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After completing this chapter you should be able to:

add, subtract, multiply and divide complex numbers
find the modulus and argument of a complex number
show complex numbers on an Argand diagram

solve equations that have complex roots.

Complex
numbers

Although complex numbers may seem
to have few direct links with real-world
quantities, there are areas of application
in which the idea of a complex number
is extremely useful. For example, the
strength of an electromagnetic field,
which has both an electric and a

magnetic component, can be described

by using a complex number. Other areas

in which the mathematics of complex ; - -
numbers is a valuable tool include signal

processing, fluid dynamics and quantum The Aurora Borealis (Northern Lights) are
mechanics. part of the Earth’s electromagnetic field.




CHAPTER 1

1.1 You can use real and imaginary numbers.

When solving a quadratic equation in Unit C1, you saw how the discriminant of the equation
could be used to find out about the type of roots.

For the equation ax? + bx + ¢ = 0, the discriminant is b*> — 4ac.
If b2 — 4ac > 0, there are two different real roots.

If b?> — 4ac = 0, there are two equal real roots.

If b?> — 4ac < 0, there are no real roots.

In the case b?> — 4ac < 0, the problem is that you reach a situation where you need to find the
square root of a negative number, which is not ‘real’.

To solve this problem, another type of number called an ‘imaginary number’ is used.
The ‘imaginary number’ \(—1) is called i (or sometimes j in electrical engineering), and sums

of real and imaginary numbers, such as 3 + 2i, are known as complex numbers.

A complex number is written in the form a + bi.

T =

|

B You can add and subtract complex numbers.

|

B Animaginary number is a number of the form bi, where b is a real number (b € R).

Write /(—36) in terms of i.

J(=36) = /(36 X =) = V36,/(—1) = 6i

This can be written as
5 2ivV7 or (2V7)i to avoid

confusion with 2V/7i.

-~

J(—28) = /(26 X —1) = V28 /(—1) = V&V7/(—1) = 2V7i or 2iW7 or (2V7)i

Write /(—28) in terms of i.

Solve the equation x> + 9 = 0.

X = =9 Note that just as x2 = 9
&l . has two roots +3 and
X=X(79) = 2y(O@ X 1) = 2VOy(~1) = 3 -3, x2 = -9 also has two

x = £3i (x = #£3i,x = =3i) roots +3i and -3i.
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B A complex number is a number of the form a + bi, where a € R and b € R.
B For the complex number a + bi, ais called the real part and b is called the imaginary part.

B The complete set of complex numbers is called C.

Example [

Solve the equation x? + 6x + 25 = 0.

Method 1 (Completing the square)

Because
X2+ 6x=(x+3)2-9" (x + 3)2=(x + 3)(x + 3)

=x2+6x+9
X+ 6x+25=(x+3)7-9+25=(x+ 3?2+ 16
(x +3P2+16 =0

(x + 32 =—-16
: V(=16) = /(6 X —1)
x = -3 x4

x = -5+ 4 X = —3— 4

Method 2 (Quadratic formula)

o Using
-6 */(6° — 4 X1X25) —6=*,/(-64) —b + \/(b? - 4ac)
x = = X =
2 2 2a
J(—64) = +8i
x = # = N J(—64) = /(64 X —1)
Xx=-3+4i, x=-3-—4 GRS

B In a complex number, the real part and the imaginary part cannot be combined to form a
single term.

You can add complex numbers by adding the real parts and adding the imaginary parts.

You can subtract complex numbers by subtracting the real parts and subtracting the
imaginary parts.

Example B
Simplify, giving your answer in the form a + bi, wherea € R and b € R.
a (2 +5i) + (7 + 3i) b (3 — 4i) + (=5 + 6i) c 2(5 — 8i)

d (1+8i)—(6+i) e (2-5i)— (5 - 11i £ (2 + 3i) — (2 - 3i)
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a 2+5)+ (7+3)=(Q2+7) +i5+3)=9+8i

b (3—4)+(-5+6)=(3-5)+i(-4+6)=-2+2i

¢ 2(5 - 8i) =10 — 16i

d (1+8)—BG+)=01-6)+i(&—-1)=-5+7

e 2-5)—(B-1)=(2-5)+i(=5—(=11)) = =3 + 6i

F2+3)-(2-3)=(2-2)+i(3—(-3)) = 6i

Simplify, giving your answer in the form a + bi, wherea € Rand b € R.

(5 + 2i) + (8 + 9i)

(7 + 6i) + (=3 — 5i)

R W =

(3 —7i) + (=6 + 7i)

7 (9 + 6i) — (8 + 10i)

9| (-4 — 6i) — (—8 — 8i)

11 (3 + 4i) + (4 + 5i) +(5 + 6i)
13 (18 + 5i) — (15 — 2i) — (3 + 7i)
15/ 3(8 — 4i)

17 23 +1i) + 32 +1)

19) (5 +31) + (3 +30)

Write in the form bi, where b € R.
21 /(-9)

23 \(-121)

25 ((-225)

27 J(—-12)

29 \(-200)

R N AN

10

18

20

22
24

(4 + 10i) + (1 — 8i)
2 — 1) + (11 + 2i)
(20 + 12i) — (11 + 3i)

(2 — i) — (=5 + 3i)

(=1 +50) — (=1 + i)
(=2 — 7i) + (1 + 3i) —
2(7 + 2i)

7(1 - 3i)

54 + 30) — 4(—1 + 2i)

(3V2 +i)— (V2 — i)

(—49)
(=10000)

26 (-95)
28 /(—45)

30

(—147)

Add real parts and add
imaginary parts.

This is the same as
(5 - 8i)+ (5 - 8i)

Subtract real parts and
subtract imaginary parts.

The answer has no
real part. This is called
purely imaginary.

(-12 + 1)
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Solve these equations.

31 x> +2x+5=0 32 x2—-2x+10=0
33 x2+4x +29=0 34 x>+ 10x +26=0
35 x> —-6x+18=0 36 x> +4x+7=0
37 x> —-6x+11=0 38 x2-2x+25=0
39 x>+ 5x+25=0 40 x> +3x+5=0

1,2 You can multiply complex numbers and simplify powers of i.

B You can multiply complex numbers using the same technique as you use for multiplying
brackets in algebra, and you can simplify powers of i.

B Sincei=(-1),i2=-1

Example [3
Multiply (2 + 3i) by (4 + 5i)

Multiply the two brackets as you
would in algebra.

(2 + 3)(4 + 5i) = 2(4 + 5i) + 3i(4 + 5i)
=8+ 10i + 12i + 15i2
=8+ 10i+12i — 15
(& — 15) + (10i + 12i)
-7 + 22i

Use the fact that i2 = —1.

Add real parts and add imaginary
parts.

Express (7 — 4i)? in the form a + bi.

Multiply the two brackets as you
would in algebra.

(7 — 4)(7 — 4) = 7(7 — 4i) — 4i(7 — 4i)
= 49 — 28i — 281 + 16
= 49 — 28i — 28 — 16
= (49 — 16) + (—28i — 28i)
= 33 — 56i

Use the fact that i2 = —1.

Add real parts and add imaginary
parts.
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Simplify (2 — 3i)(4 — 5i) (1 + 3i)

(2 — 3i)(4 — 5i) = 2(4 — 5i) — 3i(4 — 5i)

=8 —10i —12i + 1562 = & — 10i — 12i — 15 = =7 —22i

(=7 = 22)(1 + 3i) = —=7(1 + 3i) —22i(1 + 3i)

= =7 — 2li — 22i — 66i¢ = 59 — 43i

Simplify
a il b i* c (2i)

a P=iXiXi=PFEXi=—i

b i*=iXiXiXi=FEXiZ=—-1X—-1=1

¢ (2P =2iX2iX2i X2 X 2i=32(i XiXiXiXi

= 22(i2 X i#X i) =32 X =1 X =1 X i= 32i

1! (5 + )3 + 4i)

3| (5- 201 + 5i)

5 (-3-1)4+ 7

7| (2 - 902

9 (3—2i)5 +1i)4 — 2i)
Simplify.

11 i°

13 5 +i

Simplify these, giving your answer in the form a + bi.

2| (6 + 30)(7 + 2i)

4| (13 - 3i)(2 - 8i)
6 (8 + 5i)?

8 1+1H2+1i)3+1i)
10 (2 + 3i)®

12 (3i)*

14 (4i)® — 4i3

15 (1 +1i)8 Hint: Use the binomial theorem.

First multiply two of the
brackets.

Then multiply the result by
the third bracket.

First multiply the 2s (25).
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1.3 You can find the complex conjugate of a complex number.

B You can write down the complex conjugate of a complex number, and you can divide two
complex numbers by using the complex conjugate of the denominator.

B The complex number a — bi is called the complex conjugate of the complex number a + bi.
B The complex numbers a + bi and a — bi are called a complex conjugate pair.

B The complex conjugate of zis called z*, so if z= a + bi, z* = a — bi.

Example [
Write down the complex conjugate of
a2+3i b 5 - 2i c V3+i d1-i/5
a 2 —2i b b5+ 2
Just change the sign of the imaginary part
= f + to -, or - to +).
¢ V3| d 1+iV5 SIEI) 0= G =0y

Example (K]

Find z + z* and zz*, given that

az=3+5i bz=2-7i cz=2/2+1/2
a z'=3 — Hi

Note that z + z* is real.

247 =(3+5)+(B-5)=B+3)+i5-5)=6
27" = (3 + Bi)(® — 5i) = 3(3 — 5i) + 5i(3 — 5i)
=9 —15i + 151 — 25i¢= 9 + 25 = 34 Note that zz* is real.

b zx = 2 + i
z+zZ=2-7)+2+7)=2+2)+i(-7+7)=4
zz"= (2 =72 + 7)) =22+ 7i) = 7i(2 + 7))
=4 + 14 — 14i — 4912 = 4 + 49 = B3 Note that zz* is real.

Note that z + Z* is real.

c Z=2J2 - V2
z+ 7= (2V2 + W2) + (2V2 — W2)
=(2V2 +2V2) +i(V2 - V2)=4V/2 Note that z + Z* is real.
zz" = (2V2 + W2)(2V2 — iV2)
=2V2(2v2 — WV2) + W2(2V2 — iW2)
=8 —4i+4-2”=8+2=10 Note that zz* is real.
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Simplify (10 + 5i) =+ (1 + 2i)

10+5 _ 1—2i The complex conjugate of the
(10 +5i) = (1 + 2i) = 454 ! denominator is 1 — 2i. Multiply
1+ 2i 1-2i numerator and denominator by this.

1O+5ix1—2i:(10+5i)(1—2i)

T420 " 1—2i  (+20(1 - 20)

(10 + 5i)(1 = 2i) = 1001 — 2i) + 5i(1 — 2i)
=10 — 20i + 5i — 10
= 20 — 15i

(14 201 — 2i) = 1(1 — 2i) + 2i(1 — 2i)
=1-20+2—42=5

(10 + 5i) + (1 + 2i) = 20 g 15i _ 4 _ 3 E}i/visde each term in the numerator

Simplify (5 + 4i) + (2 — 3i)

. . The complex conjugate of the
5+ 4)+@2-3)=214 23 denominator is 2 + 3i. Multiply
2-31 2+ numerator and denominator by this.

5+ 4i 2+ 3 _ (5+ 42+ 5i)
2-3i 2+3 (2-230)2+ 3)
(5 + 4i)(2 + 3i) = B(2 + 3i) + 4i(2 + 3i)
=10 + 151 + &i + 12§
= —2 + 23i
(2 = 32 + 3i) = 2(2 + 3i) — 3i(2 + 3i)
4+ 6i— 06— 9i”F=13
(B + 40) + (2 — 3i) = =223 = 0 2 n 25, . Divide each term in the numerator

1% 1313 by 13.

The division process shown in Examples 12 and 13 is similar to the process used to divide surds.
(See C1 Section 1.8.)
For surds the denominator is rationalised. For complex numbers the denominator is made real.

B If the roots « and B of a quadratic equation are complex, a and B will always be a complex
conjugate pair.

B If the roots of the equation are a and B, the equationis (x — a)(x — B) = 0
®-a)x-p)=x’-ax-px+ap=x>—(a+ B)x + af
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Find the quadratic equation that has roots 3 + 5iand 3 — 5i.

, . _ : BN — This is a useful method to
For this equation o + B = (3 + 5i) + (3 — 5i) = 6 P E——
and af = (3 + 5i)(3 — 5i) = 9 + 15i — 15i — 252 = 34 not required knowledge

for the FP1 .
The equation is x* — 6x + 34 = O or the FP1 exam

1 Write down the complex conjugate z* for
az=8+2i bz=6-35i
cz=2-1i dz=5+i/10

2 Find z + z* and zz* for
az=6-3i b z=10 + 5i
cz=32+1 dz=V5-3i/5

Find these in the form a + bi.

3] (25— 100) + (1 — 2i) 4l 6+1)+ @3+ 40
5 (11 + 4i) = 3 +1i) 6| 31
71455 81 5 ai
9 =" 10

— 432

Given thatz, =1+ 1,2, =2 + iand zz = 3 + i, find answers for questions 12-14 in the
form a + bi.

ZIZZ (ZZ)Z
12 Z3 13 Z1
2z, + 5z
14 =

15 Given that S + 21 = 2 — i, find z in the form a + bi.

16 Slmphfy 6 + 81 + 61+ 8i , giving your answer in the form a + bi.

17 The roots of the quadratic equation x> + 2x + 26 = 0 are a and B.
Find a aandp b a+p c af
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18 The roots of the quadratic equation x? — 8x + 25 = 0 are @ and B.
Find a aandp b a+p c af

19 Find the quadratic equation that has roots 2 + 3i and 2 — 3i.

20 Find the quadratic equation that has roots —5 + 4i and -5 — 4i.

1.4 You can represent complex numbers on an Argand diagram.

You can represent complex numbers on a diagram, called an Argand diagram.

A real number can be represented as a point on a straight line (a number line, which
has one dimension).

H A complex number, having two components (real and imaginary), can be represented as a
point in a plane (two dimensions).

B The complex number z = x + iy is represented by the point (x, y), where x and y are
Cartesian coordinates.

B The Cartesian coordinate diagram used to represent complex numbers is called an Argand
diagram.

B The x-axis in the Argand Diagram is called the real axis and the y-axis is called the
imaginary axis.

Example [

The complex numbers z; = 2 + 5i, z, = 3 — 4i and z3 = — 4 + i are represented by the points A,
B and C respectively on an Argand diagram. Sketch the Argand diagram.

Imaginary Y A2 5)
.Zl !
C(—4,1) For z; = 2 + 5i, plot (2, 5).
2] For z, = 3 — 4i, plot (3, —4).
0 e For z; = —4 + i, plot (=4, 1).

Real

BB -4
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Show the complex conjugates z, = 4 + 2i and z* = 4 — 2i on an Argand diagram.

Imaginary Y1
“,2),

1 Note that complex conjugates will always
be placed symmetrically above and below
the real axis.

0} x
Real
(41 72)
.ZZ

The complex number z = x + iy can also be represented by the vector (713, where O is the origin
and P is the point (x, ¥) on the Argand diagram.

Example

Show the complex numbers z; = 2 + 5i, z, = 3 — 4i and z; = —4 + i on an Argand diagram.
Y A(2,5)
Zl

C(-4,1) For z; = 2 + 5i, show the vector from (0, 0)
23 to (2, 5).

0 e Similarly for z, and z,.

