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GOTTFRIED、ⅤILHELM LEIBNIZ

In aⅡ our previous Fnathematics wOrk,wc havc assumcd that it is not possiblc

to have a square root of a negative numbcr。 FOr cxample,on pagc26of
r,a莎r@Jzrc氵刀g Pzrrg i1'1%r/9g″ 饣rrr氵Cs whcrc wc cOnsidcred thc solution of quadratic

equations,曰

`+Dx-←
c=o,wc noted that、 vhcn32-4围 c is lcss than zcro,the

cquation is said tO havc no rcal roots.

In fact,such an equation has two compleX roots。

Take,for cxamplc,thc solution Of x2+2x+3=0,L1sing the quadrauc
formula,、Ⅴc obtain

-2土 √4-12
△ =

2

-2土 √t恧

2

-2土 √愿√t1

2

-2± 2√2√tΠ

2

=-1土 √2√tT

Thcrc is no rcal number wh忆 h is√t1,Ⅱ thC squ盯 e of any￡ d numbcr心
al、Ⅴays positiⅤ c.

Thcrcfoc,wc say tll狨 √t10an ima酊 nary number.We dcnote√ 叮 by i。

so,using i,we can eⅩpress thc roots of the equation aboⅤ c in the form

-1士 √’i

or   -1_√勹i and ~1_√勹i

Nofe j is also used to represent√π 。

Whatis a compIex Ⅱumber?

A comp1eⅩ number is a numbcr ofthe form

伢+仍

whcrc曰 and D are real numbcrs and i2=-1。

For cⅩamplc,3+5iis a complex numbcr.

If△ =0,thc numbcr is said to be whoⅡ y imaginary.If3=0,the number is
reaI,If a complcx numberis0,both四 and3arc0
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CHAPTER 1 COMPLEX NVMBERs

Wc usually usc豸 +△ to rcprcsent an unknown cornplex number,and z to
rcpresent J+△ ,So,whCn the unknown in an cquation`a complex number,
we dcnotc it by z∶ for cxamp1e,z2-40z-+40==0,飞 vhose roots arc2二 圭6i。

In a shnⅡ ar way,wc use ll to rcprcsent a sccOnd unknOwn complex numbcr,

whcrc v=笏 +iv.

The compIex co刂 ugate

The complex number x_^跽 called the complex co珂 ugate(or oftcn just the
co刂ugate)of艿 +△,and。 dcnotcd by z米 or z.

For cxample,2-3i is tl△ c compleⅩ  co犭ugatC of2+3i,and tlle cOmplcx
co句 ugrdtc。 f-8— ⒐o—8+⒐。

CaIcuIating with compIex numbers

Whcn we work with comp1ex numbers,wc usc Ordinary a1gcbraic1nethods.

Thatrncans that wc canⅡ ot combinc a real number、
^严

ith an i-term.For

example,2+3i cannot be s虹 npⅡ f1cd.

d,their reaI parts1Ⅱust be equal and their

quaⅡ ty oft、 vo complcx numbers.

lnd D=涩

For cxamplc,if2+3i=豸 +o,thcn并 =2and v=3。

Addition and subtraction

Whcn adding twO comp1eⅩ  numbcrs,wc add the rcal tcrms and separateIy add
thc i-terms。 FOr cxample,

(3+⒎)+(4-6i)=0+4)+σ i— ⒍)
=7+i

GencraⅡ y,for addition、 ve haⅤ c

鳆 ←+ω +9+⑾ =。 +⑺ +旬 +→
and for subtraction

罡        (豸
-+i`)-ˉ (笏 -+iv)==(豸 一仍)+iO— v)

Example1Subtract8-4i frOm7+2i.

sOLUTlON

7+⒉ —(8— ⒋)=7-8+(2i+⒋ )

鼹

鼹

●

■

Ⅱ

齿

口

■

螽

簸

■ =-1+⒍
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CALCVLATING WITH C0Mp△ EX NUMBERs

寰  ExampIe2F:nd x and`if、 +⒉ +2(3-5△ )=8-13i.

瑟    sOLvTION

蓄  Equathg real terms,we get

蹭     x+6=8

瑟    ◇ x=2

￡  Equating ima匪 n盯y tCrms,wc罗 t

暑     2^10y=-13
蚤     → 15=1o、

堇     → y=1告

Ι̌ultipl妃ation

Wc apply thc gcncral algcbraic rncthod for1nultipⅡ cation For cxamplc,

(2+3i)(4-5i)=2(4-5i)+3i(4-5i)

=8-10i+12i-15i2

Since i2=-1,this si1npⅡ Ⅱes tO

8-10i+12i-15× -1=8-10i+12i+15

=23-+2i

Gcncra11y,wc havc

⑺ +仍 )(c+i⑺ =曰 c— D歹 +K夕 〃 +Df, sincC′ =~1

Note  Itis sknpler to multiply out the numbcrs cⅤery t⒒ne than to memOrisc
this forlllula

