
EXERCIsE 13C

⑴ O Sl△ ow tllat tllc血 cgmuIlbo h∝∝f。r thc abovc dfferclljⅢ  cquation^⊥ 。
X

ii) SolvC thc differcntial cquatiOn tO△ nd y in tcr1us of x,and usc it to shOw that

`(1,㈥

=1,638,com∝ tO tllrcc dccimal placcs,
c) HCncC Ⅱnd,correct tO Onc deciIna1place,thc pcrcentagc crrOr in using Eulcr’ s for1uula in
the evaluation Of`(1,2)   (NEAB)

16Tlle ⅦⅡauc、 sausses the dffercnu狨叫uau。n苦十=`+`2,alld、 =0at J=0,5,
⒒c thc appro妊 majoll(睾

)0≈Ψ诵th StCp lclagth乃 =0,01ω∞umate thc Ⅶhcs of`
at x=0.51,x=0.52and x=0.53,giving your answcrs tO fOur deci1nal p1aces.   (EDEXCEL)

刂7 a)The dif℃ ren伍 al cquatiOn

兰⊥ -4号
管
+3丌 =0

can bc、vrittcn as twO si1nultancOus f1rst-ordcr diffcrential equatiOns.

∶) If onc of thc∞ equations is v=旦 王,writc down thc Other equation.

:i)UsC a stcp-by-step method with two stcps Of dr=005to estirnatc the va1uc of△ at
莎=01,虫 vCn that at r=0,x=0and v=2,

b) i) Find thc gcncral solution of thc differential cquation

茎⊥~4旦苎+3x=0

⑴∏nd the par位cdar∞huoll f J=o and号管=2at r=o IIcncc ca⒗ date tlle1·aluc d x
whcn r=01,虫 Ⅴhg your answcr to two dccimal placcs。   (NEAB/SMP16-19)

18The equation frx)=o has a root at x=△ ,which is knOwn to bc close tO x=x0,USC the
Taylor seⅡ cs eⅩ pan⒍on offl△)about x=JO tO dcrivc thc formula fOr the NcwtOn~RaphsOn
mcthod of sOlution of flx)=0

Itis knOwn that thc cquation flx)=0,Where

flx)=x4-6x2+2J+1

has four distinct roots of、 Ⅴhich twO are pOsitivc。

Show that cxactly one roOt Of thc equation lics in thc intcrⅤ al[2,3⒈

Usc thc Ne、ⅤtOn_RaphsOn method to dctcrn1inc this root cOrrcct to two dcciIⅡ al places

It is proposed to dctcrn1inc the othcr positive rOot using sirnplc iteration。 Show that thc
equatiOn can be rearrangcd to givc thc itcrativc schcmc

犭″+1=喾 +:+石←
and that this1nay be suitable to obtain a sOluuon in thc interval[0,5,1⒈

L「 sing x0=0.5as a starung value,and recording thc successivc iteratcs tO thrcc decirnal placcs,

use sirnplc iteratiOn to deterⅡⅡnc this root to t、Ⅴo decirnal placcs.

state thc Ordcr of convcrgcncc of thc itcrative schemc used and explain how thc data from the

iterativc prOccss can be sccn to agrec with this   (sQA/CSYS)
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CHAPTER 13 NVMERICAL METHODs

19 DcriⅤ e Euler’ s rnethod for thc approx虹 nate solution of the d心 crcntial equation

业 ~flx,、
)

su-ject to the initia1condition y(艿 0)=y0.

The-iffcrcntial equation軎 ==(艿
2-+`)e-2x、

vith`(1)==2is to be solved。

Usc Euler’ s1nethod with step lengths of0.1and0.05to obtain t、 Ⅴo approxknations to thc
solution of t⒒ is equation at x==1.2.Perform the calcu1ations using four dechnal place

accuracy.

Assu111ing that the diffcrcnce in the twO csumatcs f。 r`(1.2)is due entirc1y to the truncation

error,cst讧natc the size of this error in the calculation with step size0.05.Hcnce giⅤ e a better

estknate of y(1,2)to an appropriate degrec Of accuracy。

The predictor-corrector rnethod of solution wherc Euler’ s111ethod is uscd as the predictor and

the trapeziuB△ rule as thc corrector(with one corrector appⅡ cation on each step)is to be used

to approx虹 nate the sOlution of the above equation at兀 =1.2.Use stcp length0.1and perform
the calculation u⒍ ng four decimal place accuracy。   (sQA/CsYs)

20 The solution of thc diffcrcntial cquation

艿
苦蚩
=0→-1)2— cos艿   `(1)==0

is requircd at艿 ==1.15。 Obtain an approxhnation to this solution using Eu1er’ s rncthod、 vith

stcp size0.05.Perforn△ the Ga1culation using thrcc dcchnal placc accuracy.

If a step size0.01had been used in this calculation,by what factor would you cxpect the

truncation error to be reduced?   (sQA/CsYs)
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14 Matrices

奋

扌刀召‘

`v§ `r/lj″

曰 coV召rr/″‘

`3o切

,l‘′3召 rll召纟9f莎r曰z召,lc`夕 6丿,s,ll/l@s召

饧c茄滂羚,r/c/v,

A matrix stores1nathcmatical infor1natiOn in a concisc way。 The infor1nation is

writtcn dOwn in a rcctangular array of rows and co1umns ofterms,ca11ed

eIements or entries,cach of which has its Own prccisc position in the array.