B (3, —4)
ZZ

If you label the diagram with letters A, B and C, make sure that you show which letter represents
which vector.
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The complex numbers z, = 7 + 24i and z, = —2 + 2i are represented by the vectors OA and @
respectively on an Argand diagram (where O is the origin). Draw the diagram and calculate |OA|
and |OB|.

A (7,24)
z

1

B(-2,2)%

|0A| = V72 + 242 = VG625 = 25

|0B| = J(—2)2 + 22 = V& = 2/2

B Addition of complex numbers can be represented on the Argand diagram by the addition of
their respective vectors on the diagram.

zy =4 +iand z, = 3 + 3i. Show z,, z, and z;, + z, on an Argand diagram.

ztz=A+3)+ti(l+3)=7+ 4

Yy
C7, 4
B@B,3) .- At
22 ’
Note that the vector for z; + z,
zlA # D (OQ) is the diagonal of the
0 b parallelogram. This is because

OC = OA + AC = OA + OB.




Z1:6_Ziand22

Complex numbers

1 + 4i. Show z,, 7z, and z; + z, on an Argand diagram.
zt+tz,=0G-1)+i(—2+4)=5+2i

y
B(-1,4)
EA N S
T 05,2
\Z * 2 Note that the vector for z; + z,
(0Q) is the diagonal of the
0 ' X parallelogram. This is because
i OC= OA + AC = OA + OB
=2
A (6, —2)

z—z,=(2—-4)+ib - 2)

zy =2+ Siand z, = 4 + 2i. Show z,, z, and z, — z, on an Argand diagram.

=2 ar &N
y 2,
L)(205)
2172, //’/’
(_2/ 3[)1,' 22
/ 4, 2)
] Z1— 2= 21+ (— 2).
> The vector for —z, is shown by the
Ly -0 dotted line on the diagram.
_22 I,' -
-
(=4, -2)
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1

Show these numbers on an Argand diagram.

a7+2i b 5-4i
c —6-i d -2+5i
e 3i f V2 +2i
g —1+3i h -4

Given thatz;, = -1 —1i,z, = =5 + 10i and z; = 3 —4i,
Zy . .
a find z,z,, z,z; and 2% in the form a + ib.

z .
b show z,, z,, z3, 7,75, 7,73 and 7§ on an Argand diagram.
Show the roots of the equation x> — 6x + 10 = 0 on an Argand diagram.

The complex numbers z; = 5 + 12i,z, = 6 + 10i, z3 = —4 + 2iand z, = —3 — i are
represented by the vectors &1’, (715, OC and OD respectively on an Argand diagram.
Draw the diagram and calculate |64’ [, |(71§|, IO_é | and I(i)’l.

z; =11+ 2i and z, = 2 + 4i. Show z,, z, and z; + z, on an Argand diagram.
z; = =3 + 6iand z, = 8 — i. Show 7z, 7, and 7, + 7z, on an Argand diagram.

z; =8 + 4iand z, = 6 + 7i. Show z,, z, and z; — 7z, on an Argand diagram.

zy = —6 — 51 and z, = —4 + 4i. Show z,, z, and z, — z, on an Argand diagram.

1,5 You can find the value of r, the modulus of a complex number z, and the value

of 0, the argument of z.

Consider the complex number 3 + 4i, represented
on an Argand diagram by the point A, or by the
vector OA. AZ(3, 4)

The length OA or \5/3|, the magnitude of vector |574|, :
is found by Pythagoras’ theorem: 14

0Al =32+ 42 =y25=5 =

This number is called the modulus of the
complex number 3 + 4i.
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The modulus of the complex number z = x + iy is given by \x2? + y2.

The modulus of the complex number z = x + iy is written as r

or |zl or |x + iy|, so r = x? + y2.
|z| = x?% + y2.
x +iy| = /x2 + y2.

The modulus of any non-zero complex number is positive.

Consider again the complex number

z=3+ 4.
AG3 4
V4

By convention, angles are measured from the
positive x-axis (or the positive real axis),
anticlockwise being positive.

The angle 6 shown on the Argand diagram, 0 3 X
measured from the positive real axis, is found
by trigonometry:

_ 4
tan0—§,

0 = arctan g ~ 0.927 radians

This angle is called the argument of the complex
number 3 + 4i.

The argument of the complex number z = x + iy is the angle 6 between the positive real
axis and the vector representing z on the Argand diagram.

For the argument 6 of the complex number z = x + iy, tan 0 = %
The argument 6 of any complex number is such that —# < < =
(or —180° < 6 < 180°). (This is sometimes referred to as the principal argument).

The argument of a complex number z is written as arg z.

The argument 0 of a complex number is usually given in radians.

It is important to remember that the position of the complex number on the
Argand diagram (the quadrant in which it appears) will determine whether
its argument is positive or negative and whether its argument is acute or
obtuse.

The following examples illustrate this.
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Y 2,7)
z

Q

Modulus: |z = [2 + 7i| = V22 + 72 = VB3 = 7.28 (2 d.p.)

Argument: tan a = % a = 1.2924... radians

arg z = 1.29 radians (2 d.p.)

Example P}

Modulus: |z = |=5 + 2i| = /(—5?) + 22 = V29 = 539 (2 d.p.)

Argument: tan a = % a = 0.5505... radians

arg z = (m — 0.5805) = 2.76 radians (2 d.p.)

Find, to two decimal places, the modulus and argument (in radians) of z = 2 + 7i.

Sketch the Argand
diagram, showing
the position of
the number.

Here z is in the
first quadrant,

so this angle

is the required
argument
(measured
anticlockwise
from the positive
real axis).

Find, to two decimal places, the modulus and argument (in radians) of z = —5 + 2i.

Sketch the Argand
diagram, showing
the position of
the number.

Here z is in the
second quadrant,
so the required
argument is

(7 — a) (measured
anticlockwise from
the positive real
axis).
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Find, to two decimal places, the modulus and argument (in radians) of z = —4 — i.

Sketch the Argand
diagram, showing
the position of

4 the number.

Here z is in the
third quadrant,
so the required
argument is
Modulus: |z| = |[=4 —i| = \/(=4)? + (=17) = V17 = 412 (2 d.p.) N a—

) (clockwise from the
a = 0.2449... radians positive real axis is

negative).

Argument: tan a = %
arg z = —(m — 0.2449) = —2.90 radians (2 d.p.)

Example PH

Find, to two decimal places, the modulus and argument (in radians) of z = 3 — 7i.

3 Sketch the Argand
diagram, showing
the position of
the number.

=)
Q
=

23, -7) Here z is in the
fourth quadrant,
so the required

Modulus: |z| = |3 = 7i| = /32 + (=7)? = VB& = 7.62 (2 d.p.) argument is

7 ‘ —a (clockwise from

Argument: tan o = 3 a = 1.1659... radians the positive real

arg z = —1.17 radians (2 d.p.) I 5 MEEYE),
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Find the exact values of the modulus and argument (in radians) of z = —1 + i.
yl
z(=1,1)
Sketch the Argand
:7 AN N diagram, showing
1 0 X the position of
the number.

Here z is in the
second quadrant,

Modulus: |2l = |-1+i| = /(12 + 12 =V2 so the required
1 argument is
Argument: tan a = T o= % (7 —a) (measured
anticlockwise from
= _m\ = o7 the positive real
arg z (W 4) 4 axis).

Find the modulus and argument of each of the following complex numbers, giving your answers
exactly where possible, and to two decimal places otherwise.

1 12 +5i
2 V3 +i
3 -3 +6i
4 2-2i

5 -8-7i
6 —4+11i
7 2/3-i/3

8 —-8-15i




Complex numbers

1.6 You can find the modulus-argument form of the complex number z.

B The modulus—argument form of the complex number z =x + iy is
z = r(cos 6 + i sin 6) where ris a positive real number and 6 is an angle such that
-7 <6< x(or —180° < 0 =< 180°)

2 (x,y)

0 [ From the right-angled triangle,
o x x X =rcos @andy = rsin 6.

This is correct for a complex number in any of the Argand
diagram quadrants.

For complex numbers z, and z,, |z,7z,| = |z,||z,|.
Here is a proof of the above result. (You do not need to remember this proof for the exam!)

Let |z)| = r,, arg z; = 0, and |z,| = 1,, arg z, = 6,, SO
z, = ry(cos 6; + isin 6;) and z, = ry(cos 6, + isin 6,).

7,Z, = 11(cos 6; + isin ;) X ry(cos 6, + isin 6,) = rir,(cos ; + isin 0;)(cos 6, + isin 6,)

ri7,(cos 6, cos 6, — sin 6, sin A, + i sin #; cos #, + i cos 6, sin 6,)

r11;[(cos 6, cos 6, — sin 6, sin 6,) + i(sin 6, cos 6, + cos 6, sin 6,)]

But (cos 6, cos 6, — sin 6, sin 6,) = cos (6; + 6,) and (sin 6, cos 6, + cos 6, sin 6,) = sin (6; + 6,)
So z,z, = riry[cos (0, + 6,) + isin (6, + 6,)]

You can see that this gives z,z, in modulus-argument form, with |z,z,| = r, r,.

80 (212, = 1115 = |21|2y]

(Also, in fact, arg(z,z,) = 6, + 6,)




Example

a Express the numbers z;, = 1 + iv3 and z, = —3 — 3i in the form r(cos 6 + i sin 6).

b Write down the value of |z,7,|.

211, V3)
V3

Modulug: 1 = |z| = [1 +1V3] =/ + (VB) = V& = 2

Argument: tan oy = @ =3 Q=

= = E
0, = arg z %
Modulus:  r, = |z,| = |—=3 — 3]
= /(=3)" + (=3)
=18 =V/9V2
=3/2
Ar‘ . = é = 1 =
gument: tan o, 3 Ol
= =—(g-T
0, = arg z, = (7r 4)

S0 z = 2(005 % + i sin %)

and  z, = 3J/2 (005 (—@) + i sin (—@))

4

3

Using ‘2122‘ = nrp = ‘ZTHZZ

Ly
5

4

275l =, = 2 X 3/2 = 6V2

Sketch the Argand
diagram, showing
the position of the
numbers.

z, is in the first
quadrant, so this
angle is the required
argument (measured
anticlockwise from the
positive real axis).

Z, is in the third
quadrant, so the
required argument is
—(7 — ay) (clockwise
from the positive real
axis is negative).
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1 Express these in the form r(cos 6 + isin 6), giving exact values of r and 6 where possible, or
values to two decimal places otherwise.

a2+2i b 3i

c —3+4i d1-3i
e —2-135i f -20
g 7 — 24i h -5+ 5i

2 Express these in the form r(cos 6 + isin 6), giving exact values of r and 6 where possible, or
values to two decimal places otherwise.
3
a
1+iV3

3 Write in the form a + ib, wherea € Rand b € R.

a 3\/§<cos T + isin E)

4 4
b6(cos 3 + isin 1

c ﬁ(cos%-l— isin%)

¢ feos| 37+ n[ -]

4 In each case, find |z, |z,| and z,z,, and verify that |z,z,| = |z,||z,).

az =3+4i Z, =4 — 3i
bz =-1+2i Z,=4+2i
c z;,=5+12i Z, =7 + 24i
dz=V3+iV2 2z,=-V2+1i/3

],7 You can solve problems involving complex numbers.

B You can solve problems by equating real parts and imaginary parts from each side of an

equation involving complex numbers.
B This technique can be used to find the square roots of a complex number.

B Ifx, +iy, =x,+ iy, thenx, =x,andy, = y,.
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Given that 3 + 5i = (a + ib)(1 + i), where a and b are real, find the value of a and the value of b.

(a+ib)(1+0) =a(l+i)+ib(1 + i)

=a+a+bi—>b

=(a—b) +i(a+b)

So(a—b)+ia+b)=3+5i

i a—-b=23

i a+b=5b

Adding i and ii: 2a =6

Equate the real parts from each side of the
equation.

Equate the imaginary parts from each side
of the equation.

Solve equations i and ii simultaneously.

a=4

Substituting into equation i:
4—-b=23
b=1

Example PXJ

Find the square roots of 3 + 4i.

Suppose the square root of 3 + 4iis a + ib,
where a and b are real.
Then (a + ib)? = 3 + 4i
(a+ib)(a+ib)=23+ 4i
ala + ib) + ib(a + ib) = 3 + 4i
2% + abi + abi — b* = 3 + 4i
(22 — P?) + 2abi = 3 + 4i

i 22— =3

ii 2ab =4
Fromii:b:i:g
2a a

Substituting into i: &% — iz =3
a
at— 4 =35
a*— 322 —4=0

(@ —4)(a+1)=0

a=4orzt=—1

Equate the real parts from each side
of the equation.

Equate the imaginary parts from
each side of the equation.

Multiply throughout by a?.

This is a quadratic equation in a2.



Complex numbers

Sinhce a is real, 22 = —1 has no solutions.
Solutions are a = 2ora = —2.
Substituting back into b = %:

Whena =2,b =1

Whena = —2,b = —1
So the square roots are 2 + iand —2 — i
The square roots of 3 + 4i are *(2 + i).

1 a-+ 2b+ 2ai =4 + 6i, where a and b are real.
Find the value of a and the value of b.

2 (a—Db)+ (a+ b)i=9 + 5i, where a and b are real.
Find the value of @ and the value of b.

3 (@a+b)2+1i)=b+ 1+ (10 + 2a)i, where a and b are real.
Find the value of a and the value of b.

4 (a +i)3 = 18 + 26i, where a is real.
Find the value of a.

5| abi = 3a — b + 12i, where a and b are real.
Find the value of a and the value of b.

6 Find the real numbers x and y, given that

1 _a o
x+iy_3 2

7 Find the real numbers x and y, given that
@+iyyad+i)=2+i

8  Solve for real x and y
(@ +iy)S—2i))= -3+ 7

Hence find the modulus and argument of x + iy.
9  Find the square roots of 7 + 24i.
10 Find the square roots of 11 + 60i.
11 Find the square roots of 5 — 12i.

12 Find the square roots of 2i.
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1.8 You can solve some types of polynomial equations with real coefficients.

B You know that, if the roots @ and  of a quadratic equation are complex, a and (8 are always

a complex conjugate pair.

Given one complex root of a quadratic equation, you can find the equation.

Complex roots of a polynomial equation with real coefficients occur in conjugate pairs.

7 + 2i is one of the roots of a quadratic equation with real coefficients. Find the equation.

The other root is 7 — 2i

The equation with roots av and Bis (x — a)(x — B) = O

(x— (7 + 20))(x — (7 — 21)) = O

X —=x(7—=2)—x(7+ 20+ (7+2)(7—-2)=0

X2 — Tx + 2ix — 7x — 2ix + 49 — 14i + 14i — 42 = O

L —14x+ 49+ 4 =0

X —14x + B3 =0

The roots are a conjugate
pair.

See page 8 and Example 14
on page 9 for another
method.

B An equation of the form ax3 + bx? + cx + d = 0 is called a cubic equation, and has three roots.

Example EY]

Show that x = 2 is a solution of the cubic equation x3 — 6x? + 21x — 26 = 0.

Hence solve the equation completely.

Forx =2,x° —6x?+2Ix —26 =8 —-24+42 - 26 =0

So x = 2 is a solution of the equation, so x — 2 is a factor

of x> — 6x2 + 21x — 26

X2 — 4x + 13 ]
x —2)x®>— 6x2 + 21x — 26
x° — 2x?
— 4x2 4+ 21x
— 4x% + &x
152x — 26
12x — 26
@) _ |

Use long division (or
another method) to find
the quadratic factor.
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B — By — = (x — 2 _ =
X G A = Ao = (B = 2 ) =0 The other two roots are

Solving x?2 — 4x + 13 =0 found by solving the
quadratic equation.