E)ivIslon

To bc able to divide by a co1np1cx number,wc havc to change it tO a real

number Take,fOr eⅩ amp1c,the fraction

2+3i
4+5i

In thc sknpⅡⅡcation of surds On page408of r″ rr@dJrcjrlg Pfrrg Mar乃 召昭△r氵cs,、ve

=⒕

盯 雨 i∶崔 ⒒ T:背

涮 咖 酗 e llulll∝洫 洫 伽

⒏咖 帅 mⅡ灯
锷
妮 m岫 诋 mm咖 岫 旧 咖 咖 ”

4-5i,wh忆h is thc complex co珂 ugate ofthc denOminator,Thus,we havc

2+3i_(2+3i)(4-5i)
4+5i (4+5i)(4-5i)

8+12i_10i-15i2

42— (5i)2
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CHAPTER 1 COMpLEx NuⅢ BERs

=景亭羊钅:№⒍—c⑴2=《-20=吲

=石 +丌
了
1

曩:ample3⒏ m酗灯;:i亠:∶·
¤    sOLVTION
镶

曩  :⒊刂:g旦￡:卢;Ll茧℃ f光l、:;1∫1∶,皙r∶岁 丑∵
Or by thC COmplcⅩ

3+i  (3+i)(7+3i)
7-3i (7-3i)(7+3i)

21+7i+9i+3i2
72— (3i)z

磴

镶

鬟

攮

¤

●

煽

碜

攮

勘

镯

●

翳

鑫

霭

纛

瘳

●

曩

鬟

鬈

鼙

艨

届

●

簸

=旦L劳≠f1二2Nd⒍—c02=<⑶ =删

=箦 +塄

=击 +龛i∝ 击⑿+⑾

景阢m帅 4跏m灯
鏊

鑫   sOLuTION

堇  ∏rst,We蚯 mpli】[i】 y⒎ thC num∝ ator∶

盂     (5-3i)(7+D 35+5i-21i-3i2
鲨        2_i      2_i

爨             35-1⒍ +3
2_i

38-1⒍

2_i
黟

鲨  wc tllcn mt11to~tlle numer扯∝ and the denom血狨Or of tll厶 fraction by

鑫  thC COmplex cO句 ugate of2_i,w"ch`2+⒈

饔      r~38-1⒍ )(2+D=76+16+38i-32i
鑫      (2— D(2+D     4+1
饕

鑫      =眢 or碍 +屮
炱                                    5www.as
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EXERCIsE 1A

Exercise1A

1 ⒏mpli灯 cach of tllc following

a) i3           b) i4           c) i6          d) i9

2 Express each of thc fo11O、ving comp1cx numbers in thc forⅡ 1ff-+i3。

al3+2N/ˉ 1      bl6-3√=1      c【 -4+√t9
d)-2+√飞     e)√ ′~1oo_√′-64

3WI·⒒e down the cOmplcx co习 ugate of z whcn z is∶

a)3+4i   bl2-6i   c)-4-3i  d)-8+5i

4 Solvc cach of the fo11o、 Ⅴing cquations,

al`+2z+4=o  bl'-3z+6=o  cl2z2+z+1=0  d)4z-3-2z2=0

5⒏mpli灯 cach of tllc following,

a)(8+甜 )+(2-6i)     b)(-7+3i)+(8— ⒋)    cl2-⒋ +3(-1+⒉ )
d)4(-2+5i)+5(2+7i)   e)(8+3i)— (7+2i)     f)(7+⒍ )-(4-2i)
g)2(9-3i)-4(2-⒍ )    h)3(8+i)-2(3-5i)

6 Evaluate each of thcsc cxpressions.

a)(3+i)(2+3i)      bl⒁ —⒉)(5+3i)      cl(8— i)(9+⒉ )
d)(9-3i)(5— D      e)i(2-3i)(i+4)      f)(3— ⒉)(7-5i)

7 Express each Of thcsc fractions in thc forⅡ 1围 +伪 ,whcre rI,3∈ R.

⑴罟  ⑴# ㈡坛  ⑷铝
8 Solvc cach Ofthe fOⅡowing cquations in J and y.

al丌 +△ =4— ⒉             bl x+Ⅱ +3— ⒉=4(-2+5i)
cl x+Ⅲ =⑿ +D(3— ⒉)         d)x+Ⅱ =r~s-⒌)(4+o
el x+j=:芒÷     ox+· =⑿ ⑾2
9If z=3+1,Ⅱ nd the valuc of z+⊥ .

z

10 Find the sOlution of each of thc fol1owing cquations。

a)J2+4x+7=0  b,x2+2丌 +6=0  cl2x2+6J+9=0 d)兀 2-5x+25=0
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CHAPTER1 C0MPLEX NVMBERs

Argand diagram

Thc French m引 妞ematioan Jcan Robcrt Argand(1768-182⑷ 必creditCd with the
invenuon and deⅤ elopment oftl△c graphical representauon。 fc。mpleⅩ numbcrs
and the opcrations upon thclll,although others had anticipatcd his wOrk。 so,

this graphica1rcprcscntation has bccomc kno、 vn as thc

ArgaⅡd茁agram.