(;) is a matriⅩ
’but its rneaning depends。 n thC context·

As in Chapter6,⒒ could represent a vector,mcaning⒋ +酊 +7k。 In football,
it cOuld represent thc number of goals scored by thrcc differcnt clubs In a

shop,it could represent the number of packets of thrce diffcrcnt items bought

Notation

Wc normaⅡ y rcprcscnt rnatriccs by bold capital lctters.For eⅩ amplc,

ⅣΙ=(∶
 ∶ :)

EⅩamplc1,On pagc300,Ⅱ lustratcs an appⅡ cation of this notatiOn,

The order of a1Ⅱ atrix

Thc Ordcr of a matriⅩ  is its shapc。 For cxamplc,the matrix (异
  飞2  15)

has ordcr2× 3,sincc its c1cmcnts arc arrangcd in t、 Ⅴo ro、vs and three columns,

V1厂hen stating thc Ordcr of a matrix,、ve rnust aIways give Ⅱrst the number of

rows,fO11owcd by thc number Of columns。

(;) is a c。
ⅡumⅡ血atrix and haS Ordcr3×  1,sincc its ClCments arc arranged

in three rOws and Only onc column.

Thc matrix(4 8 7)has order1× 3and is a row matrix。
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CHAPTER 14 MATRICEs

When the number ofrows and thc number of columns are cqual,thc1natrix is

ca11ed a square1Ⅱ atrix.

Note e,:,D with thc numbers scpar扯 ed by commas^a pont。 (4 8 7)
with nO conⅡ nas is a Inatrix。

Ad山tion and subtraction of1natrices

Only、汀hen twO11f1atriccs arc ofthc same order can we add the1n or subtract

thcm。

To add tw,o matrices ofthe same ordcr,we proceed as fo11ows,elcmcnt by

element∶

emae
hf

\
丶

ˉ
`
/
 
 
 
 
t
ο

a
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n
盖

a
t
e
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w
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w
e
c
a
 οrd
e
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·

MuItipIication of I11atrices

MuIdplying a matrk by a number

To multiply a rnatrix by,for eⅩ ample,/t/,wc Fnultiply eⅤ ery element of the

matrix by庀 .Hence,we have

F。

-(∶

 ; :)=(:∶  ∶: 管)
蘖   ExampIe1 Find3A+2B、

Ⅴhcn A=(膏
 I  Ⅰ∫)and

鬈 :=(fl f3 ;)·
￡    s。 LvTI。 N
浈   We have

∶        3A-卜 21:==3(营  Ⅰ Ⅰ∫)+2(∶:1 Ⅰ∶3 :)
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MULTIPLICATION OF MATRICEs

∶  l、ⅠLLltiplying out thc RHS,we obtah

晷        3A+2:=(:子  T T:)+(乌  I坛  
。
)

爨  Wh忆 h gives

量         3A+2:=(:: 三:  尼)
Multiolying oⅡe matrix by another

We canⅡ ot multiply aⅡ y matrix by any other matrix,

To a11ow multiphcation,thc Ordcrs of thc two InatriGes concerned rnust

coⅡform to the following rtllc∶

翳       搬:菖F∶fⅠ￡扌刂:瑟lⅠ莒:∶岁j∶扌fJ】l∶芟
atrix1nust be thC same as the

For cxample,if the flrst rnatrix has ordcr3× 3,the sccOnd must havc Ordcr
3× sOmething,asin tlle casc of A and B below,which we wⅡ lrnu1tiply

together∶

A=(i ÷ :)   :=(∶  :2 ∶)
To multiply A by B,wc吼art by taking thc flrst rOw of matrk A,(2 3 1),

and thC flrst column。 f rnatriⅩ :, (∶

)·

Wc thcn rnultiply the flrst elcmcnt of the row by thc fIrst clemcnt of the

cOlumn,the second element ofthc row by the secOnd clcmcnt ofthc column,

and the third element ofthc row by the last e1emcnt ofthc column.We then

add up these three products。

This giⅤ es the elcment in thc top left-hand cOrner ofthe1natrix AB,、 〃hich is

2× 1+3× 1+1× 0=5

So,we have

A:= (∶
 ∶ ∶)

Next,we切 ke the∞cond row of m乩 rk A,(0 -2 3),and the Ⅱst cotumn

of111atrix:,(∶

)·

Again,wc multiply cach element of thc rOw by the corresponding element of

the column and add up the products.
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CHAPTER 14 Ⅲ ATRICEs

This giⅤ es the second element of thc丘 rst column Of matrix AB,which is

0× 1-2× 1+3× 0=-2

So,now wc havc

A:=(|∶2 ∶ ∶)
Wc rcpcat thc prOccdurc On the second and third co1umns of matrix B,

eventua11y obtaining

A:=(|; ∶ ∶)
fNTOtice that at cach stagc it looks as if wc arc flnding a sca1ar dot product of

twO Vcctors。 )

Gcncrally,the produd PQ produces a matrk wh允 h has the same Ⅱumber of
rows as P,and the same number of cohmns as Q.Hence,if P has Order`× 矽
and Q has Order莎 ×g,then PQ has order`× g.

ⅣΙu⒒ipⅡcatioⅡ is Ⅱot coⅡⅡⅡutadve

It is虹nportant to note tllat the Inultiplication of two1natrices is Ⅱot

conl1nutative.That is,

麈      A:≠ :A
ThcrcfOrc,wc must cnsurc that wc、 vritc thc Fnatrices in thc correct sequeⅡce。

(See Exercise14A,Question1,page306.)