X2 —4x =(x — 22— 4 .
Solve by completing the

X2—4x+13=(x—-22-4+13=(x—-2)2+9 square. Alternatively, you

(x—-22+9=0 ]Sould use the quadratic
ormula.

(x —2)2=-9

x—2==x,/(-9) = £3i The quadratic equation has

xX=2x3° complex roots, which must
be a conjugate pair.

X =2+ 3, x=2— 3i jugate p

So the 3 roots of the equation are 2, 2 + 3i, and 2 — 3i.

Note that, for a cubic equation,
either 1 all three roots are real,
or ii one root is real and the other two roots form a complex conjugate pair.

Example E¥]

Given that —1 is a root of the equation x*> — x? + 3x + k = 0,
a find the value of k,

b find the other two roots of the equation.

a |If —=1is aroot,
(=12 = (=12 +3(-1)+ k=0
—1=-1-3+k=0
k=5

b —1is aroot of the equation, so x + 1is a factor of
el

X2 —2x+5
x+1x3—x2+3x+5
x° + x?
— 2x% + 3x Use long division (or
o2 another method) to find
il il the quadratic factor.
bx + 5
5x + 5
o _ |
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X —x2+3x+5=((x+Nx*-2x+5)=0

The other two roots are

Solving x? — 2x + 5 =0 found by solving the
quadratic equation.

X2 —=2x=(x—1)%—1
X=2x+5=x—-12-1+5=x—-1%2+4

Solve by completing the
square. Alternatively, you
could use the quadratic

(x-1?+4=0 formula.
(x = 12=—4
— = +4/ —4) = +
x—1=2J(=4) = The quadratic equation has
x =1=x2i complex roots, which must

be a conjugate pair.

x=1+2i,x=1—2i

So the other two roots of the equation are 1 + 2i and
1= 2i

B An equation of the form ax* + bx3 + cx? + dx + e = 0 is called a quartic equation, and
has four roots.

Given that 3 + i is a root of the quartic equation 2x* — 3x3 — 39x2 + 120x — 50 = 0, solve the
equation completely.

Complex roots

Another root is 3 — . occur in conjugate
pairs.

The equation with roots a and Bis (x — a)(x — §) = O
-G+ )Nx-(3-0)=0

X2 =x(3—-)—x(B+D+B+)(B-0)=0

X2 =3x+ix—3x—ix+9-3+3—-=0
X>—-6x+9+1=0

X*—6x +10 =0




Complex numbers

So x? — 6x + 10 is a factor of 2x* — 3x% — 39x%? + 120x — 5O.

(x2 — 6x + 10)(ax? + bx + ¢) = 2x* — 3x°®> — 39x% + 120x — 50

l |

Consider 2x*

The only x* term in the expansion is x> X ax?, 60 a = 2. Itt 'S poss_lble’
o factorise ‘by

(x2 — 6x + 10)(2x% + bx + ¢) = 2x* — 3x° — 39x?% + 120x — BO inspection’ by

’ ‘ ‘ ‘ considering each
term of the quartic
separately.

Consider —3x2

The x° terms in the expansion are x* X bx and —6x X 2x,

50 bx® — 12x% = —3x°
b—12= -3
so b= 9.

(x2 — 6x + 10)(2x% + 9x + ¢) = 2x* — 3x° — 39x% + 120x — 50

l l

You can check this
by considering the

Consider —50 x and x2 terms in

the expansion.

The only constant term in the expansion is 10 X ¢, s0 ¢ = —5. I
2x* — 3x% — 39x% + 120x — B0 = (x? — 6x + 10)(2x? + 9x — B)

Solving 2x2 + 9x — 5 = 0

(2x —)(x +5)=0

1 e
25 = 2555 )

5o the roots of 2x* — 2x° — 39x% + 120x — 50 = O are

1, -5,3+iand3 — |

Note that, for a quartic equation,
either i  all four roots are real,

or ii two roots are real and the other two roots form a complex
conjugate pair,
or iii two roots form a complex conjugate pair and the other two

roots also form a complex conjugate pair.
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Show that x? + 4 is a factor of x* — 2x3 + 21x2? — 8x + 68.
Hence solve the equation x* — 2x3 + 21x% — 8x + 68 = 0.

Using long division:

x?—2x +17
X2+ 4)x* — 2x° + 21x — &x + 68
x* + 4x?
— 2x2 +17x% — &x
— 2x° — 8x
177 + 6&
17x2 + 68

0)
Sox* —2x°+ 212 = 8x + 68 = (x* + 4)(x* — 2x + 17) = O

Eitherx? + 4 =0orx? —2x + 17 =0

Solving x> + 4 = O

x2=—4

x=*/(=4) = £ /(4 X =1) = V4 /(-1) = £2i

Solving x? — 2x + 17 = O

X2 —2x = (x — 1) — 1

X2 —=2x+17=x—-1M2-1+17=(x—-1%+16

(x —12+16 =0

(x —12=—-16
x—1==*/(-16) = *4i
x=1=*4

So the roots of x* — 2x° + 21x2 — &x + 68 = O are

2i, =2i,1+ 4iand 1 — 4i

1

It is also possible
to factorise ‘by
inspection’ by
considering each
term of the quartic
separately, as in
Example 33.

Solve by completing
the square.
Alternatively, you
could use the
quadratic formula.

Given that 1 + 2i is one of the roots of a quadratic equation with real coefficients, find

the equation.

Given that 3 — 5i is one of the roots of a quadratic equation with real coefficients, find the

equation.

Given that a + 4i, where a is real, is one of the roots of a quadratic equation with real

coefficients, find the equation.
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4 | Show thatx = —1 is a root of the equation x* + 9x2 + 33x + 25 = 0.
Hence solve the equation completely.

5 Show that x = 3 is a root of the equation 2x3 — 4x? — 5x — 3 = 0.
Hence solve the equation completely.

6 Show thatx = —% is a root of the equation 2x3 + 3x? + 3x + 1 = 0.
Hence solve the equation completely.

7 Given that —4 + iis one of the roots of the equation x3 + 4x? — 15x — 68 = 0, solve the
equation completely.

8 Given that x* — 12x3 + 31x2 + 108x — 360 = (x> — 9)(x> + bx + ¢), find the values of b and
¢, and hence find all the solutions of the equation x* — 12x3 + 31x? + 108x — 360 = 0.

9 Given that 2 + 3i is one of the roots of the equation
x* + 2x3 — x2 4+ 38x + 130 = 0, solve the equation completely.

10 Find the four roots of the equation x* — 16 = 0.
Show these roots on an Argand diagram.

11 Three of the roots of the equation ax® + bx* + cx3 + dx? + ex + f=0are —2, 2iand 1 + i.
Find the values of g, b, ¢, d, e and f.

Mixed exercise [l

1 a Find the roots of the equation z2> + 2z + 17 = 0 giving your answers in the form a + ib,
where a and b are integers.

b Show these roots on an Argand diagram. Q

2l z,=-i,2,=1+iV3

z
a Find the modulus of i z,2, ii Z—;
. . .s Z
b Find the argument of i 7,7, ii Z—;
Give your answers in radians as exact multiples of . 9
_ 1
3275y
a Express in the form a + bi, where a, b € R,
. o1
iz ii z- 4.
b Find |7
¢ Find arg(z - l) giving your answer in degrees to one decimal place Q
z) :

4 The real and imaginary parts of the complex number z = x + iy satisfy the equation
2-)x—-—1Q1+3)y—-7=0.
a Find the value of x and the value of y.
b Find the values of ilz| ii argz. e
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5  Given that 2 + i is a root of the equation z3 — 11z + 20 = 0, find the other roots of the
equation.

6 Given that 1 + 3i is a root of the equation z3 + 6z + 20 = 0,
a find the other two roots of the equation,

b show, on a single Argand diagram, the three points representing the roots of
the equation,

¢ prove that these three points are the vertices of a right-angled triangle.

7 Z]Z4+21,Z2:_3+1
a Display points representing z, and z, on the same Argand diagram.
b Find the exact value of |z; — z,|.
z
Given that w = .,
2
c express w in the form a + ib, where a, b € R,

d find arg w, giving your answer in radians.

8 Given that 3 — 2i is a solution of the equation
x*— 6x3 + 19x% — 36x + 78 = 0,
a solve the equation completely,

b show on a single Argand diagram the four points that represent the roots of
the equation.

_a+3i
2+ ai’

a Given that a = 4, find |z|.

9 z aeR.

™

b Show that there is only one value of a for which arg z = T and find this value.
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Summary of key points
1 (-1) =iandi’*= —1.
2 An imaginary number is a number of the form bi, where b is a real number (b € R).
3 A complex number is a number of the form a + bi, where a € R and b € R.
4 For the complex number a + bi, a is called the real part and b is called the imaginary part.
5 The complex number z* = a — bi is called the complex conjugate of the complex number
z=a + bi.
6 If the roots @ and S of a quadratic equation are complex, « and B will always be a complex
conjugate pair.
7 The complex number z = x + iy is represented on an Argand diagram by the point (x, y),
where x and y are Cartesian coordinates.
8 The complex number z = x + iy can also be represented by the vector O_’P, where O is the
origin and P is the point (x, y) on the Argand diagram.
9 Addition of complex numbers can be represented on the Argand diagram by the addition
of their respective vectors on the diagram.
10 The modulus of the complex number z = x + iy is given by y/x? + y2.
11 The modulus of the complex number z = x + iy is written as r or ||
or [x + iy|, so
=\t
= (T
o+ iy| = (B 52
12 The modulus of any non-zero complex number is positive.
13 The argument arg z of the complex number z = x + iy is the angle 6 between the positive
real axis and the vector representing z on the Argand diagram.
14 For the argument 6 of the complex number z = x + iy, tan 6 = %
15 The argument 6 of any complex number is such that — 7 < 6 < 7
(or —180° < 6 =< 180°). (This is sometimes referred to as the principal argument.)
16 The modulus-argument form of the complex number z = x + iy is
z = r(cos 0 + isin 6). [ris a positive real number and 6 is an angle such that
—7 <0< 7(or —180° < 6 < 180°)]
17 For complex numbers z; and z,, |2,2,| = |z]|Z,|.
18 Ifx; + iy, = x, + iy,, thenx; = x, and y; = y,.
19 An equation of the form ax® + bx? + cx + d = 0 is called a cubic equation, and has three roots.
20 For a cubic equation, either
a all three roots are real, or
b one root is real and the other two roots form a complex conjugate pair.
21 An equation of the form ax* + bx3 + cx?> + dx + e = 0 is called a quartic equation, and has
four roots.
22 For a quartic equation, either

a all four roots are real, or

b two roots are real and the other two roots form a complex conjugate pair, or

c two roots form a complex conjugate pair and the other two roots also form a complex
conjugate pair.




After completing this chapter you should be able to

e find approximations to the solutions of equations of
the form f(x) = 0 using:

o interval bisection
o linear interpolation
o the Newton-Raphson process.

Numerical
solutions of
equations

Numerical methods are used in science and
engineering to help solve problems. These problems
are normally modelled using computers.

The numerical methods used lead to approximate
solutions to the many equations that need to be
solved.

Weather forecasters use numerical methods to
predict the weather, both in the immediate future
(a few hours) and up to a few weeks ahead.




Numerical solutions of equations

2.1 You can solve equations of the form f(x) = 0 using interval bisection.

B If you find an interval in which f(x) changes sign, then the interval must contain a root of

the equation f(x) = 0.

B You then take the mid-point as the first approximation and repeat this process until you get

the required accuracy.

Use interval bisection to find the positive

root of V11 to 1 decimal place.

Let x =11

then x? = 1

s0 x*—1N=0
let  f(x) = x2 =1

f1) = —10,%(2) = =7
f2)= -2, f(4) =5

Form an equation in x.

——

Substitute values of x until you find
a change of sign.

So the root lies between f(3) and f(4)

a+ b\«
a f(a) b () 2Ly f(z—)
5 |-2 4 |5 35 125
5 |-2 35 | 125 325 | —04375+—
325 |-04375 |35 | 125 3375 | 0390625+
325 |-04375 |3375|0.3900625 | 33125 |—0.0273437+
3.3125 | —0.0263437| 3.375 | 0.390625 | 3.34375| 0.180664

Hence V11 = 3.3 to 1 d.p.

Since both 3.3125 and 3.34375 when

corrected to 1 d.p. are 3.3.

The sign changes
between f(3.3125) and
f(3.34375) so the root
lies between them.

Square to get rid of
the v .

Rearrange the equation B
to equal 0. :

Use function notation.

Since f(3) = -2 and
f(4) = 5 the root lies
between 3 and 4.

Make a table of values.
Let the interval (a, b)
be the interval in which
a+b %

2
the mid-point.

the root lies.

The sign changes
between f(3) and f(3.5)
so the root lies between
them.

The sign changes
between f(3.5) and
f(3.25) so the root lies
between them.

The sign changes
between f(3.25) and
f(3.375) so the root lies
between them.
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fx) =2*-x—3
The equation f(x) = 0 has a root x in the interval [2, 3].

Using the end points of this interval find by interval bisection, a first and second approximation
tox.

Leta=2,b=3
+ b
a fa) b f(b) ﬂzf—b o= (a : ) Make a table of values.
2 -1 3 2 25 0.1569
2 -1 25 01569 225 ~0.493

Use the change of sign
rule to find the second

st approximation = 2.5 L
approximation.

2nd approximation = 2.25

1 Use interval bisection to find the positive square root of x> — 7 = 0, correct to one decimal
place.

2 a Show that one root of the equation x> — 7x + 2 = 0 lies in the interval [2, 3].
b Use interval bisection to find the root correct to two decimal places.

3 a Show that the largest positive root of the equation 0 = x* + 2x? — 8x — 3 lies in the
interval [2, 3].

b Use interval bisection to find this root correct to one decimal place.

4 a Show that the equation f(x) = 1 — 2 sinx has one root which lies in the interval [0.5, 0.8].

b Use interval bisection four times to find this root. Give your answer correct to one
decimal place.

5 a Show that the equation 0 = % - %, x > 0, has a root in the interval [1, 2].
b Obtain the root, using interval bisection three times. Give your answer to two significant

figures.

6 f(x)=6x—3"
The equation f(x) = 0 has a root between x = 2 and x = 3. Starting with the interval [2, 3] use
interval bisection three times to give an approximation to this root.
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2.2 You can solve equations of the form f(x) = 0 using linear interpolation.

Example ]

a Show that the equation x3 + 4x — 9 = ¢ has a root in the interval [1, 2].

b Use linear interpolation to find this root to one decimal place.

a

Since there is a change of sign between (1) and f(2) the
equation x° + 4x — 9 = O has a root in the interval [1, 2].

b

Let f(x) = x° + 4x — 9 ///
f)=1+4-9=-4

fe)=6+86-9=7

f(x) fx) =+ 4x — 9

You use similar triangles to find a first approximation for x,.

A1, —4)

Then using similar triangles

R _ QB

, RP ~ PA
—x _ 7
S0 =17

So & —4x, = Tx,— 7

15 = 1lx,

X, = %?::15656.“

F(1.3636...) = —1.0097671...

Using the interval [1.56, 2]

In linear interpolation, you draw a sketch of the function f(x) for a given interval [a, b].

You then call the first approximation to the root of the function that lies in this interval x;.

You repeat the process using an interval involving the first approximation and one of the
initial limits, where there is a change of sign to find a second approximation.

Repeat until you find an approximation to the required degree of accuracy.