In thc Argand diagran1,the complex number曰 +仍 is
representcd by thc point(夕 ,D),as shown on thc right。

Rcal numbers are reprcsented on the,f-aⅩis and imaginary

numbers on theJ`-axis.Thus,the genera1compleⅩ  number
(Ⅹ +匀D is repr。 sented by the point(x,`).

Example5 Rcprcscnt the comp1ex number2-+3i on
an Argand dhgram.show its complex co踊 ug狨e.

sOLVTION

The numbcr2-← 3i is rcprcsented by the point
P(2,3).

The cOmpleⅩ  co句ugate is2-3i,wh忆h^
reprcscntcd by thc pOint P′ (2,-3).

Note  The position of thc complcx cOIlJugOte z米 can al△lzays be obtaincd by

rcf1ecting the position of z in thc rcal axis.

bΙoduIus-argument or polar for口L of CompIex numbers

The position of point P(犭 ,`)on thC Argand diagran△ can be
given in tcrms Of OP,the distancc of P frona the origin,and(:冫

,

the ang1e in thc anticIockⅥ吐se sensc which Op makcs with the
positive rea1aⅩ is。

The length OP is the modulus of z,denoted by|z|,and this

length|冫 |is aIways taken to bc po⒍
jve。

The angle a(n。 rlmally in radianΘ  is the argumeⅡ t of z,dcnoted

by argz.The principaI value of g is takcn to be be钒 vccn一冗
and冗。

■

●

●

■

●

日

■

■

裰

灞

馥

蘧

攮

茵

怼

瀚

日

¤

攮

鑫

●

鼹

攮

豳

煽

冁

鑫

Ⅱ

× O,勿

× P′ (2,-3)
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ARGAND DIAGRAM

Connection between the J+V form aⅡ d the modulus-argument form

Frolll the diagram on the right,wc havc

r=z|=√/·2+`2

x=rCOsε  and y=r sin g

、Ⅴhich givc

z≡ 兀+△ =rcos ε+ir sin g

=r(cos ε+i sin⑺

To ind a,wc use

tan a=芏
X

but、Ⅴc nccd tO takc carc whcn cithcr J Or y is negatiⅤ e.(scc part b in
EⅩamplc6。 )

EXampIe6
numbcrs,

a)2+2√ ti

sOLuTION

a) Im

3

2

Find thc rnodulus and argumcnt of cach ofthcsc cOmplcx

bl-1— i

Thc modulus of2+2√tiis giⅤ en by

Its argumcnt,g,is givcn by

tan1√5=卫
3

The modulus Of-1_iis givcn by

√
′12+12=√2

Anglc￠ is∶
:;·

:Γ hCref。rc,thc argument

lthe anglc ft·om the pO⒍ tive rcal ax心 )is

冗  冗    3冗

2  4     4

rcd a虹 s,"s△ aluc o号
干
,bLlt dis o llOt bctwccn冗 and冗 。ThuS,wc take the

dockwisc all匪c,whch诋 一
号干
。ThC mhus吨 n dcIlotCs that thc all匪eo

mcasurcd in thc clock、 vise sense.

22+⑿√3)2=4
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CHAPTER ⋯ oⅢ PLEx NuMBERs

ⅣΙuI住pⅡcation of twO complex Ⅱumbers in modulus-argumeⅡ t form

Consider thc complcx numbers zb and z2given by

勾≡r10°sg1+isin gl) and纫 ≡幻(COs ε2+isin ε2)

Ι̌u⒒iplying z1by z2,we get

zlz2=r10os εl+isin g1)ri(COs g2+isin a2)

=rl幻 KCOsg1c。 sg2_⒍ nε 1⒍nε2)+Ksin g1cos g2+c。 s gl⒍ ng2)l

=rl幻 Icos(g1+g2)+i sin(g1+ε 2Ⅺ

Wc can statc this rcsult as fo11o、 vs∶

藁柑::』:瀑蒜:卩
uct° ft、vO COmpleⅩ numbCrs,1nul住 pIy their1noduⅡ and add

EⅡvision of two compleX Ⅱumbers in modulus-argumeⅡ t form

Dhiding乳 by纫 ,we gct

z1~r1oos gl+i sin gl)~rl cosε 1+isin el

勿 幻(cos g2+isin ε2) 幻cos饧 +isin ε2
Ⅳ【ultiplying t纽e numerator and thc dcnoⅡ 1inator by the complex conJugate of

c。sg2+isin ε2,wc haⅤc

钩~r10os gl+isin glXcos ε2— isin g2)

