roots of the equation z5-1=0in thc for1n`(cos g+i蓝 ng),wheFe r>o and
一冗<ε ≤冗.

a) ChⅤCn that α is thc cOmp1eⅩ  root of this equation with thc sma11cst positiⅤ e argument,show
that thc roots of z5--1=0can be written as1,α ,α

2,α3,α4。

b) Sho`v that α4=沪 and l△ence,or otherⅥ注se,obtain z5-ˉ 1as a product of real Ⅱnear and
quadratic factors,giving the cOefflcients in terms of integcrs and cOsincs。

c) Show a1so that

卢一1=0-1)臼4+'+'+z+1)

and hencc,or otherⅥ砬se,fInd cOs(号 冗),giⅤing your answcr in tcrms Of surds.    (EDEXCEI')

16 a)Use1nathcmatical induction to proⅤc that whcn刀 is a pOsitivc integer

oosg+isinO刀 =cos刀 g+i sin刀g

b)HencC show that

sin5a=16⒍ n5g~20⒍n3g+5sin g   (EDEXCEL)

17 In the polynoⅡ1ial cquation

四刀z彳 -← ε刀~lz刀
1̄-+.。 .~+CO==0∷

扯l thc cocfflcicnts‰ ,J,J~l,⋯ ·,rjO are rea1.Given tllat J+△ o a root ofthe cquation,show
that the complcx co句 uga℃ 豸一△。abo a root.

Show that e砬 /6is onc roOt Ofthe equation z3==i.Find the otⅡ er two roots and Inark on an

Argand diagram the points representing thc thrce roots.ShOw that thcsc three roots are a1so

FoOts of thc cquation

严 +1=o

and write down the remaining thrcc roots of this cquation.Hcncc,or otheFwise,express z6-← 1

as thc product of three quadratic factors each with cocffIcients in i11teger OF surd form.

(NEAB)
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TRANsFORmATIONs lN A COMPLEX PLANE

Transformations in a compIex p1ane

Wc need to bc able to transforn1sirn刂 ple loci in a colnplcx planc,such as

straight lincs and circles,into nc、 v loci,、vhich are again usua11y straight1incs

and circlcs。

Thc Incthod we usua11y use is to idcntif,,the general point om the originallocus

and flnd its imagc。

罂  ExampIe23Under thc tral△ sforlnation〃 =z2,Π nd tlle imagc of

畏  al c订cle,centre O,radius3,and

晷⑴hC甥 z=:·
卩    sOLUtION

盔 The original locus诋 z≡ x+功,and thC new1ocusis v≡ 叨+iv.
0

: al The gencral point on thc Origina1circle is z=3cia,or z=3∞ sg+3i⒍ nε。

爨   ItsimagC pont k〃 =z2=9e⒉
a,。rz=9fcos2ε +ish2o.Th∝ Cfo∞ ,

鑫    thC l°cus。 fthe imagc心 a circle,ccntrc O,radius9。
唾

冗 .

∶ bl Thc gCncral point on thc linc arg z=歹 1s

慝     z=浅血/2=r[cos锷 )+i蚰锷)l
蚀

■                =>  z==1r

霎   Hencc,wc hal/e for thc image po1nt

:      ″='=′ch or ~r2

:   Therefore,tllc lo0us ofthc image^a Ⅱne along thc real a蛀 sin the

箩  negative西 rcction from O。

蕊  ExampIe24Find the imagc under the transform献 on v=2+z,
■                                    1— z

琶  Where z^thc orcle z|=1。

∶    sOLvTION

∶   ;廴孟尹⒊∶F∶器:⒊:∶同T|t三 V∶
usua11y Cxpress z in tcrms of Ⅵ̀

and then

爨  Hence,we havc

″C一 力=2+z

嚣    → 诚^2=(1+″》
wi-20

◇  z=
l+v
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