Use the change of sign
rule to show there is a root
between 1 and 2.

Explain why the root is
between x = 1 and x = 2.

Draw a graph of the function
between x = 1 and x = 2.

Join A(1, 24) to B(2, 15) with
a straight line.

The point where the straight
line crosses the x-axis is the
first approximation of the
root call this x;.

Use similar triangles to work
out x;.

Work out f(x) for the first
approximation x.

The root now lies in the
interval [1.36, 2] as the sign
changes between these
values.




Draw another diagram for the
interval [1.36, 2].

You do not need to draw the
graph of f(x). Call the next
approximation x,.

(1.35, 0)

1.0097 /x2 @ 0)

Using similar triangles

2= X _ 7 Use your calculator and do not
X — 136 1.0097... clear the values as you do the
2 / calculation.
f(1.4426607...) = —0.21449156...
Using the interval [1.445..., 2] The root now lies between these
values.

Repeat the same process as above.
You may be able to do this without

(1.44, 0) ; the aid of a diagram.
0.214 } *3 2,0
X5 — 144... 0.214...
x5 = 14603952
f(1.4603952) = —0.0437552
Using the interval [1.460..., 2] Repeat the process again.

Two successive approximations give

(1.46, 0) the root as 1.5 to one d.p.

0.043... L%, 2, 0)

2= Xy _ 7
X, — 1.46... 0045..
x, = 14637472

Hence root is 1.5 to one d.p.



Numerical solutions of equations

f(x) = 3* — 5x
The equation f(x) = 0 has a root « in this interval [2, 3].

Using the end points of this interval find, by linear interpolation, an approximation to x.

f(2) = —1

f(3) =12 X (3, 12) Draw a diagram for the interval.

12

AR

1, 0) :
1,/(x,0) (3,0

(2’1 - ]-)

By similar triangles
S—x _12

x1_1_T
5_x1:12.X1_12

1 =1
2% ° Solve for x;.
x =0
T3

x, =115 to 2 d.p.

1 a Show that a root of the equation x3 — 3x — 5 = 0 lies in the interval [2, 3].
b Find this root using linear interpolation correct to one decimal place.

2 a Show that a root of the equation 5x* — 8x% + 1 = 0 has a root between x = 1 and x = 2.
b Find this root using linear interpolation correct to one decimal place.

3 a Show that a root of the equation% + 3 = x lies in the interval [3, 4].

b Use linear interpolation to find this root correct to one decimal place.

4 a Show that a root of the equation 2xcosx — 1 = 0 lies in the interval [1, 1.5].
b Find this root using linear interpolation correct to two decimal places.

5 a Show that the largest possible root of the equation x* — 2x? — 3 = 0 lies in the interval [2, 3].
b Find this root correct to one decimal place using interval interpolation.

6 fx)=2"-3x-1
The equation f(x) = 0 has a root in the interval [3, 4].
Using this interval find an approximation to x.




2.3 You can solve equations of the form f(x) = 0 using the Newton-Raphson process.

B The Newton-Raphson formula is

_ fexn)

Xn+1 =%, f’(T)
n.

B Note that the Newton-Raphson process may not always give you a better approximation
and may take you further away from a root.

Use the Newton-Raphson process to find the root of the equation x* + x2 = 80 which is near to

| x =3 correct to two decimal places

Let f(x) = * 4+ x2 — 80 Differentiate f(x) to find f'(x).

Then f'(x) =4x° + 2x

Let Xp =93
Then X, =X~ — f(xo) Use the Newton—Raphson process.
1 ° (xo)
4 2 _
X =3 — 2+ 5 60 Substitute x, = 3 into the equation.
4(3)° + 2(3)
10
% =9 g

=3 — 0.0865 = 2.912

Let x, = 2.912 Repeat the process again to find x,.

—

2.912% + 2.9122 — 80
4(2.912)° + 2(2.912)

Then  x, =2.912 —

_ _ 0.3858023
292 = 154 5960561
= 2.908340184

So root = 2.91 to two decimal places. As both x; and x, round to 2.91.




Numerical solutions of equations

f(x) =x3+ 22— 5x — 4
a Use differentiation to find f'(x).
The equation f(x) = 0 has a root « in the interval [1, 2]

b Using 2 as a first approximation to «, use the Newton-Raphson process twice to find an
approximation for a. Give your answer correct to three decimal places.

d

a f'(x)=32x*+4x -5 Use s-ax” = anx” 1
b Using x, = 2
i f(xo
v Use the Newton-Raphson process
x, =2 — é twice. o
1 15 4
x, = 1866
f(x)

Xp = X — Flx) .  Substitute x; = 1.86 into the
/ process.
x, = 166 — 01398517

12.919992
x, = 1.8558

X, = 1.856 to three decimal places

Exercise

1 Show that the equation x3 — 2x — 1 = 0 has a root between 1 and 2. Find the root correct to
two decimal places using the Newton-Raphson process.

2 Use the Newton-Raphson process to find the positive root of the equation
x% + 2x% — 6x — 3 = 0 correct to two decimal places.

3 Find the smallest positive root of the equation x* + x2 — 80 = 0 correct to two decimal places.
Use the Newton-Raphson process.

4 Apply the Newton-Raphson process to find the negative root of the equation x3 — 5x + 2 =0
correct to two decimal places.

5 Show that the equation 2x3 — 4x2 — 1 = 0 has a root in the interval [2, 3]. Taking 3 as a first
approximation to this root, use the Newton-Raphson process to find this root correct to two
decimal places.

6 fx)=x3-3x>+5x—-4
Taking 1.4 as a first approximation to a root, x, of this equation, use Newton-Raphson process
once to obtain a second approximation to x. Give your answer to three decimal places.

7 Use the Newton-Raphson process twice to find the root of the equation 2x® + 5x = 70 which
is near to x = 3. Give your answer to three decimal places.




Mixed exercise F)

1 Given that f(x) = x3 — 2x + 2 has a root in the interval [—1, —2], use interval bisection on
the interval [—1, —2] to obtain the root correct to one decimal place.

2 Show that the equation x* — 12x — 7.2 = 0 has one positive and two negative roots.
Obtain the positive root correct to three significant figures using the Newton-Raphson
process.

3 Find, correct to one decimal place, the real root of x* + 2x — 1 = 0 by using the Newton-
Raphson process.

4 Use the Newton-Raphson process to find the real root of the equation x® + 2x2 + 4x — 6 =
taking x = 0.9 as the first approximation and carrying out one iteration.

5 Use linear interpolation to find the positive root of the equation x* — 5x + 3 =0
correct to one decimal place.

© 60 o

6 f(x)=x3+x>-6.
a Show that the real root of f(x) = O lies in the interval [1, 2].
b Use the linear interpolation on the interval [1, 2] to find the first approximation to x.

¢ Use the Newton-Raphson process on f(x) once, starting with your answer to b, to
find another approximation to x, giving your answer correct to two decimal places. G

7 The equation cosx = %x has a root in the interval [1.0, 1.4]. Use linear interpolation once
in the interval [1.0, 1.4] to find an estimate of the root, giving your answer correct to two
decimal places.

8 fx)=x3-3x—-6

Use the Newton-Raphson process to find the positive root of this equation correct to two
decimal places.

Summary of key points

1 You can solve equations of the form f(x) = 0 using interval bisection.

If you find an interval in which f(x) changes sign, then the interval must contain a root of
the equation f(x) = 0. You then take the mid-point as the first approximation and repeat
this process until you get your required accuracy

2 You can solve equations of the form f(x) = 0 using linear interpolation.
3 You can solve equations of the form f(x) = 0 using the Newton-Raphson process.

4 The Newton-Raphson formula is
_ f)
fa)

Xn+1 = Xy

5 The Newton-Raphson process may not always give you a better approximation and may
take you further away from the root.




After completing this chapter you should be able to:
e plot and sketch a curve expressed parametrically
e work with the Cartesian equation and parametric
equations of
o a parabola
o a rectangular hyperbola
e understand the focus—directrix property of a parabola
e find the equation of the tangent and the equation of a
normal to a point
o on a parabola
o on a rectangular hyperbola.

Coordinate systems

In this chapter you will be introduced to
a parabola and its properties. You will
also work with another curve called a
rectangular hyperbola.

This chapter builds upon the coordinate
geometry work that you have learnt in
units Core 1 and Core 2. For example,
you will revise material on the distance,
gradient and mid-point between two

points (x1, y;) and (xy, y,)-

i The shape of the cables found

on the Clifton Suspension
Bridge in Bristol is an example
S of the ways in which parabolas
3 "‘ are used in the real world.
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3.1 You know what parametric equations are.

Parametric equations are where the x and y coordinates of each point on a curve are
expressed in the form of an independent variable, say t, which is called a parameter. The
parametric equation of a curve is written in the form:

x = f(t), y = g.

You can define the coordinates of any point on a curve by using parametric equations.

N

Sketch the curve given by the parametric equations x = at?, y = 2at, tE R where a is a positive
constant.

To give an idea of the shape of the curve we choose some values for t.

Letssayt = —3,—2,—1,0,1,2,3. .
Draw a table showing

the values of t, x and y.

t =& -2 —1 O 1 2 3

x = at? 9a 44 a o) a 44 93

y=2at| —6a | —4a | —2a @) 24 4z Ca

Work out the value of
x and the value of y by
substituting each value
of tinto the parametric
equations x = at? and
y = 2at.

eg. fort= —3:

x = at?> = a(—-3)? = 9a

and

y = 2at = 2a(-3)

= —6a

So when t = —3 the
curve passes through
the point (9a, —6a).

Don’t worry about a. Plot all the (x, i) points
It's just a constant! —— from the table and
(or any positive real draw a smooth curve

number). through all the points.



Coordinate systems

A curve has parametric equations x = at?, y = 2at, tER where a is a positive constant. Find the

Cartesian equation of the curve.

y = 2at
- Y
So t P Q0
X = at? (2)
Substitute (1) into (2):
_ i)z
r=a (23
ay® o
S0 x = —= which simplifies to
452
_¥
X P
Hence, the Cartesian equation is
y? = 4ax. »

Example ]

A curve has parametric equations x = ct, y = %, teER, t # 0 where c is a positive constant.

a Find the Cartesian equation of the curve.

b Hence sketch this curve.

a Method 1
X =ct
o t=2 (1)
_c
y=z (2)
Substitute (1) into (2):
¢
¥y=m
)

— c
So y=cXx

Hence, the Cartesian equation is
2

y=%. -

A Cartesian equation is an equation in terms
of x and y only. To obtain the Cartesian
equation, eliminate t from the given
parametric equations.

Rearrange y = 2at for t. ?

Substitute t = A into x = at? ﬂ“i
2a !

This equation now involves x and . Note
that a is a constant.

To obtain the Cartesian equation, eliminate
t from the given parametric equations.

Rearrange x = ct for t.

; _X _C
Substitute t =z into y = T

This simplifies to y = <.

This equation now involves x and y. Note
that cis a constant.
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a Method 2
xy = ct X (g) Alt'ernativgly, you can multiply x by i on
t this occasion to eliminate t.
vy — £
& L The t’s will now cancel out.
Hence, the Cartesian equation is
xy = ¢4 ¢ This equation now involves x and y. Note
This also may be expressed as that cis a constant.
_ &
y=x
b
y A

* As cis a positive constant, then 2 is also a

x positive constant, which may be denoted
by another constant, k.

* Hence the Cartesian equation represents a

curve of the form y = %, k> 0.

L e Thisis the reciprocal curve that you have
seen in Core 1.

1 A curve is given by the parametric equations x = 2t2, y = 4t. t€ R. Copy and complete the
following table and draw a graph of the curve for —4 < t < 4.

t -4 | =3 -2 -1 |-05] O 0.5 1 2 3 4
x = 2t? 32 0 0.5 32
y =4t -16 2 16

2 A curve is given by the parametric equations x = 3t2, y = 6t. t€ R. Copy and complete the
following table and draw a graph of the curve for -3 <t =< 3.

t -3 -2 | -1 |-05| O 0.5 1 2 3

x = 3t?

y = 6t

3 A curve is given by the parametric equations x = 4t, y = % tER, t # 0. Copy and complete

the following table and draw a graph of the curve for —4 < t < 4.

t -4 | -3 -2 | -1 |-05] 0.5 1 2 3 4

x =4t | —16 -2

_4 _ _
y - t 1 8




Coordinate systems

4 Find the Cartesian equation of the curves given by these parametric equations.

a x =5t2y =10t bx=1t2y=t ¢ x = 50t2, y = 100t
dx=1t%y=2t e x=3t2y=>5t f x =3ty =2/3t
g x =4ty = 2t? h x = 6t,y = 3t?

5 Find the Cartesian equation of the curves given by these parametric equations.

ax=ty="11t#0 bx=7ty=2,t%0
_ _3/5 _t,_1
c x=3/5ty o 1#0 dx oY =gpt#0
6 A curve has parametric equations x = 3t,y = %, teR, t# 0.
a Find the Cartesian equation of the curve.
b Hence sketch this curve.
7 A curve has parametric equations x = V2t,y = @, teER, t# 0.
a Find the Cartesian equation of the curve.
b Hence sketch this curve.
3,2 You know the general equation of a parabola.
B The curve opposite is an example of a parabola which y P, y)

has parametric equations:
x = at?, y = 2at, teR,
where a is a positive constant.

B The Cartesian equation of this curve is y? = 4ax where a
is a positive constant.

B This curve is symmetrical about the x-axis.

B A general point P on this curve has coordinates

y
P(x,y) or P(at, 2at). "] Sampe distance.,~
X P(x, y)
A locus of points is a set of points which obey a certain rule.
B A parabola is the locus of points where every
point P(x, y) on the parabola is the same >
distance from a fixed point §, called the focus, (—a, o)x(o, 0] S(a, 0) axis of symmetry ¥
and a fixed straight line called the directrix. vertex
B The parabola is the set of points where SP = PX.
. directrix
The focus, §, has coordinates (a, 0)
The directrix has equationx + a = 0. 5
y? = 4ax

The vertex is at the point (0, 0). x+a=0
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Find an equation of the parabola with
a focus (7, 0) and directrixx + 7 =0

b focus (\/T? O) and directrix x = _\/Tj
The focus and directrix are in the form (a, 0)
a focus (7, O) and directrix ’7 andx +a=0.50a=7.
x+7=0
So parabola has equation
Y2 = 28x. Write equation in the form y2 = 4ax with
a=7.
b focus (g O) and directrix
NG Write focus and directrix in the form (a, 0)
X= T andx + a = 0.
focus (g O) and directrix
_ V3
x+§=0. [ Soa="
So parabola has equation
y? = V3x. 3, (\/g)
Wltha—T,y —4Tx.

Example |[J

Find the coordinates of the focus and an equation
for the directrix of a parabola with equation

a y? = 24x,

b y2 =32x.

Focus has coordinates (a, 0).
a y°=24x
So the focus has coordinates (6, O).

Directrix has equation x + a = 0.
and the directrix has equation x + 6 = 0. —t

This is in the form y? = 4ax

So 4a = 24, gives a = %74 =

In surds, v32 = V16 X v2 = 4/2.
So 4a = 4V2, givesa=¥= V2.

b y?=v32x.
So the focus has coordinates (V2, 0).
and the directrix has equation x + V2 = 0. —r

Focus has coordinates (a, 0).

—— Directrix has equation x + a = 0.



Coordinate systems

Reminder
To find the distance d between two points y
(x1, y1) and (x,, y,) you can use the formula,

d= \/(xz —x)% + (Y2 — v (x, ,)

This formula can also be written in the form

42 = (x, = )2 + (2 = o) @y

i

Example [3 !