幻 幻0osg2+isin g2)(cos a2_isin g2)

rl Cos εlCos g2+“ nε 1⒍ng2+i(sin εl cOs ε2_cos g1⒍ng2)

幻            lcoPg2+蚯 n2g2)

=垫丬cos(g1_ε 2)+i sin(g1— g2)] 蚯nce∞ s2ε2+⒍n2ε2≡ 1
r2

Wc can state this result as fol1ows∶

l;Ij::鬼
:Ⅰ1品‖FtiCnt。ftwo complex numbcrs,divide their1noduⅡ and subtrac(

EXampIe7 Find the rnodulus and argument of eaCh ofthe fOⅡ oⅥ注ng

al z=I+1  bl【【l=-1+√5i  cl zll  d,'  e,丝
z

sOLuTION

a)From the diagram,we纽ave

Modulus of z=√ 9

Argument ofz=晋

b)bΙ odu1us of ll=

Ar串ument of w=冗 =晋 =∶:F

12+〔雨
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EXERCIsE 1B

C)

d)

e)

Modulus Of zll=z|× |lll|=2√7
Argument of zlJ,1s

11冗冗  2冗
arg z+arg lll=百 十

丐
- 12

Using z2=z× z,We have

Modulus Of z2=z|× |z|=√’×√勹 =2

~Argument Of z2is

冗
arg z+arg z=毋 +毋 =2

Modulus of∶ =韦
牛
=房 =√勹

A鸡umellt of苎 is
z

arg ll/_arg z
0
∠

2
冗

~
3

〓
5冗

Exercise1B

2
 
 
3

Reprcscnt cach ofthe foⅡ owing On an'`rgand diagram,

a)2+2i      bl-3+3i     cl-2+2√ 3i
d)-1— i    e)4i      f)5+12i
g)-4 h)6+√t3i

Find thc1nOdulus and argumcnt of each ofthe complcx numbers in QuCstion1。

Chvcn that z=3+4i,

a) calculatc  :)z2      Ⅱ)~ˉ
3

b)Ⅱnd     i)|z|     ii)|~-2 iii)z3

c) eⅤaluatc  i)arg z    ii)arg z2    "i)arg z3

Exprcss thc cOmplex numbcr z in its曰 +iD for1△ whcn∶

a) |z|==2 and argz=晋
   b) |z|==4 and arg z=:∶    c)

‰ 9z=2汕d盯gz=晋  od)|z=4 and argz=TT  ε

1洲mm灯午 i·

b) Find thC rnodulus and argumcnt Ofthc complcx numbcr-5+

ChⅤcn that z=∶∴三、台;,flnd thC1nodulus and argumcnt of z

|z|=1 and argz=

|z=6 and argz=

冗~
2
7
冗

~
6

12i   (WJEC)
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CHAPTER 1 CoⅢ PLEX NVMBERs

7Given th乩 z=1ェ
⒉
,snd

a)zin thC form c+iD       -
b)thC1nodulus and argument of z。     OVJEC)

8 i)Given that zl=5+i and z2=-2+3i,
a,shoW that|z12=2z2}2
b) find arg(z1z2).

Ⅱ)Ca忆ulate,in the foⅡ △四+i3,where四 ,D∈ R,the squarc roots of16-30i。   (EDEXCEL)

9 Chvcn that

z=tan α+i,where0<α <告冗
v=4卜os←斋θ+i sin(斋冗丬

【nd in their shnplcst forIms

叫 喇 吻z咖⑸ ⒅
10Thc cOmplcx numbcr z^g卜 cn by z=⒍ n‰ +isin α cos α,wh∝c0(α (告冗.⒏mpli灯ing your
anⅡⅣcrs as far as possib1e,丘 nd

D|z  iD arg z  fOC⑷

丬1The complex numbcrs z and v`arc such that

z=-2+5i  zw=14+23i

a)Find w in the for11△

`+咖
,where`and g are rea1.

b) E)isplay z and w on the same Argand diagram。

c) Find arg z,in radians,giⅤ ing your ans、 ver to two dechnal places.

d)WritC dOwn the complcx number that rcprcscnts thc n△ id-point Ⅳ【of thc Ⅱne joining thc
points z and z″。  (EDEXCEL)

12a)Find the roots of the equation z2+4z+7=0,虫 Ⅴhg your answeⅡ in thc form`土 i√7,
where'I∶
·,and~∶i`are integers.

b) Show these roots on an Argand diagram.

c)Find for each root

i) the111odulus

Ⅱ) the argumcnt,in radians

giving your an⒏吖crs to thrcc signiflcant ngures。    (EDEXCEL)

13By putting z=z+夕 ,flnd the col11plcⅩ  numbcr z which satis丘 cs thc cquation

z+2z米 =共

wherc z冰 dcnOtcs thc CompleⅩ co11jugate Of z。   (NEAB)