AlsO,to aⅤ oid ambiguity when referring to the produGt of A and B,we Inust

speci1[∶
,厂
their sequeⅡ ce。 For cxamplc,in the case of AB,we say other that A

premuItipⅡ es B or that B post1Ⅱ uI住pⅡes A.

There arc,howcvcr,thrcc cxcCptions to the non-cO1111nutative law∶

● ⒈冱ultiphcation of a zero1natrix by a non-zero rnatriⅩ  of thc same order(scc
page304).

● bΙultipⅡcation of a square1natrix by its invcrsc(sCC pagc304)。
● bΙultipⅡ cation of a square FnatriⅩ  by thc idcntity1natrix of the samc Ordcr
(sCC page3o3).

Wea1so notc thc foⅡ o、
^`ing∶

● If AB cxists,BA docs not necessari1y eⅩ ist.

● The rnatrix A2is A× A,which can Only eⅩ ist if A is a square1natrix。

卜ΙultipⅡcaJoⅡ is associative

We丘nd that for any1natrices A,B and C,l1Ⅴ hich are cOnformable fOr
mu⒒iplication,

踺      A(:C)=(A:)C
proⅤided their sequeⅡ ce is Ⅱot chaⅡ ged.
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IDENTITY MATRICEs AND zER0 MATRICEs

KnO、vn as thc associative Iaw,this al1ows us to deCidc whcther wc start the

multiphcation、 氵vith thc nrst pair Of rnatrices or thc sccOnd pair。 Consequcntly,
we can rcfcr to the product ABC without ambigu1ty∶

DeterⅡlinant of a matrix

As statcd on pagc81,deterⅡ 1inants always consist of a squarc array of

clcmcnts。 It fOllOws,thcrcforc,that only a square matrix can have a

deter∏1inant,

Fron1our dcsnitiOn Of a dctcnuinant,、 Ⅴe see that it is the scalar representation

of its Originating squarc rnatrix,and gives the value assOciatcd、 vith that

matrix,

If A is a squarc1natrix,、 ve can Ⅱnd the dctcrⅡ 1inant of丿L,denotcd by dct A or

|A|,by thC mcthOd shown On pages80-1,

DeterⅡⅡⅡaⅡt of the product of two matrices

Thc dctcrnⅡ nant Of the product/廴 B is thc same as the product ofthc

dctcrninant of A and that ofI)∶

dCt(AB)=dCt A× det B

Identity matrices and zero matrices

An identity Imatrix is any squarc rnatriⅩ  a11of whosc clcmcnts in thc lcading

diagonal arc1,and a1l Of whosc Other elcmcnts arc zerOs.Itis dcnoted by I。

Hcncc,
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CHAPTER 丬4 MATRICEs

户
`zcro matrix may havc any ordcr and thcreforc is not unique。

For examp1c,

0==(:)   0==(: :)

We can multiply any non-zcro Inatrix by a zero matrix prOvided thc zerO

matrix is conformable for multiplication.For exalllplc,

(f4 飞2)(:)=(:)

and    (: :)(。  :)=(: :)=(。  :)(: :)

Gcncralli∶

岁

veand N0=0

户dso,from the secOnd examplc,wc nOtc that when O and⒈ 压have thc same
order

0ⅣΙ=0=Ⅳ Ⅰ0

、Ⅴhich is one of thc threc cxccptions to the nOn-cOΠ 1Inutauvc laws discussed on

pagc302

Whcn we n△ultiply together twO nonˉ zero matrices,wc can gct a zero matriX as

the result FOr cxamplc,

(i1 i)(1s I10)=(: :)

Inverse matrices

If卜Ι is a squarc rnatrix,its inⅤ erse,denotcd by ⅣΙ l̄,is desncd by

MM1=M lM=I

Contrary to thc non-cOⅡ11nutative law discussed on page302,、 Ⅴc notc that thc

Orderin which wc1nultiply ⅣΙ and ⅣΙ
1̄dOes not rnattcr,、

Ⅴhich rncans that

Ⅳ1ˉ
1,if it cxists,is unique。

The invcrsc of a squarc matrix,ⅣⅠ,cxists when dct M≠ 0,That is,when ⅣΙ is
said to bc non-singuIar,When dctbΙ ·=0,⒈江is said tO bc singular。

The Ⅱlinor deterⅡlinant

Thc IⅡ inor deterⅡ linaⅡ t of an element of a matriⅩ  is the deterlllinant Of thc

matrix fOrmed by dclcung thc ro、Ⅴ and cOlu1nn cOntaining that clcmcnt,

For cⅩample,thc rninor dcterΠ 1inant ofthe Π1iddlc clement,2,of thc

matriⅩ

 (:  :  ∶) is thC deterⅡ 1inant。 f the matrix (:  :),、 vhich is
5  9

3  8
=13
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lNVERsE MATRlCEs

Finding the inverse of a3× 3matrix

Wc proceed in thc fo1lO、 ving ordcr∶

1 Find thc value of the dctcrⅡ 1inant,△ ,Of thc InatriⅩ .

2 Find the Ⅴalue of thc1ninor dctern1inant of cach of thc elcments

3 FOΠ△a new matrix from the Ininor valucs,inserting them in thc positions

CorrcspOnding to the elements frolll which they、 Ⅴcrc derived Also insert a

Ⅱ1inus sign at each odd-numbcrcd place,counung。 n from thc top lcft entry

of the matrix,Thcsc minor values with thcir assooatcd signs(+or— )are
ca11ed thc cofactors of thc clcmcnts of the Original matrix,

4 Find thc transposc of thc rcsult,

Hcnce,wc havc

whcrc'4,B,C飞 .¨ are thc rninor dctcrn1inants Of thc clcmcnts rI,D,c,¨ .

respcctively.