A point P(x, y) obeys a rule such that the distance of P to the point (6, 0) is the same as the
distance of P to the straight line x + 6 = 0. Prove that the locus of P has an equation of the form
y? = 4ax, stating the value of the constant a.

¥ The (shortest) distance of P to the linex + 6 = 0
is the distance XP.

\
X <—6—><—x—>3w/ The distance SP is the same as the distance XP.

NN
d\ The line XP is horizontal and has distance XP = x + 6.
x
0 (6, 0) The locus of P is the curve shown.
x+6=0

This means the distance SP is

From sketch the locus satisfies the same as the distance XP.

SF = XF
Therefore, SF? = XF? Square both sides.

S0, (x - 6)° + (y — 0" = (x — —6)~
' L Used?=(x, - 02 + (> — 1)

X2 — 12x + 36 + yz =2 4+ 12x + 36 g | ;?_S:Zyj XP? where S(6, 0), P(x, y) and
—12x + y? = 12x Remember, (x — 6)2 = (x — 6)(x — 6)

which simplifies to y* = 24x.

So, the locus of F has an equation of

This is in the form y2 = 4ax

2 — _ L &
the form y= = 4ax where a = ©. So 4a = 24, gives a = 2474 — 6.
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1 Find an equation of the parabola with
a focus (5, 0) and directrixx + 5 = 0,
b focus (8, 0) and directrixx + 8 = 0,

¢ focus (1, 0) and directrix x = —1,
3 . 3
d focus (E’ O) and directrix x = >
e focus (\g, O) and directrix x + \/zj =0.

2 Find the coordinates of the focus, and an equation for the directrix of a parabola with these

equations.

ay’=12 b y? = 20x
c y2=10x d y?=4/3x
e y2=12x f y2=5/2x

3 A point P(x, y) obeys a rule such that the distance of P to the point (3, 0) is the same as the
distance of P to the straight line x + 3 = 0. Prove that the locus of P has an equation of the
form y? = 4ax, stating the value of the constant a.

4 A point P(x, y) obeys a rule such that the distance of P to the point (2V5, 0) is the same as
the distance of P to the straight line x = —2//5. Prove that the locus of P has an equation of
the form y? = 4ax, stating the value of the constant a.

5 A point P(x, y) obeys a rule such that the distance of P to the point (0, 2) is the same as the
distance of P to the straight liney = —2.

a Prove that the locus of P has an equation of the form y = kx?, stating the value of the
constant k.
Given that the locus of P is a parabola,

b state the coordinates of the focus of P, and an equation of the directrix to P,
¢ sketch the locus of P with its focus and its directrix.

Example

The point P(8, —8) lies on the parabola C with equation y? = 8x. The point S is the focus of the

parabola. The line [ passes through § and P.

a Find the coordinates of S.

b Find an equation for /, giving your answer in the form ax + by + ¢ = 0, where g, b and c are
integers.

The line [ meets the parabola C again at the point Q. The point M is the mid-point of PQ.

¢ Find the coordinates of Q.

d Find the coordinates of M.

e Draw a sketch showing parabola C, the line / and the points P, Q, S and M.




a y>=28x —

The focus, S has coordinates (2, O) «———

R
S0 m=—%. ]
I y—0 =-3(x-2)0—r
I 3y = —4(x — 2) B
I 3y = —4x + 8

L 4x +3y—8& =0

The line | has equation
4x + 2y — & = 0.

c I 4x+3y—-6=0 (1) —
C y?=8x (2)
&x +6y—16=0 (3) —
y>+ o6y —16 =0
y+8&)y—-2=0-
y=-562 N
4 = 5x
*=31
The point Q has coordinates (%, 2).

1 L &
t2 —5+2)'

d The mid-point is ( 5 5

The point M has coordinates
=
(7.-2).

Simplify.

Coordinate systems

This is in the form y? = 4ax.

So4a=8,givesa=%=2.

Focus has coordinates (a, 0).

Yo — W

Xy — Xqf

(x2/ }/2) = (81 _8)

Use m = where (x4, ;) = (2, 0) and

Usey — y; = m(x — x;). Here m = —

(x1l }/1) = (21 0)

4
3 and

Multiply both sides by 3.

Multiply out brackets.

Simplify into the form ax + by + ¢ = 0.

As the line | meets the curve C, we solve these
equations simultaneously.

Multiply (1) by 2.

Substitute (2) into (3).
Factorise.
y=—-8isat Pandy = 2 is at Q.

Use y2 = 8x and y = 2 to find the x-coordinate
of Q.

X1 +x2 y'l +y2
Use 5 5

P = (X1, y1) = (8, _8) and
Q = (x2/ yZ) = (15/ 2)'

, Where
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The parabola C has equation
y? = 8x

The line | has equation
4x + 2y — & = 0.

The line | cuts the parabola at the
points F(&, —8) and Q(%, 2).

P(8, —8) The points 5(2, 0) and M(%, -9)
also lie on the line 1.

l:4x +3y —8=0

1 The liney = 2x — 3 meets the parabola y? = 3x at the points P and Q.

Find the coordinates of P and Q.

The line y = x + 6 meets the parabola y> = 32x at the points A and B. Find the exact length
AB giving your answer as a surd in its simplest form.

The line y = x — 20 meets the parabola y*> = 10x at the points A and B. Find the coordinates
of A and B. The mid-point of AB is the point M. Find the coordinates of M.

The parabola C has parametric equations x = 6t2, y = 12t. The focus to C is at the point S.

a Find a Cartesian equation of C.

b State the coordinates of § and the equation of the directrix to C.

¢ Sketch the graph of C.

The points P and Q on the parabola are both at a distance 9 units away from the directrix of
the parabola.

d State the distance PS.

e Find the exact length PQ, giving your answer as a surd in its simplest form.

f Find the area of the triangle PQS, giving your answer in the form kv2, where k is an integer.

N

The parabola C has equation y? = 4ax, where a is a constant. The point (2 t?, 3

point on C.

t) is a general

a Find a Cartesian equation of C.

The point P lies on C with y-coordinate 5.

b Find the x-coordinate of P.

The point Q lies on the directrix of C where y = 3. The line [ passes through the points P and Q.
¢ Find the coordinates of Q.

d Find an equation for /, giving your answer in the form ax + by + ¢ = 0, where g, b and ¢
are integers.



Coordinate systems

6 A parabola C has equation y? = 4x. The point § is the focus to C.
a Find the coordinates of S.
The point P with y-coordinate 4 lies on C.
b Find the x-coordinate of P.
The line / passes through § and P.

¢ Find an equation for /, giving your answer in the form ax + by + ¢ = 0, where a, b and ¢
are integers.

The line / meets C again at the point Q.
d Find the coordinates of Q.
e Find the distance of the directrix of C to the point Q.

7 The diagram shows the point P which lies on the parabola C with equation y? = 12x.

The point § is the focus of C. The points Q and R lie on the directrix to C. The line segment
QP is parallel to the line segment RS as shown in the diagram. The distance of PS is 12 units.

y
QX

a Find the coordinates of R and S.
b Hence find the exact coordinates of P and Q.

¢ Find the area of the quadrilateral PQRS, giving your answer in the form kv3, where k is an
integer.

8 The points P(16, 8) and Q(4, b), where b < 0 lie on the parabola C with equation y?> = 4ax.
a Find the values of a and b.
P and Q also lie on the line /. The mid-point of PQ is the point R.

b Find an equation of /, giving your answer in the formy = mx + ¢, where m and c are
constants to be determined.

¢ Find the coordinates of R.
The line n is perpendicular to / and passes through R.

d Find an equation of n, giving your answer in the form y = mx + ¢, where m and c are
constants to be determined.

The line n meets the parabola C at two points.

e Show that the x-coordinates of these two points can be written in the formx = A = u/13,
where A and u are integers to be determined.
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3.3 You know an equation for a rectangular hyperbola and can find tangents and
normals.

B The curve opposite is an example of a rectangular hyperbola which has parametric

equations:
YA
X = ct,y=%,tER,t¢0
where c is a positive constant. P(x, y)
B The Cartesian equation of this curve is xy = ¢ where cis a o

positive constant.

xy = c?

B The curve has asymptotes with equations x = 0 (the y-axis)
and y = 0 (the x-axis).

B A general point P on this curve has coordinates P(x, y) or P(ctz, %)

*

The point P, where x = 2, lies on the rectangular hyperbola H with equation xy = 8.
Find

a the equation of the tangent T,

b the equation of the normal N,

to H at the point P, giving your answers in the form ax + by + ¢ = 0, where g, b and c are
integers.

Rearrange the equation for H in the form

y = x"
a H xy=256
y= & =y =8x" Differentiate to determine the gradient of H
o / and therefore the gradient of the tangent
d to H.
_y =S —8x72 = —é
dx x2
_ dy g Substitute x = 2 to calculate the gradient of
When x = 2, my = a0z —Z the tangent to H.
Whenx=2,y=%=4
\ Find the y-coordinate when x = 2.
Ty—4=-2(x—-2) Hence P has coordinates (2, 4).

T:2x+ty—-8=0

Use y — 1, = mix — Xx;) to find the
equation of the tangent, T.
Here my = =2 and (xq, 1) = (2, 4).

Therefore, the equation
of the tangent to H at Fis

2x+y—-5=0.

Then rearrange into the required form.



b Gradient of tangent at Fis

my = —2.
So gradient of normal is my =
Niy —4=71(x—2)
N:2y —&6=x—-2
NNx -2y +6 =0

1
5

:

Therefore, the equation of
the normal to H at Fis:

x—2y+ 6 =0.

Example ]

The distinct points A and B, where x = 3 lie on the parabola C with equation y? = 27x. The line /,
is the tangent to C at A and the line [, is the tangent to C at B. Given thatat A,y > 0,

a find the coordinates of A and B.

b Draw a sketch showing the parabola C. Indicate on your sketch the points A and B and the
lines [, and /,.

¢ Find:

i an equation for [},
ii an equation for [,,
giving your answers in the form ax + by + ¢ = 0, where a, b and c are integers.

a

C: y* = 27x

2

y

2

Y

27(3) = &

Solve to find the values of y.
+V/81 = =9 — 1

Hence, the coordinates of A and B
are (3, 9) and (3, —9) respectively.

Coordinate systems

Use y — y; = my (x — x;) to find the
equation of the normal, N.
Here my = 1 and (x, y1) = (2, 4).

Multiply both sides by 2. p

Then rearrange into the required form. ﬂ“il

Substitute x = 3 into C.

As y > 0 the coordinates of A must be
3, 9.
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b The tangent line I, has a positive gradient.

Hence, at A, the gradient of the

dy y Line [,
curve — is positive.

dx P
The equation of the curve for y > O A3, 9)

isy = +V27x7 ory = +3VBxz.

The equation of the curve for y < O
sy = —V/27x ory = ~3/3x2,

The tangent line I, has a negative
gradient.

y2=27x

Hence, at B, the gradient of the

dy £
curve —— is negative.
dx g

¢ C y*=27x

y = *V/27x = i\/2_7T\/; - i\/ﬁx% . Rearrange the equation for Cin the form

y = kx".

S0 y:tz@é /27 = 3 x /3 =373

d 1 _

d_z - i5\/5<%)x ‘= ingx : Differentiate to determine the gradient of C.

d
So, Y i5\/5 ' . dy

dx 2Vx Simplify ar
i At A,y >0 and so

_dy _ 33
My =—2 =+
dx 2Vx Substitute x = 3, to calculate the gradient
At A, x = 3 and of the tangent to C.
T /3 2 Use y — 11 = my (x — x,) to find the

equation of the tangent, T. Here m; = % and
A has coordinates (3, 9/ (1, y) =3, 9).
i y—9=%(x—5)

Multiply both sides by 2.
T2y —18 = B(x — 3) Py PO Sies by

T2y -186=x-9%¢——7—
T:2x -2y +9=0

Simplify by multiplying out brackets.

Therefore, the equation of the tangent Then rearrange into the required form.
toCat Ais 3x — 2y + 9 = 0.




Coordinate systems

i AtB,y<O0andso

_ ﬂ _ _3/3 Substitute x = 3, to calculate the gradient
T dx 2Vx of the tangent to C.
At B,x = % and
_dy  3/B 3 Usey — y; = mr (x — x;) to find the
M= V3 ) equation of the tangent, T.

Here m; = —3 and (x;, y1) = (3, —9).
B has coordinates (3, —9).

__3
. y+9=-3(x-23) Multiply both sides by 2.

T: 2y + 18 = —5(x—5)/
T:2y+186=-3x+9%+—n-__ |
T:2x + 2y + 9 =0
Therefore, the equatiom
tangent to C at B is

3x + 2y + 9 = 0.

Simplify by multiplying out brackets.

Then rearrange into the required form.

PN 10)

The point P with coordinates (3, 6) lies on the parabola C with equation y? = 12x.

Find the equation of the tangent to C at P, giving your answer in the form y = mx + ¢, where m
and c are constants.

At P, y > 0 and so you only need to take
the positive square root for iy. Rearrange the

G yF=12x equation for Cin the form y = kx".
y=x/12x=\/ﬁx/—=\/ﬁx%-—|7 V12 = V4 x V3 =2/3
So y=2/3x

dy 1 1 Differentiate to determine the gradient of C.
= =2V3(1)xF=V3x": 4|
dx 2

dy _ V3 N
At Py > 7 = Simplify —=.
TPy Oandeodx N [P
_ _ay _ V3 _
When x = 3, mr = ax  J3 Te Substitute x = 3, to calculate the gradient

‘ of the tangent to C.
F has coordinates (3, ©).

T:y—06=1x—3) .

T y=x+73 Usey — 1; = my(x — xy) to find the
ry=x : equation of the tangent, T. Here m; = 1 and

Therefore, the equation of the tangent (X1, y1) = (3, 6).

toCatFPisy =x + 2.

Then rearrange into the required form.

In Examples 8, 9 and 10 it is possible for you to find the gradient of a parabola or rectangular hyperbola
by parametric differentiation or implicit differentiation. You will learn parametric differentiation and
implicit differentiation in unit Core 4.
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1

Find the equation of the tangent to the curve

a y2 = 4x at the point (16, 8) b y2 = 8x at the point (4, 4v2)
¢ xy = 25 at the point (5, 5) d xy = 4 at the point where x = %
e y2 = 7x at the point (7, —7) f xy = 16 at the point where x = 2/2.

Give your answers in the form ax + by + ¢ = 0.

Find the equation of the normal to the curve

a y? = 20x at the point where y = 10,

b xy = 9 at the point (3, —6).

Give your answers in the form ax + by + ¢ = 0, where a, b and c are integers.

The point P(4, 8) lies on the parabola with equation y? = 4ax. Find
a the value of g,

b an equation of the normal to C at P.

The normal to C at P cuts the parabola again at the point Q. Find
¢ the coordinates of Q,

d the length PQ, giving your answer as a simplified surd.

The point A(—2, —16) lies on the rectangular hyperbola H with equation xy = 32.
a Find an equation of the normal to H at A.

The normal to H at A meets H again at the point B.

b Find the coordinates of B.

The points P(4, 12) and Q(—8, —6) lie on the rectangular hyperbola H with equation xy = 48.
a Show that an equation of the line PQ is 3x — 2y + 12 = 0.

The point A lies on H. The normal to H at A is parallel to the chord PQ.

b Find the exact coordinates of the two possible positions of A.

The curve H is defined by the equations x = v3t, y = @, teR, t# 0.