14Ghen that z1=1+⒉ and纫 =:+营 i,write z1纫 and三⊥in the form`+助,where`and g∈ R.
z2

In an Argand diagran1,the origin O and the points rcpresenting z1z2,z⊥,z3are the Ⅴerticcs of a
z2

rhombus.Find z3and sketch the rhOmbus on this Argand diagram。

sh。w盂乩

'3|=至
￥
互.GDExcEv
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EXERCIsE 1B

15 The comp1cx numbers zl and z2arc giVen by

zl=5+i  勿 =2-3i

a) ShOw thC points reprcscnting z1and z2on an2⒋ rgand diagram,

b) Find thC1nodulus Of z1_z⒉

c)Find the cOmplcx number至 工in thc fOrm四 +iD,wherc四 and D are rationa1numbcrs.
z2

d) I-1encc flnd the argumcnt of二,giving your ans、Ⅴer in radians tO thrcc signi「lcant figurcs。
z2

e) DCtCrIllinc the valucs Of the real cOnstants`and fF such that

`+ig+3zl=2i  (EDEXCEL)
`_ig+3z2

=1+2i16    z1=-3+⒋   z2

a)EⅩpress z1z2and三 L each in thc for1△ 四+i3wherc围 ,D∈ llt
-^2

b) E)isplay zl and z2on thc samc Argand diagram.

c) ITind arg zb giving your answcr in radians to onc deCiInal place.

Givcn that zl+ω +功)z2=0,where`,g∈ R,

d) obtain the value of`and the value ofrF    (EDEXCEL)

17 The cOmplcⅩ number z is givcn by z=-2-卜 2i,

a) Find thC1nodulus and argumcnt of z.

⑴WritC doWn tllc modulLls alld a圯 umclat of⊥ ,

am tl△c poillts A,B and C repre∞ llthg tl△ e compleⅩ  numb∝ sz,⊥c) ShOw on an丿 廴rgand diag1                                                    z

and z+⊥ rcspcctivc1y。
z

(EDEXCEL)d)statC the valuc Of Z ACB。

18    zl=-30+15i

a) I氵ind arg zb giving your ans、Ⅴer in radians to twO dccknal placcs。

The complcⅩ  numbers z2and z3arc given by z2=-3+`iand z3=g+3i,whcrc`and ri arc
reaI cOnstants and`)rF。

b) ChvCn that z2z3=zb Πnd the valuc of`and thc va1ue of姜
ζt。 zl,z2and z3on an Argandc) IJsing your va1ucs of/,and g,plot thc points corrcspondill

diagram。

d)Ⅴ eⅡ灯 that2z2+z3_zl is real and Ⅱnd its vduc.  (EDEXCEL)
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CHAPTER 1 COMPLEX NVMBERs

19 i) Evaluatc the square roots of the complcx number5-+I2i in the forlll rJ+犰 ,wherc ε and D
are rea1.

Ⅱ) If g is the argument of either ofthesc squarc roots,obtain thc value of cos4g as an exact
fraction.  (NICCxEA)

20 a) The complcx numbcrs z and w are such that z==(4-+2i)(3— i)and v=钅
F≡钅
辶ExprCss

cach of z and ll in thc forln伢 +仍,whcre四 and D are real。
b)  i)Writc down thc1nodulus and argument of each ofthe complex numbcrs4+2i and3_i。

Chve each Fnodulusin an eⅩ act surd fom and each argu111ent in radians bctween一 冗and
冗 .

iD The points O,P and Q in the con△ plex plane represent the complex numbers0+0i,
4+2i and3-i rcspecuve1y。 Find thc cxactlcngth ofPQ and hencc,or othcrwise,show
that trianglc OPQ is right-anglcd.  (AEB9D

-Lociin the compIex pIane

Wc know fron1our previous、 vork on vector geomctry that the vector a-ˉ b
Connects the point with position Ⅴector b to the point with posi讧 on Ⅴector a.
(see rz:″ @d跖 c扔gP叨 r召 Mα砀召昭四莎Jcs,page498。 )S山tⅡlarly,in the complex planc,
z-ˉ zljoins thc point zl to the point z.

Frolll the diagran△ wc havc

沅 =zl and o市 =z
Thercfore,wc obtain

→    →
CP=CO+

=-zl+z

=z— z1

Ushg tllis J:l:1cit,wc Can Ⅱcntify a numb∝ ofloo.

Loci which should be recognised

·
|饣 z̄1|〓 r

|z— zl|is thC m。 dulus Or length of z_z卜 That is,the
1ength ofthe1ine joining z1to a variable point z.

Thus,z_z1丨 =r is the locus of a point,z,moving so
that the length of the line joining a flxed pOint z1to z

is all△,ays r。 Hencc,the locus of z is a circle,ccntre z1

and radius r.

→O
Ρ
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LOCI IN

Example8State and sketch thc lOcus of z~2-3i|=3.