叠   Example2 Find the invcrse。 fⅣ℃、vhCre ⅣΙ== (:  :  :)
i   sOLUTION

霭  Fkst,WC calculate detl|、 /Ι,wh忆h ghcs

琶     det M=1(6^4)-2(4-4)+5(2-3)=-3
鳌  Nc菠,we calct11狨 e tlle min∝ dct∝mhants,obt甜血ng

2  0 -1
-1 -3 -1
-7 -6 -1

蓼  Thcn,wc inscrt those minor valucs in thor appropriatc positiOns,togcthcr
∶  With th。r assoo眦d⒍gns(+or_),to form thc m狨 riⅩ to bc transposcd

T\
丶

ˉ

`
/

c
_
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Ε
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/
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/
∫

ˉ

丶

\
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〓

_
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ˉ

`
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c
^
f
`
·

J

D
 
g
乃四

歹

g

/
∫

ˉ

丶

\

瑟  (F°r Cxamplc,tllc mhor v挝uc Of clcmcIlt4is ∶:|=丬·m“s

T\
丶

ˉ

`
/

一 
+
 

一

0
3
6

_
 
_
 
+

2
刊

_
7

/
∫

丨

ι

\

~̄
_
3

〓
一Μ

童  inSCrtcd tl△ ree places frOm tllc top left cOrncr of the matrk,for wl△lch tlle

Ξ asSOciatcd sign is minus,giving_(-1)=+1.Thus,+1is the cofactOr of
矗  clcmcnt4,)

霞  Hcncc,we haⅤ e
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CHAPTER 14 mATRIcEs

We obtain thc transposc by reⅡ ecting thc rnatrix in its leading diagonal

(seC pagC84),giving

vΙ
1=—
:(f1 i3 三:)=(∶

f ]∶ :)

Exerc∶ se14A

1Evalu乩 e PQ and· QP,where

P=(: :)  an。  Q=(; 飞2)
What do you conclude froⅡ 1your resu1ts,and why hasit happened?

2 Find the inversc of each of the fo11oⅤ注ng。

a) (i :) b) (: I) c,(∶
i 了 :)
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4 CⅡvcn thc1natrix A=(:F罟
  ^J罡 :),show by inducjon that

A刀 =(∶
r芳 罟  

一

J琵 劳 :)

for aⅡ positive intcgers冫 o.  OVJEC)

5 a) Calculatc thc invcrse of the1natriⅩ

A(艿)=(:丨
11) 
艿≠:
1sfOrmed by the m;trix (:  i  l扌

) is the

b) Find thC valucs of‘z,!;and c。    (EDEXCEL)
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EXERCIsE 14A
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CHAPTER 14 MATRlCEs

D Find theinvcrse of A.
iI) ChⅤ Cn that

where

13 Let A= (∶
  ∶  ∶) and:= (Jl  I∶  ll)·

a,DetCE血ne whct廴 er or not AB=BA。
b)ⅤeⅡfy that A2+3B2=12I,whcrc I o the3× 3idehtity matrk。
c)Find AB,AB2and AB3as multiples of A,and make a cO萌 edurc about a gcncral rcsuk for

AB″。Use induction to prOve your co蓟 Ccture.

d)It is given that B is inⅤ ertible,with inⅤ crse of the fOrm

:-1=(: ∶ 子)
Writc down a systcm Oflincar equations wh忆h艿,`and z must satoJ:∶ ,严,and hcncc flnd thc
valucs of x,`and z.

e,Ⅴeri灯 that B2— B^a multiplc of I,and hence flnd B1in the form rB+s,I whcrc r,s arc

real numbcrs.Hence Check your answcr to part d.  6QA/CsY助

308

www.as
warp

hy
sic

s.w
ee

bly
.co

m
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a,A2 b,A3

c)ProvC by induction that

A刀 =(i 扌} 2刀 :1) 刀≥1
d)Find thC inverse of A刀 .  (EDEXCEL)

Transformations

A number oftransformations of a two-di1nensiOnal plane onto a two-

dhnensional plane,R2,and of a three-d虹 ncnsional space onto a three-

diIncnsional space,R3,rnay be rcprcsentcd by a1natrix ⅣΙ,wherc

ⅣI(∶
)=(∶i)

mcans that the image of(苋 ,`,z)under thC transfomation,T,is(艿 b`b zl).

I'inear transformations

T is desc⒒bcd as a ⅡⅡear traⅡsfOrmatoⅡ Of刀-dimcn蚯 onal space(where
刀=2,3,¨ .)when⒒ has the propc⒒ies

T(尤x)=尻T(x) and T(兄 x+〃y)=兄T(x)+〃T(y)

wherc兄 and〃 are arbitrary constants.

Wc rnay represent a linear transfOrmation by a matriⅩ .For example,in three
dknensions,wc Ⅱ1ight represellt T by the rnatrix

-WI=(∶

 ; :)

30θ
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CHAPTER 14 MATRICEs

Hcncc,tO flnd,under T,the image ofthe point、 vith position Ⅴcctor i,wc

calculate

(∶
 : ∶)(i)=(∶ )

So,under T,the imagc ofthc point(1,0,0)恕 (四,铣 g),which we can scc is thc

flrst column of ⅣⅠ。

To flnd、Ⅳhich type of transforImation is rcpresented by a1natriⅩ ,we snd thc
images of tl△ c vcctors(1,0,⑴ and tO,1,⑴ and fO,0,1).Common1inear
transformations are rotations abOut thc Origin,reⅡ ections in lines through thc

origin,stretchcs and shears.