The point P lies on H with x-coordinate 2V3. Find:
a a Cartesian equation for the curve H,

b an equation of the normal to H at P.

The normal to H at P meets H again at the point Q.
¢ Find the exact coordinates of Q.

The point P(4t?, 8t) lies on the parabola C with equation y? = 16x. The point P also lies on
the rectangular hyperbola H with equation xy = 4.

a Find the value of t, and hence find the coordinates of P.
The normal to H at P meets the x-axis at the point N.

b Find the coordinates of N.

The tangent to C at P meets the x-axis at the point T.

¢ Find the coordinates of T.

d Hence, find the area of the triangle NPT.



Coordinate systems

The point P(at?, 2at), lies on the parabola C with equation y? = 4ax where a is a positive
constant. Show that an equation of the normal to C at Pisy + tx = 2at + at?.

Rearrange the equation for C in the form

& y? = 4ax / y = kx".
5= T = 2R = 2 T =P

So y=2va X2
Differentiate to determine the gradient of C.
d /

dx 2
ay vz . . dy g“il
So, o Simplify ar I

At P, x = at” and
Substitute x = at?, to calculate the gradient

d
mTZ—y=£=£=lk/ of the tangent to C.

Gradient of tangent at Fis m; = 71—;

So gradient of normal is my = —t. - Use My =

F has coordinates (at?, 2at).

N:y — 2at = —t(x — at?). »\ Usey — y; = my(x — x;) to find the
equation of the normal, N. Here
N:y — 2at = —tx + at® my= —tand (x;, y;) = (at?, 2at).

N: y + tx = 2at + at®

Therefore, the equation of the Multiply out brackets.

normal to C at Fis

y + tx = 2at + at® _ _
Rearrange into the required form.

Example [P]

The point P(ct, %), t # 0, lies on the rectangular hyperbola H with equation xy = ¢ where c is a
positive constant.
a Show that an equation of the tangent to H at Pisx + t2y = 2ct.

A rectangular hyperbola G has equation xy = 9. The tangent to G at the point A and the tangent
to G at the point B meet at the point (—1, 7).

b Find the coordinates of A and B.
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Rearrange the equation for H in the

a H xy=~¢c formy = x".
2

y=%=y=cx"

Differentiate to determine the gradient of H.

]

d 2
_y = —02x_2 = —G_
dx x2
At F,x = ct and Substitute x = ct, to calculate the gradient
4 2 2 . of the tangent to H.
mrz—y:_czz_gzz_;'/
ax (ct) c°t t
Gradient of tangent at Fis Usey — y; = my (x — x;) to find the
—1 equation of the tangent, T.
W g 1 c
B Here m; = ) and (x4, 1) = (ct, ?).
F has coordinates (ct, %)
: —C— _Ti =
Ty T E(x ct) Multiply both sides by 2.
T: t?%y —ct = —(x — ct)
T: tPy —ct= —x + ¢t Multiply out brackets.
T: x + tfy = 2ct
Therefore, the equation of the tangent Rearrange into the required form.

toHat Pis x + t?y = 2¢t.

2= = =
b Compare@:xyZQWithxy:CZ 2=9=c¢c=/9 = c= 3.

\

5o, as ¢ is positive, ¢ = 5.
Tangent to Gisx + t?y = 6t (1) 0—F+——
-1+ t3(7) = 6t
7t?—6t—1=0
7t+N(Et—-1=0

t:_7,1

Substitute ¢ = 3 into the equation of the
tangent derived in a.

/

Substitute x = —Tand y = 7 in (1) as
tangent goes through point (-1, 7).

Rearrange into a ‘quadratic equation = 0.
F has coordinates

)

c\ _ 3
(Ct’ E) - (5t’ E)' Factorise.
When t = —%, the coordinates are
1\ 3 3 Solve.

3l—=), = | =(—=,-21).

o-3)- 2] = (-2 -2
7

When t = 1, the coordinates are Substitute ¢ = 3 into the general

coordinates of P.

(5(1), (—%) = (3, 3).

Therefore, the coordinates

of Aand Bare (=2, —21) and (3, 3).

Substitute t = —17 into P.

Substitute t = 1 into P.




Coordinate systems

1

The point P(3t?, 6t) lies on the parabola C with equation y? = 12x.
a Show that an equation of the tangent to C at P is yt = x + 3t2.
b Show that an equation of the normal to C at Pisxt + y = 3> + 6t.

The point P(6t, %), t # 0, lies on the rectangular hyperbola H with equation xy = 36.
a Show that an equation of the tangent to H at Pisx + t?y = 12t.
b Show that an equation of the normal to H at P is t>x — ty = 6(t* — 1).

The point P(5t?, 10t) lies on the parabola C with equation y? = 4ax, where a is a constant and
t#0.

a Find the value of a.
b Show that an equation of the tangent to C at P is yt = x + St

The tangent to C at P cuts the x-axis at the point X and the y-axis at the point Y. The point O
is the origin of the coordinate system.

¢ Find, in terms of ¢, the area of the triangle OXY.

The point P(at?, 2at), t # 0, lies on the parabola C with equation y?> = 4ax, where a is a
positive constant.

a Show that an equation of the tangent to C at Pis ty = x + at?.

The tangent to C at the point A and the tangent to C at the point B meet at the point with
coordinates (—4a, 3a).

b Find, in terms of g, the coordinates of A and the coordinates of B.

The point P(4t, %), t # 0, lies on the rectangular hyperbola H with equation xy = 16.
a Show that an equation of the tangent to C at Pisx + t?y = 8t.

The tangent to H at the point A and the tangent to H at the point B meet at the point X with
y-coordinate 5. X lies on the directrix of the parabola C with equation y? = 16x.

b Write down the coordinates of X.
¢ Find the coordinates of A and B.

d Deduce the equations of the tangents to H which pass through X. Give your answers in
the form ax + by + ¢ = 0, where g, b and c are integers.

The point P(at?, 2at) lies on the parabola C with equation y? = 4ax, where a is a constant and
t # 0. The tangent to C at P cuts the x-axis at the point A.

a Find, in terms of a and t, the coordinates of A.

The normal to C at P cuts the x-axis at the point B.

b Find, in terms of a and t, the coordinates of B.

¢ Hence find, in terms of a and ¢, the area of the triangle APB.

The point P(2t?, 4t) lies on the parabola C with equation y? = 8x.

a Show that an equation of the normal to C at Pisxt + y = 283 + 4t.

The normals to C at the points R, $ and T meet at the point (12, 0).

b Find the coordinates of R, S and T.

¢ Deduce the equations of the normals to C which all pass through the point (12, 0).
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The point P(at?, 2at) lies on the parabola C with equation y? = 4ax, where a is a positive
constant and t # 0. The tangent to C at P meets the y-axis at Q.

a Find in terms of a and t, the coordinates of Q.
The point § is the focus of the parabola.

b State the coordinates of S.

¢ Show that PQ is perpendicular to $Q.

The point P(6t?, 12t) lies on the parabola C with equation y? = 24x.

a Show that an equation of the tangent to the parabola at Pis ty = x + 612
The point X has y-coordinate 9 and lies on the directrix of C.

b State the x-coordinate of X.

The tangent at the point B on C goes through point X.

¢ Find the possible coordinates of B.

Mixed exercise I3

1 A parabola C has equation y?> = 12x. The point § is the focus of C.

a Find the coordinates of S.

The line [ with equation y = 3x intersects C at the point P where y > 0.

b Find the coordinates of P.

¢ Find the area of the triangle OPS, where O is the origin.

A parabola C has equation y? = 24x. The point P with coordinates (k, 6), where k is a
constant lies on C.

a Find the value of k.

The point § is the focus of C.

b Find the coordinates of S.

The line [ passes through § and P and intersects the directrix of C at the point D.
¢ Show that an equation for / is 4x + 3y — 24 = 0.

d Find the area of the triangle OPD, where O is the origin.

The parabola C has parametric equations x = 12t2, y = 24t. The focus to C is at the point §.
a Find a Cartesian equation of C.

The point P lies on C where y > 0. P is 28 units from S.

b Find an equation of the directrix of C.

¢ Find the exact coordinates of the point P.

d Find the area of the triangle OSP, giving your answer in the form kv3, where k is an integer.
The point (4t?, 8t) lies on the parabola C with equation y? = 16x. The line [ with equation
4x — 9y + 32 = 0O intersects the curve at the points P and Q.

a Find the coordinates of P and Q.

b Show that an equation of the normal to C at (4t2, 8f) isxt + y = 4t3 + 8t.

¢ Hence, find an equation of the normal to C at P and an equation of the normal to C at Q.
The normal to C at P and the normal to C at Q meet at the point R.

d Find the coordinates of R and show that R lies on C.

e Find the distance OR, giving your answer in the form kv/97, where k is an integer.
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5 The point P (at?, 2at) lies on the parabola C with equation y? = 4ax, where a is a positive
constant. The point Q lies on the directrix of C. The point Q also lies on the x-axis.

a State the coordinates of the focus of C and the coordinates of Q.
The tangent to C at P passes through the point Q.
b Find, in terms of g, the two sets of possible coordinates of P.

6 The point P(ct, %), ¢ >0, t# 0, lies on the rectangular hyperbola H with equation xy = ¢2.

a Show that the equation of the normal to H at Pis t3x — ty = c(t* — 1).

b Hence, find the equation of the normal n to the curve V with the equation xy = 36 at the
point (12, 3). Give your answer in the form ax + by = d, where a, b and d are integers.

The line n meets V again at the point Q.
¢ Find the coordinates of Q.

7 Arectangular hyperbola H has equation xy = 9. The lines /; and [, are tangents to H. The
gradients of /; and [, are both —%. Find the equations of /; and .

8 The point P lies on the rectangular hyperbola xy = c?, where ¢ > 0. The tangent to the

rectangular hyperbola at the point P(ct, %), t > 0, cuts the x-axis at the point X and cuts the
y-axis at the point Y.

a Find, in terms of ¢ and ¢, the coordinates of X and Y.
b Given that the area of the triangle OXY is 144, find the exact value of c.

9 The points P(4at?, 4at) and Q(16at?, 8at) lie on the parabola C with equation y? = 4ax, where
a is a positive constant.
a Show that an equation of the tangent to C at P is 2ty = x + 4at?.
b Hence, write down the equation of the tangent to C at Q.
The tangent to C at P meets the tangent to C at Q at the point R.
¢ Find, in terms of a and t, the coordinates of R.

C

10 A rectangular hyperbola H has Cartesian equation xy = ¢, ¢ > 0. The point (ct, i

), where
t# 0, t> 0is a general point on H.

%) isx + 2y = 2ct.
The point P lies on H. The tangent to H at P cuts the x-axis at the point X with coordinates
(2a, 0), where a is a constant.

a Show that an equation an equation of the tangent to H at (ct,

b Use the answer to part a to show that P has coordinates (a, %2)
The point Q, which lies on H, has x-coordinate 2a.

¢ Find the y-coordinate of Q.

d Hence, find the equation of the line OQ, where O is the origin.
The lines OQ and XP meet at point R.

e Find, in terms of a, the x-coordinate of R.

Given that the line OQ is perpendicular to the line XP,

f Show that ¢ = 242,

g find, in terms of a, the y-coordinate of R.
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Summary of key points

1 To find the Cartesian equation of a curve given parametrically you eliminate the parameter
t between the parametric equations.

2 A parabola is a set of points which are

y
equidistant from the focus S and a line
called the directrix. X ] Same distance/
So, for the parabola opposite, @P(x’ Y)
o
o SP=PX. g
2
e the focus, S, has coordinates (a, 0). S
¢ the directrix has equation §
x+a=0. N i
(—a, 0] (0,0)| S(a,0) axis of symmetry X
vertex focus
directrix 'O‘?f%
9
y? = 4dax
x+a=0
3 The curve opposite is a sketch of a parabola
with a Cartesian equation of y> = 4ax, where Y
a is a positive constant.
This curve has parametric equations:
x = at’,y = 2at, teR.
where a is a positive constant. x
4 The curve opposite is a sketch of a

rectangular hyperbola with a Cartesian V1
equation of xy = ¢, where c is a positive
constant.

This curve has parametric equations:
x=ct,y=%,t€[RR,t¢O, x

where c is a positive constant. xy =¢?




Review Exercise

7z, = 2 +1i, z, = 3 + 4i. Find the modulus
and the tangent of the argument of each of

b% (E )

2+ 3i
S+i
can be expressed in the form A(1 + i),

stating the value of A.

a 7.z,

a Show that the complex number

4
2+ 31) is real and

S5+i
]

b Hence show that (

determine its value.

21=5+i,22=—2+3i

a Show that Iz, = 2lz,/%.

o

a Find, in the form p + ig where p and g
are real, the complex number z which
3z—1_ 4
2—-i 1+2f
b Show on a single Argand diagram the
points which represent z and z".

b Find arg(z,z,).

satisfies the equation

¢ Express z and z' in modulus—argument
form, giving the arguments to the
nearest degree.

z1=-1+iV3,2z,=V3 +i

a Find i argz ii argz,.

b Express % in the form a + ib, where a
and b are real, and hence find arg (%)

¢ Verify that arg (5—21) = arg z; — arg z,. e

a Find the two square roots of 3 — 4i in
the form a + ib, where a and b are real.

b Show the points representing the two
square roots of 3 — 4i in a single Argand
diagram.

The complex number zis —9 + 17i.

a Show z on an Argand diagram.

b Calculate arg z, giving your answer in
radians to two decimal places.

¢ Find the complex number w for which
zw = 25 + 33i, giving your answer in
the form p + ig, where p and q are real.




The complex numbers z and w satisfy the
simultaneous equations

2z+iw=-1,z—w=3 + 3i.

a Use algebra to find z, giving your answer
in the form a + ib, where a and b are real.

b Calculate arg z, giving your answer in
radians to two decimal places.

The complex number z satisfies the

. zZ—2 .
equatlonz 3 A, AER.
p— + 1
a Show thatz = w)
1+ A2

b In the case when A = 1, find Izl and
arg z.

The complex number 7 is given by
z=-2+2i.

a Find the modulus and argument of z.
b Find the modulus and argument of %

¢ Show on an Argand diagram the points
A, B and C representing the complex

numbers z, % and z + %

d State the value of ~LACB.

respectively.

o

The complex numbers z, and z, are given
byz, =v3 +iandz,=1—i.

a Show, on an Argand diagram, points
representing the complex numbers z;,
Z,and z; + z,.

b Express 2_11 and %, each in the form

a + ib, where a and b are real numbers.

¢ Find the values of the real numbers
A anstuchthatZ% + z% =7, + z,. 9

The complex numbers z and w are given

A . _ B
—7 "V 131

are real numbers. Given that z + w =i,

where A and B

byz=1

a find the value of A and the value of B.

b For these values of A and B, find
tan[arg(w — 2)].

a Given that z = 2 — i, show that
72 =3 — 4i.

b Hence, or otherwise, find the roots,
z; and z,, of the equation
(z+1)?2=3—4i.

¢ Show points representing z, and z, on a
single Argand diagram.

d Deduce that Iz, — z,] = 2V5.

o

e Find the value of arg(z;, + z,).

a Find the roots of the equation
72> + 4z + 7 = 0, giving your answers
in the form p + i/g, where p and q are
integers.

b Show these roots on an Argand diagram.

¢ Find for each root,

i the modulus,

ii the argument, in radians,
giving your answers to three

significant figures.

Given that A € R and that z and w are
complex numbers, solve the simultaneous
equations z —iw=2,z—aw=1— A%
giving your answers in the form a + ib,
where a, b €R, and a and b are functions
of A.