This1ocusis z_(2+3i)=3,whiGh o a circle,centre(2,⑴
and radius3.

THE C0MPLEX PLANE

Note  When skctching this locus,show clearly that the circ1c touches the,‘ -axis

and cuts thc y-aⅩ is t、Ⅴicc。

·arg(zˉ 钮)〓 ’

The point z sausfles this locus whcn thc1inc joining zl to z

has argumcnt g.

This is thc haIf-ⅡⅡe,starting at zl,incⅡ ned at ε to thc rcal
axis。 (It is caⅡ ed a half-Ⅱ nc bccause we want only that part

Ofthc hnc which蛀 arts at z1。 )

ExaⅡnpIe g state and skctch the1ocus of arg(z-2)==詈

sOLVT】oN

This locus is the hal孓Ⅱne starting at(2,0),indined at

an angle Of|:;to thC real axis.

·
|饣 z̄1|〓 k-z2|

The1ine joining z to z1is cqual in length to thc linc joining z

to z2.Therefore,thc locus of z is the perpcndicular bisector

of the1ine jOining zl to z⒉

EXampIe10State the locus of|z-3丨 =|z-⒉卜

sOLuTION

This locus is the perpendicular bisector of the

Ⅱne joining+3to+2i。

●

●

菇

盛

●

¤

蟊

●

口

I
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CHAPTER 1 COMPLEX NVMBERs

·|zˉ z1|〓 rr石 z̄2|,Where rf≠ 1

The locus of P(z)is drawn so that thc length of thc linc

joining P to zI is/t/tiInos thc lcngth of the linc joining P

to z2.

Assuming z≡ 豸+^,zl≡ 艿1+△ 1and纫 ≡x2+氵2,
Pythagoras’ thcOre1n givcs

z— zl|=

and   |z— z2|=

The∞forc,z_z1| =庀 z_z2|can bC Cxprcsscd as

(x一 均沪+o_`l沪 =庀2Kx_x2)2+0— y2)2]
→  x2-2艿 均 +彳 +y2-2,``1+彳 =庀2豸2-2庀 2苈x2+庀2豸:+庀

2`2-2庀2y`2+庀 2`:

→  (1—

')'+(1一

庀
2》 2—

【
2艿 l-2'均 )— ×

9~l’ l-2′ ヵ )+J:+彳 一

'竭

一 庀
勹 :=0

In this cquatiOn,the cocⅢcicnts of x and y arc the samc,and thcrc is no term

in xv。 Thercforc,the locus of z is a circlc.

By syⅡ11nctry,a diamcter of this c订 cle Ⅱcs on thc line joining z1to z⒉

Note Wc rcca11f1· om car1忆 r work(rrOr严JJJfC氵卩,gP彷r召 Mαr乃g昭四r比s,pagc22⑴
that thc equation of a orclc,ccntre(砑 ,3)and radius r,is

0— ε)2+0— D)2=′

This cquation Inay alsO be written as

豸2+y2+2gx+勿9+f=o
To find the ccntre and thc radius of a circlc when its equation is、 vritten in this
foΠn,we usc the Inethod of complcting thc squarc∶

齐2+y2+2gx+勿9+c=o
←+gl2+0+力 2=酽 +尸 一c

The∞fore,tllc cclltre of tlle ci∞⒗o(_g,/l,and its rad“
^√
愆2+′ _c.

ExampIe日 1Find thc locus of z-2|=3z+2卜

sOLuTlON

Let A be(-2,0)and B bc(2,0).

The locus required is the locus of P when BP==3AP,

To丘nd this circle,we dcteΠninc the two points
at which it intersccts thρ  Ⅱne joining A to B。

The point(-1,0)satisf1es this cOnditiOn。

0
0
0

峦

0一 豸1)2+0— y1)2

←一均)2+0-ヵ )2

0-·1`+o_`1沪

Squaring both sidcs,`1Ve gct

←一而)2+0一 ヵ)2

14
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鹱

■

口

●

痴

豳

颦

馏

●

●

豳

霾

¤

●

¤

■

●

●

翳

毳

翳

臼

攮

●

■

●

■

畲

璩

■

●

壤

镳

●

■

口

口

■

●

●

●

I
●

■

I
●

●

■

●

■

囱

■

鳙

■

■

镶

Ⅱ

●

■

●

倔

篝

●

I
●

畲

缓

露

攮

翳

●

盔

磙

目

■

鑫

蚕

I
攮

搐

●

灞

口

●

■

L0Cl IN THE C0MPLEX pLANE

Thc Othcr point on thc Ⅱnc2`B、vhich satisfies this

condition is ncvcr betwecn z`and B,but on thc linc~AB prOduccd,

The point(-4,0)is thC Other point which satisscs thc lOcus,

The points(-1,0)and(~4,0)idCnti灯 thc dial11cter of thc lOcus’ s cirde.