We can reprcscnt a linear transformation of R2,which is thc x`ˉ plane,by a

matrix.Such a matriⅩ  wi11haⅤ e ordcr2× 2。

For example,lct T bc an anticlockwisc rotation oftwo-dhnensional spacc。

Thc rotation,centred at thc Origin,is through ang1eg.

⒒m伽咖r⑴肭湘吨咖h“ ⑾酮
to the vector (∶

:;|∶丨),and the Ⅴector (:),
which is j,transforlns to the vector (可

:∶ :)·

The rnatriⅩ for1Γ  is then giⅤ cn by

Ι̌==(∶
r罟  
一
:蕊号)

So,to flnd thc InatriⅩ  representing this transforll△ ation,we flnd the images of

(1,0)and rO,1),wh妃 h become the two columns ofthe matrk。

In thrcc d辶ncnsions,we Ⅱnd the imagcs Ofthc points(1,0,0),(0,1,0)and
(0,0,1),which are the vertices of thc unit cubc.In vcctor forn1,these are the

irnagcs of thc Ⅴectors i,j and k。 As sccn bclow and on pagc311,these become
thc columns of the InatriⅩ  representing the transformatiOn。

Examp:e3 Find the1natrix ⅣΙ representing an enlargcment,sca1e factor

2,Ⅵ/“h thc Origin as the centre of enlargemcnt。

sOLUTION

The images of thc Vcrticcs of the unit cube are

(1,0,⑴ →⑿,0,⑴

⑩,1,Ol→ lO,2,Ol

lO,0,1)→ ⑩,0,刀

Hence,、Ⅴe havc
\
丶

ˉ
`
/

0
0
2

0
2
0

2
0
0

/
f
ˉ

ι

\

〓Μ

(c。se,sin,)
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TRANsFORMATIONs

EXampIe4 Find the Inatrix ⅣΙ reprcscnting a rcflectiOn in thc hne y=艿
in thc xy-planc,

sOLVTI0N

Thc imagcs Of thc vcrtices of thc unit cubc are

(1,0,Ol→ lO,1,Ol

⑴,1,O,→ (1,0,Ol

ro,o,1)→ ⑩,0,1)

Hcnce,、Ⅴe havc

Ι̌=(∶
 丨 !)

ExampIe5 Find the rnatrix卜 Ι rcprcscnting a shcar in the`z-p1anc,in
Wh忆h(0,1,0)is inva⒒ ant and(0,0,1)mOvcs tO(0,2,1),

sOLVTION

The imagcs Of thc verticcs of the unit cubc are

(1,0,⑴ → (1,0,OJ

lO,1,⑴ → rO,1,O,

lO,0,1)→ lO,2,1)

Hencc,、Ⅴc havc

卜Ⅰ=(i ∶ :)
ExampIe6Find

、Ⅴhosc1natrix is

sOLuTION

under thc transformation

ToJ[∶ ind the imagc of a line(or a plane),wC Ⅱrst obtain the gcncral point
on thc linc(or planc),ahd then obtain the imagc Ofthis gencral point。

The gcncral point on thc Ⅱne`=7J is(r,7rl.

The imagc Of this pOint is given by

(: Ⅰ;1)(丿r)=(了;∫ )
Hencc,we haⅤ e x=-3r,`=37r.

⑩,l,0方
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CHAPTER 14 MATRICEs

:  So,to Πnd the desked Ⅱne,wc climinate r,obt缸 ning

:     37x+3`=0
鳘 Theref。 re,the image ofthe line`=7x^37艿 +3`=0.

堇  ExampIe7Thc tral△sform狨on T怂 thc composite transformaton of
鑫

晕l)∶蓬i蛋 i菇≡篷:鞲:萎箨:
螽   iˇ)a rcΠection in the犭

`-plane。
矍  F"d thC m菠 rk N rcpreseI△ ting the composite tra“ formaton
裰

蠢    soLvTIoN
攮

璩   Transformations iⅡ  and iˇ can be combincd to give a one-way stretch in
蟊   thc z-direction of scale factor-3。

器  After a11four tra“ formati(,ns haⅤ e切ken placc,thc imagcs ofthe Ⅴ∝ticcs
爨   of the unit cube arc

蘧    (1,0,Ol→ l3,0,⑴

戆     ⑩,l,⑴ → lO,9,⑴
邕     lO,o,1)→ ro,o,_3l

蘧  HCnce,we have

量     N=(i: J3)
InvariaⅡ t poiⅡts and Ⅱnes

An invariaⅡt poiⅡ t of the transformation T is a point which is unchangcd by

that transform破 ion。 That^,Tα)=x.

For example,the only points which arc unchanged by reⅡ ection in the line

丿=x are the points on the1ine y=豸 itse⒒ T纽ereforc,thc On盱 inⅤariant
points in this transformation arc On thc line y=x.