Given that z; = 5 — 2i,

a evaluate |z, giving your answer as a
surd,

b find, in radians to two decimal places,
arg z;.

Given also that z, is a root of the equation
72 — 10z + ¢ = 0, where c is a real number,

o

¢ find the value of c.



The complex numbers z and w are given
_S5—10i _
by z = 51 and w = iz.

a Obtain z and w in the form p + ig,
where p and q are real numbers.

b Show points representing z and w on a
single Argand diagram

The origin O and the points representing
z and w are the vertices of a triangle.

¢ Show that this triangle is isosceles and
state the angle between the equal sides.

_1+i, V2
-7 1-i

a Find the modulus and argument of each
of the complex numbers z; and z,.

Z

b Plot the points representing z,, z, and
Z; + z, on a single Argand diagram.

¢ Deduce from your diagram that

tan(?é—”):lnL\/f.

Z=1+2,z,=3+4
a Express in the form p + gi, where p, g ER,

Zy

Zy
In an Argand diagram, the origin O and

i z,2, ii

. . Zy
the points representing z,z,, Z and z; are
the vertices of a rhombus.

b Sketch the rhombus on an Argand
diagram.

¢ Find z,.
6/5
=

o

d Show that Iz3| =

Zl = _30 + 151.

a Find arg z,, giving your answer in
radians to two decimal places.

The complex numbers z, and z; are given

by z, = =3 + piand z3 = q + 3i, where

p and g are real constants and p > q.

b Given that z, z; = z;, find the value of p
and the value of g.

¢ Using your values of p and g, plot the
points corresponding to z;, z, and z; on
an Argand diagram.

d Verify that 2z, + z; — z, is real and find
its value.

Given that z = 1 + v/3i and that
W=2+2i find

a win the form a + ib, where a, b € R,
b the argument of w,
¢ the exact value for the modulus of w.

On an Argand diagram, the point A
represents z and the point B represents w.

d Draw the Argand diagram, showing the
points A and B.

e Find the distance AB, giving your
answer as a simplified surd.

The solutions of the equation
72+ 6z + 25 = 0 are z, and z,, where
O<argz < mand —w <argz, <O0.

a Express z; and z, in the form a + ib,
where a and b are integers.

b Show that z7 = —7 — 24i.
¢ Find 1z3l.
d Find arg (z?).

e Show, on an Argand diagram, the points
which represent the complex numbers
23,z and z2.

z =3 —i. z* is the complex conjugate of z.

z _1_V3,
a Showthatz—*—Z 21.

b Find the value of |Z£*|
¢ Verify, for z = V3 — i, that
arg Z—Z* = arg z — arg z*.

d Display z, z* and zi* on a single Argand
diagram.



e Find a quadratic equation with roots
zand z* in the form ax? + bx + ¢ =0,
where a, b and c are real constants to be
found.

1+ 7
LT v 30

a Find the modulus and argument of z.

b Write down the modulus and argument
of 7.

In an Argand diagram, the points A and
B represent 1 + 7i and 4 + 3i respectively
and O is the origin. The quadrilateral
OABC is a parallelogram.

¢ Find the complex number represented
by the point C.

d Calculate the area of the parallelogram.

Given that 27 211 = i, where A is a positive,

7 —
real constant,

a show that z = (%+ 1) + i(%— )

Given also that tan (arg z) = %, calculate

o

b the value of A,

¢ the value of |zI2.

The complex numbers z; = 2 + 2i
and z, = 1 + 3i are represented on an
Argand diagram by the points P and Q
respectively.

a Display z, and z, on the same Argand
diagram.

b Find the exact values of Iz, 1z, and the
length of PQ.

Hence show that

¢ AOPQ, where O is the origin, is right-
angled.

Given that OPQR is a rectangle in the

Argand diagram,

d find the complex number z; represented
by the point R.

The complex number z is given by
z=(1+ 3i)(p + qi), where p and q are real
and p > 0.

Given that arg z = g,
a show thatp + 2q = 0.

Given also that Izl = 10v2,
b find the value of p and the value of q.

o

The complex numbers z; and z, are given
byz, =5+1i,2z,=2 - 3i.

¢ Write down the value of arg 7.

a Show points representing z; and z, on
an Argand diagram.

b Find the modulus of z, — z,.

. AR
¢ Find the complex number Z—zl in the

form a + ib, where a and b are rational
numbers.

d Hence find the argument of ;,
2

giving your answer in radians to three
significant figures.

e Determine the values of the real
constants p and g such that
ptig+ 321: 9

p—iqg+ 3z,

z = a + ib, where a and b are real and non-

zero.

a Find z2 and % in terms of a and b, giving
each answer in the form x + iy, where x
and y are real.

b Show that 12%| = a? + b2.

¢ Find tan(arg z?) and tan (arg%), in terms
of aand b.

On an Argand diagram the point P
represents z? and the point Q represents %
and O the origin.

d Using your answer to ¢, or otherwise,
show that if P, O and Q are collinear,
then 3a® = b2



&

Starting with x = 1.5, apply the Newton-
Raphson procedure once to f(x) = x3 — 3
to obtain a better approximation to the
cube root of 3, giving your answer to three
decimal places.

f(x) = 2* + x - 4. The equation f(x) = 0
has a root « in the interval [1, 2]. Use
linear interpolation on the values at the
end points of this interval to find an
approximation to .

Given that the equation x®> —x — 1 = 0 has
a root near 1.3, apply the Newton-Raphson
procedure once to f(x) = x> —x — 1 to
obtain a better approximation to this root,
giving your answer to three decimal places.

fx) =23 — 12x + 7.
a Use differentiation to find f’ (x).

The equation f(x) = 0 has a root « in the
interval  <x < 1.

b Takingx = % as a first approximation
to «, use the Newton-Raphson
procedure twice to obtain two further
approximations to «. Give your final
answer to four decimal places.

The equation sinx = %x has a root in the
interval [1.8, 2]. Use linear interpolation
once on the interval [1.8, 2] to find an
estimate of the root, giving your answer to
two decimal places.

fx) = x* + 3x3 — 4x — S. The equation
f(x) = 0 has a root between x = 1.2 and
x = 1.6. Starting with the interval

[1.2, 1.6], use interval bisection three
times to obtain an interval of width 0.05
which contains this root.

f(x)=3tan(§)—x— 1, —7w<x <.

Given that f(x) = 0 has a root between 1

and 2, use linear interpolation once on the
interval [1, 2] to find an approximation to
this root. Give your answer to two decimal
places.

f(x) = 3*—x — 6.

a Show that f(x) = 0 has a root « between
x=1landx = 2.

b Starting with the interval [1, 2], use
interval bisection three times to find an
interval of width 0.125 which contains a.

o

Given that x is measured in radians and
f(x) = sinx — 0.4x,

a find the values of f(2) and £(2.5) and
deduce that the equation f(x) = O has a
root « in the interval [2, 2.5],

b use linear interpolation once on the
interval [2, 2.5] to estimate the value of
@, giving your answer to two decimal
places.

_ _ _m m
f(x) = tanx + 1 — 4x, 2<x<2.

a Show that f(x) = 0 has a root « in the
interval [1.42, 1.44].

b Use linear interpolation once on the
interval [1.42, 1.44] to find an estimate
of a, giving your answer to three
decimal places.

f(x) = cos vx — x

a Show that f(x) = 0 has a root « in the
interval [0.5, 1].

b Use linear interpolation on the interval
[0.5, 1] to obtain an approximation to
a. Give your answer to two decimal
places.

¢ By considering the change of sign of
f(x) over an appropriate interval, show
that your answer to b is accurate to two
decimal places.



fx) = 25 — 22 — 1

The equation f(x) = 0 has a root « between
x = 4.256 and x = 4.26.

a Starting with the interval [4.256, 4.26]
use interval bisection three times to find
an interval of width 5 X 10~* which
contains a.

b Write down the value of «, correct to
three decimal places.

fx) = 202 + £ - 3
The equation f(x) = 0 has a root « in the
interval 0.3 < x <0.5.

a Use linear interpolation once on
the interval 0.3 < x <0.5 to find an
approximation to a. Give your answer
to three decimal places.

b Find f'(x).

¢ Taking 0.4 as an approximation to «, use
the Newton-Raphson procedure once to
find another approximation to a.

f(x) = 0.25x — 2 + 4 sin vx.

a Show that the equation f(x) = O has a
root a between x = 0.24 and x = 0.28.

b Starting with the interval [0.24, 0.28],
use interval bisection three times to
find an interval of width 0.005 which
contains «

f(x) = x3 + 8x — 19.

a Show that the equation f(x) = 0 has
only one real root.

b Show that the real root of f(x) = 0 lies
between 1 and 2.

¢ Obtain an approximation to the real
root of f(x) = 0 by performing two
applications of the Newton-Raphson
procedure to f(x) , using x = 2 as the
first approximation. Give your answer
to three decimal places.

d By considering the change of sign of f(x)
over an appropriate interval, show that
your answer to c is accurate to three
decimal places.

@ fx) =23 —3x— 1

The equation f(x) = 0 has a root « in the
interval [-2, —1].

a Use linear interpolation on the values
at the ends of the interval [—2, —1] to
obtain an approximation to a.

The equation f(x) = 0 has a root S in the

interval [—1, 0].

b Takingx = —0.5 as a first
approximation to 8, use the Newton-
Raphson procedure once to obtain a
second approximation to S.

The equation f(x) = 0 has a root vy in the
interval [1.8, 1.9].
¢ Starting with the interval [1.8, 1.9]
use interval bisection twice to find an
interval of width 0.025 which contains 7.

A point P with coordinates (x, y) moves
so that its distance from the point (5, 0)
is equal to its distance from the line with
equation x = —3J.

Prove that the locus of P has an equation of
the form y? = 4ax, stating the value of a.

A parabola C has equation y?> = 16x. The
point § is the focus of the parabola.

a Write down the coordinates of S.
The point P with coordinates (16, 16) lies
on C.

b Find an equation of the line SP, giving
your answer in the form ax + by + ¢ =0,
where a, b and c are integers.

The line SP intersects C at the point Q,
where P and Q are distinct points.

¢ Find the coordinates of Q.
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The curve C has equations x = 3t?, y = 6t.
a Sketch the graph of the curve C.

The curve C intersects the line with
equation y = x — 72 at the points A and B.

b Find the length AB, giving your answer
as a surd in its simplest form.

A parabola C has equation y?> = 12x. The
points P and Q both lie on the parabola
and are both at a distance 8 from the
directrix of the parabola. Find the length
PQ, giving your answer in surd form.

The point P(2, 8) lies on the parabola C
with equation y? = 4ax. Find

a the value of g,
b an equation of the tangent to C at P.

The tangent to C at P cuts the x-axis at the
point X and the y-axis at the point Y.

¢ Find the exact area of the triangle OXY.

The point P with coordinates (3, 4) lies on
the rectangular hyperbola H with equation
xy = 12. The point Q has coordinates

(=2, 0). The points P and Q lie on the line /.

a Find an equation of [, giving your
answer in the form y = mx + ¢, where m
and c are real constants.

The line / cuts H at the point R, where P

and R are distinct points.

b Find the coordinates of R.

The point P(12, 3) lies on the rectangular
hyperbola H with equation xy = 36.

a Find an equation of the tangent to H
at P.

The tangent to H at P cuts the x-axis at the
point M and the y-axis at the point N.

b Find the length MN, giving your answer
as a simplified surd.

The point P(5, 4) lies on the rectangular

hyperbola H with equation xy = 20. The
line / is the normal to H at P.

a Find an equation of [, giving your
answer in the form ax + by + ¢ = 0,
where a, b and c are integers.

The line / meets H again at the point Q.
b Find the coordinates of Q.

8
t
intersects the line with equationy = %x + 4
at the points A and B. The mid-point of AB

is M. Find the coordinates of M.

The curve H with equation x = 8t, y =

The point P(24t?, 48t) lies on the parabola
with equation y? = 96x. The point P also
lies on the rectangular hyperbola with
equation xy = 144.

a Find the value of t and, hence, the
coordinates of P.

b Find an equation of the tangent to the
parabola at P, giving your answer in the
form y = mx + ¢, where m and c are real
constants.

¢ Find an equation of the tangent to the
rectangular hyperbola at P, giving your
answer in the formy = mx + ¢, where m
and c are real constants.

The points P(9, 8) and Q(6, 12) lie on the
rectangular hyperbola H with equation
xy = 72.

a Show that an equation of the chord PQ
of His 4x + 3y = 60.

The point R lies on H. The tangent to H at

R is parallel to the chord PQ.

b Find the exact coordinates of the two
possible positions of R.



A rectangular hyperbola H has cartesian

equation xy = 9. The point (3t, %

) isa
general point on H.
a Show that an equation of the tangent to

H at (3t, %) isx + t2y = 6t.

The tangent to H at (3t, %

at A and the y-axis at B. The point O is the
origin of the coordinate system.

) cuts the x-axis

b Show that, as t varies, the area of the
triangle OAB is constant.

The point P(ct, %) lies on the hyperbola

with equation xy = ¢2, where c is a positive
constant.

a Show that an equation of the normal to
the hyperbola at P is
tx —ty —c(t*—1)=0.
The normal to the hyperbola at P meets
the line y = x at G. Given that ¢ # +1,
o

2|
t2)

a Show that an equation of the tangent
to the rectangular hyperbola with
equation xy = ¢? at the point (ct, %) is
t?y + x = 2ct.

b show that PG? = cz(t2 +

Tangents are drawn from the point (=3, 3)
to the rectangular hyperbola with equation
xy = 16.

b Find the coordinates of the points of
contact of these tangents with the
hyperbola.

The point P (at?, 2at), where t > 0, lies on
the parabola with equation y? = 4ax. The
tangent and normal at P cut the x-axis at

the points T and N respectively. Prove

PT _
that 10 = t. (E ]
The point P lies on the parabola with
equation y? = 4ax, where a is a positive
constant.

a Show that an equation of the tangent to
the parabola P (ap?, 2ap), p > 0,
ispy =x + ap’.
The tangents at the points P (ap?, 2ap) and
Q (ag? 2aq) (p # q, p > 0, ¢ > 0) meet at
the point N.

b Find the coordinates of N.

Given further that N lies on the line with
equation y = 4aq,
¢ find p in terms of q. e

The point P (at?, 2at), t # 0 lies on the
parabola with equation y? = 4ax, where a
is a positive constant.

a Show that an equation of the normal to
the parabola at P is
y + xt = 2at + at3.

The normal to the parabola at P meets the
parabola again at Q.
b Find, in terms of t, the coordinates of Q .

a Show that the normal to the rectangular
hyperbola xy = ¢?, at the point P(ct, %),

C_ B
f cte.

The normal to the hyperbola at P meets
the hyperbola again at the point Q.

t # 0, has equation y = t2x +

b Find, in terms of t, the coordinates of
the point Q.

Given that the mid-point of PQ is (X, Y)

and that t # =1,

X_ 1
¢ show that? =z

The rectangular hyperbola C has equation
xy = %, where c is a positive constant.

a Show that the tangent to C at the point
P(cp, }—C)) has equation p% = —x + 2cp.

The point Q has coordinates Q(cq, %),
q7p.



The tangents to C at P and Q meet at N.
Given thatp + q # 0,

b show that the y-coordinate of N is p%é.
The line joining N to the origin O is
perpendicular to the chord PQ.

o

¢ Find the numerical value of p?¢>.