Tlle￡ fk)rc,tllc circk has cel△trc(结 ,O,and radLls1告 ,

I“ cquation心 |z+2告 =:·

EXample12Find thc1ocus of|z-18|=2z+18i卜

sOLVTION

TO Ⅱnd thc circlc,we dctcΠ△inc thc t、vO pOints at which it intcrscCts the
Ⅱnc joining zl to z2,whcrc z1=18and~-。 =-18i

Thc twO pOints satisfying the1ocus arc6-— 12i and-18--36i.

These two points identi灯 thc di泛 1mctcr of the1ocus’ s orclc Thcrcforc,thc

cirdc has its ccn“ c at-6-24i and has a radius Of12√ 7。

Hcncc,⒒ s equatiOn o|z+6+24i=12√’.

15
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CHAPTER 1 COMPLEX NVMBERs

。arg(zˉ z1)=J

TOJ∶∶ind this locus,we usc the relationship

fr

arg_=arg仞 一 arg v
V

Putting仍 =z_z1and v=z_z2,wc get

arg z_z1=arg(z_zl)-arg(z一 勿)
~^— z2

→ arg(z— z1)— arg(z一勿)=g
Anglcs in the samc sc叩ent arc cqua1.Thcrcfore,thc
locus Of z is part of the circlc thrOugh z1and z2

lshown dashed)

ExampIe13 Show thc locus ofz Ⅵ/hcn

a) |z-4|=4   b)arg z=弁

Find thc point、Ⅴhich satisflcs both loci,

sOLuTION

The two loci requircd are shown in thc diagraⅡ 1on thc right,

Thc point which satisscs both loci is(4,4)or(4-卜 4D.

Note Usua11y,it is possible to Ⅱnd a conⅡnon point on twO scparatc loci by
using蚯 mplc geomctry and commOn sen∞ 。In Examplc12,thc pOint⒁ ,θ Can
rcadily bc seen to bc On both loci。 To calcuIate a commOn point rnay inⅤ olvc
cOrnpⅡ cated algcbra,

攮

瑙

攮

谲

●

辗

翳

臼

■

■

●

●

●

诙

峦

●

■

●

皤

奋

¤

¤

镳

■

■

访

■

毖

鑫

攮
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L0Cl 1N THE COMPLEX PLANE

鑫

霪

鑫

纛

纛

鏖

瘳

蘩

鬟

钾

蝥

囔

囔

攮

嚷

醪

蹋

纛

攮

霪

鬈

孀

璐

潘

掺

鏖

馐

¤

●

臻

攮

鑫

攮

攮

灌

臼

馥

裰

鬓

礓

鬟

骧

豳

汪

攮

鬈

鼙

篝

鑫

馨

纛

囊

纛

攮

囊

攮

(arg(z-2)

We dra、v the two separate loci

乎=arg(z-ˉ
2)  and

ensuring that we sclcct thc cOrrcct scctor,

● zˉ z1|+k-z2|=c

This locus is an c1lipsc,with zl and z2as foci(sCC sCction on c11ipscs,pagcs

222-6)。 To Ⅱnd thC position of thc cl1ipsc,wc havcto nnd f。 ur pOints which
satis灯 the locus∶

● t、Vo points on thc line joining z1to z2produccd,and
● twO pOints On thc pcrpcndicular biscctOr of thc linc joining zl to z2.

EXampIe15Find thc1Ocus ofz whcn z-4|+z+2|=10.

sOLVTION

First,we idcnti1:`冫′on thc diagram thc pOints'`and B rcpresenting z1and
z2,Thcsc arc(4,0)and(-2,0)

We then extend~AB in both directions,where AB is of1cngth6.

ThcrcfOrc,thc pOints satisfying thc locus are P(6,0)and Q(-4,0),so that

PA=2and PB=8,which gives PA+PB=10.

Also,we haⅤc QA=8and QB=2,which虫 vCS QA+QB=10。

Thc pcrpcndicular bisector of PQ is thC hnc豸 =1,

The points satis1Ving thC locus On this line are R(1,4)and s(I,-4),so that

RA=5,RB=5and hcncc RA+RB=10,

Thcsc four ponts,P,Q,R and s,idcnti1:∶
,严
thC m旬 or and minOr ax∝ of

thc cl1ipse.