ReΠ ection in the line`=x does not affcct the line`=艿 ,In additiOn,thc line

y=一豸maps onto itsef∶ Γhcse arc thc oⅡly two lines which map onto
thcⅡ1selⅤes.Both1incs pass through the origin。

Wc say that thesc arc the invariaⅡ t ⅡⅡes of the transfOrmation which is a

renccti。 n in the1ine`=艿。The oⅡly inⅤ ariant hnes arc y==艿 and y=-—豸。

We notice that some points、 vhich arc not inⅤ ariant pOints arc On an inⅤ ariant
Ⅱnc。 For eⅩamplc,thc point(1,-1),which is on the Ⅱne y=_x,is rcⅡ ected
to the point(-1,1),which is stiⅡ  on thc salme invariant Ⅱne y=一豸。

A11inⅤariant lincs of a transformation which can bc representcd by a matrix,

other than those、Ⅳith an invariant plane,pass throug纽 thc Origin.If thc
transformation is reprcscnted by the identity matrix,all lines are invariant.
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CHAPTER 14 MATRICEs

Consider the anticlock、vise rotation by|iaboutthCOriginin1怼
2.EⅤ
ery linc is

rotatcd,and so thcrc are no invariant Ⅱnes.Also,thcrc is only one inⅤ ariant

pol△t,namc圩 ⑩,⑴。

Any rOtation(cⅩ cept by the anglc0° Or180° )in two-
dknensional space has no inⅤ ariant lines.For examp1e,wc

can scc from the flgure on thc right that the image linc can

neVer Ⅱc along thc o切 ect Ⅱnc,unless g=0° or180°。

Howcver,in thrce-di1ncnsional space,a rOtation must haⅤ e

an invariant1ine,namely thc linc about which thc rotation

occurs.In thrcc-dhncnsional spacc,a planc al△ △
,ays maps

onto a p1ane unless thc matrix is⒍ ngular Chat is,dct VΙ =0).
Whcn the FnatriⅩ  is singular,a plane somet虹 nes rnaps Onto a

hnc Or a point。 ShnⅡarly,a line abⅣ ays Fnaps onto a linc unless

thc1natrix is singular,in、 Ⅳhich casc thc line rnight rnap onto

a point.

Ι】igenvectors and eigenvaIues

An eigenvector of a linear transformation'Γ  is a Ⅴector pointing in the dircction

of an inⅤ ariant Ⅱnc under the transformation T.

For cxample,lct T be a rc∏cction in thc hne y=艿 。Then(1,-1)is on thc
inva⒒ ant line y=一艿,but⒒ 1naps onto(-1,1).

The eigenⅤ alue fOr thc eigenⅤectOr (」
1) is-1,since all thc points on the line

`=-ˉ
x Fnap onto points whose coordinates arc-1t虹 nes the original

coordinates。

is an cigcnvector of T,and J’ 1is thc cigenⅤ aluc Of T associated

nChTno
t
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ElGENVECTORs AND E1GENVALVEs

means that (∶

) is an eigenvCctor。

f∶Γ,and that兄 is the Cigenvaluc of∶Γ

associatcd、 Ⅴith (∶

)·

Finding eigenvectors and eigeⅡ values

TO Ⅱnd the eigenvalucs of a transformation、 氵l严Ⅱose Fnatrix is

Ι̌=(∶
 ; ∶)

we sol△
ye thc cquation dct(Ⅳ Ι一况Il=0for尻 ,wh忆h we wi11now prove。

VVc have

wh忆ho

dCtO岖一尤D=0
To Πnd thc cigenvcctors,wc solVe

ⅣΙ
(∶
)=况
(∶
)

for cach valuc of、 丿l'。

nonevahumno
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CHAPTER 14 MATRICEs

罂  Example9Find a,the ogcnvducs and b,the0genve∝ os ofthc matrix

(j1 0 :)

爨  a)we solvC the cqu狨 on

冁

1一 尻  1  2
0 2一 尻 2 |=0

詈         | 」11  
彡
T/t 3三尻

∶    which givcs

蠹      (1~尻 )[(2~凡)(3一 凡)一 纠-1(2)+2(2一 尤)=0
罗          →  (1一 凡)(兄2-5尻 +4)-2+4-2尤 =0
聂             → '~6'+11况 -6=o

∶      ::∶∶∶氵;∶;∶
i°n is kn。 wn as thc characterisJC equation of the matrix(see

罡   Fadorising the LHS,we ob切 h

∶       (尻 -1)(凡 -2)(尤 -3)=0
盂          → 凡=1,2,3
罡    Theref。 rc,thc cigcnⅤ alucs are1,2and3。

鑫   b) The cigCnⅤ ector for thc cigenvaluc1is givcn by a sOlution to the

嘛

蟊    sOLVtlON

0
灞

镩

饔     equation
黏

r

田

(J1 : :)(∶
)=(∶ )

→
  (∶乍∵;Ξ】)=(∶ )

蠹  fr。 m which wc obtain thc simultancOus equations

罂        豸+`+2z=丌     [11
鬣         2,′ +2z=`    ⒓]

簋             -ˉ艿-+`-+3z==z       I3]
邕    Wc note that there arc Only twO different equatons from wh忆 h to

琶    sol1ˉef。r three unknOwns.Thcrcfore,we cannot obt缸 n a uniquc

∶    solution to such a sct of cquations6cc page87).Hencc,wc wi111et onc
磊   ofthe unknOwns be矽 。Wc rdlso notc tllrat subtratˉ ting卩]from[11匪Ⅴes
●  J=0.

瑟    s。 ,we let z=矽 and sol△ ,e thc蚯multancOus cquations for y∶

x+y+2r=豸     uI
2,`+2r=`    阝]
一豸+`+3莎 =矽     ⒗l
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EIGENVECTORs AND EIGENVALuEs
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From⒕ l,we。b切in y=-2r.

ThcrefOrc,the dircction of the cigenvcctor is

is an cigcnvcctOr for the cigcnvalue1

by a sOlution to thc

(∶Ⅰ 0 :)(∶ )=2(∶ )
from、Ⅴhich wc obtain the shnultancOus cquations

x+`-2z=2△    [7]
2`+2z=2y   阝l
一豸+V+3z=2z    p]

This timc,wc do notlet z=矽 ,s血cc阝]imm汕狨e圩 红ves z=0。

sO,we put`=r.Thcn from lTl,wC obtain J=r。

ThCreforc,thC dirCction。 f thC CigCnvcctor is (∶

)

is an cigenvectOr for thc eigenvalue2

or for thc cigcnvaluc3is givcn by a solution to the

I10]

[11]

[12]

Wc let豸 =r.Thcn f1· om I1剑 and[11],We have`=矽 and
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CHAPTER 14 MATRICEs

wherc凡 is thc eigcnvalue associated xl/ith

Hcnce,wc obtain

ThCreforc,tⅡ e direction。 f the eigenⅤ ector is (J矽

)·

IIencC, (∶

) is an eigenvector for thC Cigenvalue3·

since any scalar rnultiple of an eigenvcctor is also an cigcnⅤ ector,

wC can write the eigenⅤector for3as (:∶

)·

ExampIe1。 show that (∶∶;) is an eigCnvector。 fthe mat五 xA,、vhCre

A=(∶
:亏

1)

Find thc associated eigcnⅤ aluc。

sOLVtION

If (∶

∶∶∶
)∷

 is an cigenvcctor。 fA9then we have

A(∶
:)=尻 (∶:)
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DIAG0NALIsATION

EⅡagonaIisation

If ⅣⅠ is a symmetric matrix,thcn ⅣΙT=ⅣⅠ,That is,thc transpose of thc matrix
ⅣI is thc samc as thc Original rnatrix ⅣΙ

For eⅩamplC, (∶∶  ∶  12) is a symInetric matriⅩ ,SincC wC have
(∶∶2 ∶ ∶i)T=(∶1 ∶ :2)
觯嚣聊l絷蝶:工:j11Ⅳ r∶γlcading
diagOna1.

h蛔C“
:⑴咖涮毗

If P is thc rnatrix、 Ⅴith thc cigenvectOrs of ⅣΙ as cach ofits columns,we havc

PIˇ】P=D

whcre lD is a diagonaI matrix,the diagOnaI elemcnts of、 Ⅴhich are thc

eigenva1ues

Sincc P l ⅣΙP=D,wc havc

PP1ⅣΙP=PD  →  Ι̌P=PD

→  MPP1=PDP1  →  M=PDP1

Hencc,ˇΙ reprcscnung thc transformatiOn may bc cxprcssed in tcrms Of a
diagonal rnatrix、 Ⅴhcn thc eigenvcctors arc uscd as axcs。 (SCe pagc323for an
cXample of this.)

If P is thc rnatrix、 Ⅴith thc eigenvcctors of thc syⅡ ⅡⅡetric1⒒ atrix⒈Ι as cach Of

its columns,we havc

PTⅣΙP=D1

、Ⅴhcrc lD1is alsO a diagonal Fnatrix.

Ifthc eigcnvcctors uscd in P arc ⅡormaⅡsed(that is,cOnvcrted to unit vcctors),
thcn the clcmcnts of Dl arc alsO thc cigenvalucs.

HO、Ⅴcver,if thc eigenvcctors of thc symmctric matrix P are not normahscd,

then cach elcmcnt in the lcading diagonβ lis the product of an eigcnvaluc and

thc squarc of the modulus of thc associatcd eigcnvcctor。
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CHAPTER 14 MATRICEs

P=(」∶2 ∶ :) P1=(∶】 :∶  i2)
、vhich givcs the diagonal rnatriⅩ ,Pˉ

1WΙP,as

(j∶
 ∶: {})(」i : :)(」∶2 ∶ :)=(∶1 营 :4)(|∶2 ∶ :)

=(i : ∶)
That is,wc have

P一、匹P=D
Thc diagonaⅡ sation of a syllalllctriC rnatrix is giⅤ cn in Example11。

爨  Example11Thc transformaton彐
卩
is repre∞nted by

“

膏    M=(昱 :丁 )
蘧   Find

蘧  a)thC。 genⅤ alucs ofl、 /I

量:豁鞲莓擞嘎e1拶Ⅱ"蛔涮咖岫
翻    so△ VTION

琶  a)T。 flnd the eigenvalues,wc haⅤ e

攮

ⅣΙx=况 x

→ (M一 肛)x=0

∶      ◇ |M一尻I|=0
嚣    wh忆 h ghCs

3一 兄  4  -4
4  5一 尻  0
-4  0  1一 尤

(3一 况

)(5一

兄

)(1-尻 )-4×

4(1一 尻

)-4×

4(5一 尤

)

兄
3-9兄2-9兄 +81

0
 
 
 
0
 
0

_
_
 
 

一_
 

〓

蠊

∶    Fa“°ri蛀ng,we obt缸 n

(尻 -3)(尻 +ω (兄 —9)=0

→  兄=3,9,-3
蠡

邕   Theref。 rc,the e圯envalues of M are3,9,-3.
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DIAGONALIsATl0N

Whcn/L=3,we flnd the assOciated eigcnvcctor f1· Om卜Ix=3x,which
g1vcs

(昱  : l卩 )(∶ )=3(∶ )
弦+d,,一 铉=纭  → 勹一铉=o   [11
4豸 +助 =”  → 4豸 +z9’ =0   l9l
-4y+z=3z ◇   -4豸 =2z   l31

Putting豸 =r,we°btain,frOlll I21and l3I,`=-2rand z=~2莎 。

ThCrCfore,one eigCnvcctor is (J:∶

)·

SiⅡⅡlarly,

P=

Wc ind that the Inagnitudc of each ofthe eigenvectors
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㈢洫㈡贴
Thereforc,nOrmaⅡ sing the eigenvcctors,、 ve Obtain respectiⅤ ely

(∶
:膏)  (ξ志)  and  (-∶告)

wh忆hg⒒e

Hcnce9we havc

PTⅣΙP=
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CHAPTER 14 Ⅲ ATR1CEs

wh妃h givcs

PTPⅣΙ=

1)
which is a di泛、gonal Fnatrix`m严 ith the eigenva1ues of ⅣΙ as its clcrnents.