Example14

sOLuTION

Find the locus of卫
4

冗
~
3
<

arg(z-2)=晋

Im

/
B A

」2  0 4 Rc
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CHAPTER 1 C0MPLEX NVMBERs

Cube roots of unity

If z is a cubc rOot of1,wc havc

'=1→ '-1=o
→ r~ˉ —1)('+z+1)=0

Thcreforc,cither∶   z==1,which is thc rcal root,Or

'+z+1=oIflllis a compIex cube rOot of1,w≠ I and satis△ es thc cquation

z2-← z-+1=0 Hencc,wc have

ll’

2+lll+1=0

→  ll=
-1± √
′1-4

=_⊥ ±2堡 i
2   2

If wc plOt thcsc three roOts of1on an'`rgand diagran△
,、Ⅴc snd

thcn1to bc sym1netrica11y positioncd on the circumference of a

circlc of radius1,as shown in the diagraⅡ 1on thc right.

square of a compIex cube root of uⅡ ity

If v`is a cOmplcx cube root Of1,ll2is alsO a complcx cubc rOot of l,

Proof

Iflilis a cOmplcx cubc root of1,then l//3==1.Thercforc,we haⅤ c

(l/ll2)3=lll6=(lIl3)2=1

That is,v`2is alSO a cOmplcⅩ  cube root Of1,

Note Wc found carⅡ erthat w=~:=L÷
f⒒
 HCncc,、Ⅴe have

`=← :+喾亻∝
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EXERCIsE 1C

琶 ExampIe16If v is thc cOmpleⅩ  roOt Of1,Ⅱnd thc valuc ofll4+l【 l:.

∶    sOLvTIoN
■

孟     ″4+w:=w× w3+w2(v3)2

:   SincC lll3==1,Wc gct

邕     w4+w:=v+w2
堇 sincC1+ll+w2=0,we Ⅱnd
:     ll4+w:=~1

鲞  ExampIe17If`is a cubc root Of1,snd thc pOssiblc valucs of`2+`4.
0

:    sOLuTION

:        `2+`4=`2+`×
`3

瑟        =f,2+、  sincc`3=1
口

:  If`is real,`=1,and thus`2+`=2,

:  If`心 ac。mplex cube root,we haⅤ c

晕      `2+`=-1
∶ Thcrcf。 rc,thc possiblc values Of`2+`4are2and-1

Exercise1C

1 Skctch thc locus of z、 vhen∶

a)z=5       bz{=3      cl z-2=3    d)z— ⒉|=4
el|z+2+2i=2√9       f) |z+3~√ ti=2√3          g,2z_i|=3

2 Skctch thc locus of z whcn∶

a)arg z=晋

d) arg(z-3i)==晋

3 Sketch thc locus of z、 vhen∶

al z-2=|z-4

d)z+⒉|=z-2

4 Skctch the locus Of z whcn∶

a,z-1=引 z+2

bl argz=—
T

⑶揣 |=1

bl}z+i=2z— ⒉
|

c) arg(z-+2)二 =|:

cl z— i=z— ⒉丨

θ号气f扌 =1

cl z— i=4z+3i|

Θ arg0+1+D=毋   O arg臼 2诌)=一瞥

⑷
'2刊
=ψ +6+圳 ⑶琚 =3
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CHAPTER1 COMPLEX NuMBERs

5 Skctch each of th。 fo11owing.

a) arg(元
) =晋          b) arg(=) =晋

c) arg(:|≡钅÷) =晋         d) arg(Ξ 1子砀厅) =詈
6If w跽 a complex root of1,⒍mplif,/oach of tll∞ e。

a,v4+ll/:     b【 W9+V1:   c,ll3+″ 7+【 I’ 11

7 If w is a cube root of1,nnd thc possible values of each of the fo11owing.

㈤ l+∥ +栌  W+泸  Θ
搿  W+耐

0

″

8 Find the solutions of(z-2)3=1.

9 With the aid of a skctch,cxplain、vhy therc is no complex number、 Ⅳhich satisnes both

甥z=号 洫
'-2一
川='4刊

10The colnplex nulnber z=J+氵 satisfles thc cquation

z-9+纣 |=3z-1— ⒋|

Thc con△pleⅩ number z is rcprcscntcd by the point P in the Argand diagram.

a) Show that thc locus of P is a circle。

b) StatC thC ccntrc and radius of this circlc。

c)Sketch thc circ1c On an Argand diagram。   (EDEXCEL)

11 A complcx number z satisnes the incquaⅡ ty

|z+2— ⑿√臼i|≤ 2

Describe in geometrical tcrms,with the aid of a sketch,the cOrresponding region in an Argand

diagram.Find

i) the least possiblc value of|z|

Ⅱ) the grcatcst possible value of arg z。    CDCR)

12 The region」R in an Argand diagram is desned by thc inequaⅡ ties

|z|≤ 4 and |z|≥ |z-2|

Draw a clcarly1abcllcd diagral△△to Ⅱlustrate R,  (oc⑷

13 Thc rcgion丿 R of an Argand diagram is dcflned by the inequalities

0≤ arg(z+纣)≤ 去冗 and z|≤ 4

Draw a clcarly l泛1belled diagraln to Ⅱlustrate R。 (oc⑴

14TwO cOmplcⅩ  numbers,z and v,satisf,r the inequalit忆 s

|z-3— ⒉|≤ 2 and |v-7-5i|≤ 1

By drawing an Argand diagram,flnd the least pos⒍ blc Ⅴalue of z_″卜   (oC⑴
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