We noticcd in Example7(page312)th·at the trallsform乩 on composed of

D  aonC-way strctch in thc冗 -direction,scale factor3

ii) a onc-way stretch in tl△ ey-direction,sca1e factor9

Ⅱi) a one-、vay strctch in thc z-direction,scale factor3

iˇ) a rCⅡCction in thc x`-ph且 e

、Ⅴas rcprcsented by

By geometrica1cOnsidcration of thc actua1transformation,we can.-cduce that

the eigenvcctors of this transformation are thc three Inutua11y pcrpcnd忆 ular

vCCt°rs (i)9 (∶

) and (∶ ) w⒒

h associated eigenva1ues3,9,-3·

We ha℃ just found that the transform狨on represcntcd by

lF)

also has t纽 rcc rnutua11y pcrpendicular cigcnvectors with associated eigenvalues

3,9,-3.Thus,these two transformations(Example7,page312,and EⅩ ample11,

pagc320)arC the samc transfor111ation but about diffcrent axes∶ that

reprcscntcd by N has its One-J∽
`ay stretChes in cach of the three lllutua11y

perpcndicular directions i,j,k,、Ⅴhcrcas that reprcscntcd by ⅣΙ has its one-llJay

stretches of thc same sca1e factors in the thrcc rnutua11y pcrpendicular

洄叫引9㈤,㈢
Natura11y,both matriGes haⅤ e deterⅡⅡnant-81,bei,g thc sca1e factor of the

volumc Ofthe en1argcmcnt,which is thc volume ofthe imagc ofthc unit cubc。
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THE CHARACtERIsTIC EQuATION

Hence,thc tFansformation x′ =ⅣⅠx,whcFc

M=(昱
:了 )

Ⅵ泛th respect to axes in the direction of thc cigenvectors becomes thc

tFansformation Ⅹ
′=DX,Where

D≡ (i:虽
)

which is thc diagonaⅡ sed foFⅡ1of ⅣⅠ。

The characteristic equation

On page316,we1nentioned that the characteristic equadon of the matrix

M=(j1 0:)

Is

尻
3-6兄2+11兄 -6=0

where the va1ucs of丿 1are the eigenva1ues of ⅣΙ.

ⅣⅠ also sa⒒ sfIcs this characte1f∶istic cquation.Hencc,we have

Ⅳr~6Ⅳ
`+11Ⅳ
Ⅰ~6I=o

FFOm this equation,wc can flnd ⅣⅠ
^1。

Post1nultip1ying by ⅣIˉ 1,we obtain

ⅣFⅣI_l~6Ⅳ

`ˇ

Ⅰ-1+11ⅣⅠⅣΙ l-6ⅣⅠ1̄=0

→  Ⅳ
`~6Ⅳ
】+11I-6ⅣⅠ l=0

wh妃h ghes

M-1=:M2— M十凫|I
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CHAPTER 14 MATRlCEs

Exercise14B

1 The matrix A is giⅤ cn by

A=(之Jf 告讠了)
Chvc a full dcscription of the geomctrical transforl11ation rcpresented by A4。   (oCR)

2 Thc matrix C is (飞
1  :)·

:Γhe geomctrical transformation represented by C may be

considered as the resu1t of a rc∏ cction fo11owed by a strctch.By cOnsidcring thc cffcct on the

unit squarc,or othcrwisc,dcscribe fully the rcnccti。 n and thc strctch。

Find tlle1natrices A and B which represent thc rcⅡ cction and the stretch rcspectiⅤ ely。   (oC⑴

3Thc matrix ⅣIis given by ⅣⅠ=(: 「i1)·
Describe flll1y thc gcOmetrica1transformation representcd by1、 犭1.

The rnatriⅩ (C is givcn by

C=(_∶雨 :{犭:Ⅰ∶})
C rcpresents the combincd cffcct of the transformation reprcscnted by ⅣⅠ fo11owed by the

transfoHmation represcntcd by a1natriⅩ  B。

D Find thC matrix B.
iD DescⅡbe fully the gcO111ctriCal transfor1matiOn represented by B.  (ocR)

4 Thc rnatrices A and B arc given by

A干 (∶  飞4)  :=(: f1)
Under thc transformation rcprcscnted by AB,a triangle P maps onto the triangle g wh。 se
vertices are(0,0),(9,12)and(22,-4).

i) Ⅰ7ind the coordinatcs of the Ⅴerticcs of P。
ii) State the area of P and hcn0e Ⅱnd thc arca of ζ2.
iiD Find thc area ofthe hnagc of P under thc transfor1nation representcd by ABA~1.  (oCB0

5 Let A= (J∶
  l∫  {})·

write down the rnatriⅩ  A一 兄I,where兄 ∈ R and Iis the

3× 3idcntity matrix.

Find thc values of况 for which the dctcr1minant of A一 尤I is zero。   (sQA/CsYS)
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