The point P lies on the rectangular
hyperbola xy = ¢2, where c is a positive
constant.

a Show that an equation of the tangent to
the hyperbola at the point P(cp, [E’)’
p>0,isyp?> +x = 2cp.

This tangent at P cuts the x-axis at the

point S.

b Write down the coordinates of S.

¢ Find an expression, in terms of p, for
the length of PS.

The normal at P cuts the x-axis at the

point R. Given that the area of ARPS

is 41c2,

d find, in terms of ¢, the coordinates of
the point P.

The curve C has equation y? = 4ax, where
a is a positive constant.

a Show that an equation of the normal to
C at the point P (ap?, 2ap), (p # 0) is
y + px = 2ap + ap>.
The normal at P meets C again at the
point Q (aq?, 2aq).
b Find g in terms of p.

Given that the mid-point of PQ has

coordinates (11—%5@ - 3a),

c use your answer to b, or otherwise, to
find the value of p.

The parabola C has equation y? = 32x.

a Write down the coordinates of the focus
Sof C.

b Write down the equation of the
directrix of C.

The points P (2, 8) and Q (32, —32) lie on C.

¢ Show that the line joining P and Q goes
through §.

The tangent to C at P and the tangent to C

at Q intersect at the point D.

d Show that D lies on the directrix of C.




After completing this chapter you should be able to

e add, subtract and multiply matrices
e find inverses of 2 X 2 matrices

e represent some geometrical transformations with
2 X 2 matrices

e use matrices to solve linear simultaneous equations.

Matrix algebra

This chapter will give a brief introduction to matrices
and some of their applications. Matrix algebra is used
in many branches of mathematics, especially those
areas where large volumes of data are handled as the
rules for combining matrices are easily implemented
on computers. Transformation matrices are often used
to create 3-D computer graphics. You will meet some
further properties and applications if you study FP3.



Matrix algebra

4,1 You can find the dimension of a matrix.

B A matrix can be thought of as an array of numbers (a collection of numbers set out in a
table) and they come in different shapes and sizes.

B You can describe these different shapes and sizes in terms of the dimension of the matrix.
This is given by two numbers n and m in the form n X m (read as n by m), where n is the
number of rows (horizontal or across the page) and m is the number of columns (vertical or
down the page) in the matrix.

B An n X m matrix has n rows and m columns.

B Matrices are usually denoted in bold print with a capital letter e.g. A, M etc.

Give the dimensions of the following matrices

a(z _1), b1 0 2),
1 3
3 2
IR
0 -3

o= (2 _1)]/ There are two rows.
1 3

\ \
The dimension is 2 X 2.

There are two columns.

b=01 0O 2) There is just one row.
L1
The dimension is 1 X 3. L There are three columns.
c = (_ﬁ) ] There are two rows.
\
The dimension is therefore 2 X 1. L_ There is just one column.
2) 2

:

d = J There are three rows.

—1 1
T

There are two columns.

The dimension is therefore 3 X 2.
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4.2 You can add and subtract matrices of the same dimension.

To add or subtract matrices you simply add or subtract the corresponding elements of the
two matrices.

3
(1 -3 4)_(0 2 1)
2 1 1 5 2 3
o3 lsa) ——
= e ] i 4=E
e
5 & 3+3=6
 0+5=5
Top row
1 -3 4\_(0 2 1 1-0=1
* 2 1 17 l5 2 3 A= =3
4-1=3
_ 1 =B 5
[ O S Bottom row

_—— @@ -
1-2=-1

1-3=-2

23)

A:(
1 a

s el

Given that A + B = C, find the values of the constants a, b, x and y.

- 2 3\ . (b —1\_ (3 vy
A+B=C= ( ) + ( ) - ( ) You can describe the position

1 a 2 4 x 5 Sl :
. , of individual elements in
Comparing corresponding elements: terms of their row and

First row, first column: 2+b=3 sob=1 column e.g. second row,
first column of C is x. By

First row, second column: 3+ 1=y soy=2 considering the equivalent
/ elements in A and B you can
form the equation for x.

Second row, first column: 1+2=x sox =3

Second row, second column: a+4 =3 soa= —1




Matrix algebra

1 Describe the dimensions of these matrices.

al_y 3 b,
-1 3 2
c(lz 1) a1 2 3
3.0 -1
100
e 3 -1 flo 1 0
00 1

2 For the matrices

A=(2 _1),B=( 4 1),C=(6 O)’
1 3 -1 -2 0 1

find
aA+C bB-A c A+B-C.

3| For the matrices

A= (;), B=(1 -1),C=(1 1 0,

D=0 1 -1), E=(_:1;), F=2 1 3),

find where possible:

aA+B bA-E
c F-D+C dB+C
e F-(D+C f A-F

g C—(F-D).

4| Given that ( _;Z i) — (‘11 —ZC) = (g (5)), find the values of the constants a, b, c and d.

5 Giventhat(i i O)—F(“ b C)z(c Sc E),ﬁndthevaluesofa,bandc.

c 1 2 0 c
5 3 a b 7 1
6 Giventhat|g —1|+|¢ d|=|2 o/ findthevaluesofa, b, c, d,eandf.
2 1 e f 1 4
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4.3 You can multiply a matrix by a scalar (number).

B A scalar is something that isn’t a matrix.

number.
Example [
1 2
A= ) B=®6 0 -4
1 o) Breo
Find a2A b iB
a 2A=( z ﬂ

Note that 2A gives the same answer as A + A.

1 — _ o
b IB=(3 0 -2

aO)

A-|
12

(05 o0

A+25=c:%a(w+zp b%ﬂ6 ﬂ

1 2 o 3 1 ¢
Comparing corresponding elements:
at+t2X1=6=a=4
O+2b=0=b=23
2+ 2X3=c=>¢c=6

First row, first column:

First row, second column:

Second row, second column:

Given that A + 2B = C, find the values of the constants a, b and c.

In FP1 a scalar will simply be a number.

B To multiply a matrix by a number you simply multiply each element of the matrix by that

NN =

e}
X X
N =3
s

AN

Bottom row
2 X -1=-2
2xXx0=0

X6=3
X0=0
X —4=-2

N[=N[= N[—=

This gives four equations.
You only need three, so select
the relevant ones.




Matrix algebra

1 ForthematricesA:(2 O),B=(_i),ﬁnd

4 -6
a 3A b JA c 2B.
2 Findthevalueofkandthevalueofxsothat(0 1)+k( 0 2 = 0 7).
2 0 -1 0 x 0

3 Findthevaluesofa,b,canddsothatz(‘; g)—?s((li _;):(_Z _i)

. S a c 2y (9 1
4 Flndthevaluesofa,b,canddsothat(b O) 2(1 _1)—(3 d)'

. -3 2k k
+ =1 )
5 Find the value of k so that ( K ) k(zk) (6)

4.4 You can multiply matrices together.

B Whilst the rule for adding and subtracting matrices appears to be quite natural, it is the rule
for multiplying matrices that gives them their useful properties.

B The basic operation consists of multiplying each element in the row of the left hand matrix
by each corresponding element in the column of the right hand matrix and adding the
results together.

B The number of columns in the left hand matrix must equal the number of rows in the right
hand matrix.

B The product will then have the same number of rows as the left hand matrix and the same
number of columns as the right hand matrix.

So if n is from the number of rows in A.

A X B =C / k is from the number of columns in B.
Dimensions: (n X m) X (im X k) (n X k)

\ L These numbers must be the same.

Example [3
1 —2)

Given that A = ( and B = ( _3> find AB.
3 4 2

First calculate the dimensions of AB The number of rows is two from here.

({X 2) X (2 X 1) gives (2 X 1)

The number of columns is one from here.




(—)]/ Two numbers are required in the answer.

1X (=3) + (—2) X
BX(=3)+4X2=—1

SOABZ(

Given that A = (_1 O) and B = (4
2 3 0

A is a 2X2 matrix and B is a

2X2 matrix so they can be
multiplied and the product will be a
2X2 matrix.

a=(-1)X4+0X0=—-4
(=N X140 X (—2) = —1
c=2X4+3X0=8

d=2X14+3X(-2)

So AB = (_

b BA will also be a 2 X 2 matrix

The top number is the total of the first row
of A multiplied by the first column of B.

The bottom row is the total of the second
row of A multiplied by the second column
of B.

Matrices with the same number of rows and
columns are called square matrices.

The product of two square matrices of the
same size will always give a square matrix of
the same size.

This time there are four numbers to be
found.

a is the total of the first row multiplied by the first
column.

b is the total of the first row multiplied by the
second column.

c is the total of the second row multiplied by the
first column.

d is the total of the second row multiplied by the
second column.

First row times first column
4X(-DN)+1X2==-2

First row times second column
4X0+1x3=3

Second row times second column

0X0+(-2)X3=-6

Second row times first column
OX(-1)+(-2)x2=—-4



Matrix algebra

Notice that in Example 6 you could not find BA because the dimensions do not
allow you to use the rule. In the case of square matrices though, like Example 7,
you will always be able to find both AB and BA, and usually these answers will
be different. (The technical term for this is to say that matrix multiplication is
not commutative.) This means that, when you are finding the product of two
matrices, it is very important that you place them in the correct order.

GiventhatA=(1 -1 2),B=(3 -2)andC= (;1), determine whether or not the following

products can be evaluated and, if they can, find the product.

a AB b BC
a AXB
Dimensions: (1 X 3) X (1 X 2)
\ \
Not possible
b B XC

Dimensions: (1 X 2) X (2 X 1)
\ 1

|- @

Row times column:
3X 44+ (-2)X5=2.

BC = (3 —2)(

Dimensions: (1 X 3) X (2 X 1)
\ \

Not possible

Dimensions: (2 X 1) X (1 X 3)
\ \

4
o)

c AC

d CA e BCA

These two numbers are not the same

so the product can not be found.

These two numbers are the same so
the product is possible and the answer
r will be T X 1.

A XC

NB Matrix B is written (3 —2) i.e.
without a comma, to avoid confusion
with the coordinates of a point (3, —2).

These two numbers are not the same

C XA

so the product can not be found.

These two numbers are the same and

CA = (g)m —1 2)

:(4><1
5 X1

4

SoCAZ(
5

4 X(-1)
5 X (1)

-4 &

=B

10

|

4 X2
4 X2

|

the product will have dimension 2 X 3.

first row X first column gives 4 X 1 = 4

first row X second column gives 4 X (=1) = —4
first row X third column gives 4 X 2 = 8

second row X first column gives 5 X 1 =5

second row X second column gives 5 X (=1) = =5
second row X third column gives 5 X 2 = 10
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e BXC XA
Dimensions: (1 X ‘2) X (‘2 X 1) X (1X3)

These two numbers are the same
AND

these two numbers are the same.
So the product is possible and will
This can be calculated as B(CA) or (BC)A. have dimension 1 X 3.

We shall do both.

4 -4 & .
B(CA) = (3 -2 .
(CA) ( )(5 5 10) Using CA from part d
=2 -2 4
(BCOA=2)(1 -1 3)=(2 -2 4 Using BC from part b.

B When evaluating the product of three or more matrices, provided the order is kept the same
it does not matter which product pair is evaluated first. (We say that matrix multiplication
is associative.) Sometimes a little forward planning can make the evaluation simpler; (BC)A
was easier than B(CA) in this case.

B Some calculators will evaluate matrix products and, whilst this facility may be useful to
you in the FP1 examination, you should know how to calculate the product by hand as
sometimes you will be given matrices containing unknown letters.

-1
a

A= and B= (b 2)

Given that BA =(0), find AB in terms of a.

BA = (b 2)(_1) = (—b+ 2a) BA will be a 1 X Tmatrix.
a

S0 BA = (0) implies that b = 2a

=l =2
ab 2a

AB will be a 2 X 2 matrix.

(b 2)=

=1
a
=28 =2

Substituting b = 223 gives AB =
2a° 2a




1 Given the dimensions of the following matrices:

Matrix algebra

Matrix A B C D

Dimension 2X2 1x2 1X3 3 X2

2X3

Give the dimensions of these matrix products.

a BA b DE c CD
d ED e AE f DA
2 Find these products.
1 2)(—1 b (1 2)( 0 5)
3 4 2 3 40-1 -2
. N R/ . (1 0 1
3| The matrix A = ( 0 3) and the matrix B = (1 O)'
Find
A?means A X A
a AB b A2

4 The matrices A, B and C are given by

(2 (31 .
A—(), B—(_l 2), C=(-3 -2.

Determine whether or not the following products are possible and find the products of those

that are.
a AB b AC c BC
d BA e CA f CB
L 2 a\fl 3 O

5 TFind in terms of a 1 _1)(0 1 2).
. 3 2\x —2

6 Find in terms of x 1 2/l 3).

. 1 2
7 The matrix A = (0 1).
Find
a A®
b A3
¢ Suggest a form for Ak,

a O
Thi trix A =
8 e matrix (b 0

a Find, in terms of a and b, the matrix A2.
Given that A2 = 3A
b find the value of a.

You might be asked to prove this
formula for A¥ in FP1 using induction
from Chapter 6.




2
o B _ 4 -2
9 A=(-1 3), B 11, C (O _3).
0
Find a BAC b AC?
1
10 A=|-1]|, B=3 -2 -3).
2
Find a ABA b BAB

4,5 You can use matrices to describe linear transformations.

B You may be familiar with the idea of a transformation from GCSE. There you may have met
transformations such as rotations, translations, reflections and enlargements. There is
more about these specific types of transformations in Section 4.6.

B A transformation moves all the points (x, ¥) in a plane according to some rule.

B You can describe a transformation in terms of its effect on the position vector

x), this is

simply the vector from the point (0, 0) to the point (x, y). y
)
y

B You call the new point to which (;) is moved the image of

Example [

The three transformations S, T and U are defined as follows. Find the images of the point (2, 3)
under each of these transformations.

s: % x+4), NEATN 2x—y)’ u-l* - 2y ,
yholy—1 y Xty y —x?
_ Substituting x = 2 and y = 3 into

T(Z): (2 X 2 5): (1) i.e. the point (1, 5) 2x — y gives 1

3 2+3 5 and into x + y gives 5.
5 (2) — (2 + 4) _ (6) i.e. the point (6, 2) Substitute x =2 and y = 3 into

) 5 = q 2 the S formulae.

2\ _[(2X3\_[ © , A
U (5) = ( o2 ) = (_4) i.e. the point (6, —4) N.B. when x = 2, —x2= —22 = —4

B A linear transformation has the special properties that the transformation only involves
linear expressions of x and y (so U in Example 10 is not linear) and that the origin (0, 0) is
not moved by the transformation (so S in Example 10 is not linear).
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B A linear transformation T has these properties. i
Example 11 illustrates how the

kx x . definitions of linear transformations
17T = kT )’ where k is a constant. work and is not typical of questions

ky you will find in the FP1 examination.
21|(3)+ ()l =7(50)+7(3:)
Y1 Y2 Y1 Y2
PE 11
For the transformations S, T and U from Example 10, use the vectors 3 1 ) and ( _? to show
that S and U do not satisfy property 2 and prove that T satisfies both properties.
Using S
LHS = & 1 +[~2)| = S “N_(=1+4|_[ 3 These two points are not
= 1 0 0 =1 = the same so § is not linear.

e = o5 = ()= () B)- (2)

S0 S is not a linear transformation.

Using U

ool (3 -2 (9
= 1 o) —(=1)? =1

e R NE R NERE

These are not the same so U is not a linear transformation.

To prove that T is a linear transformation you need to use general points, not
specific vectors like we did for S and U.

X 2x —
A=) = 1 ke _ 2/<x—l<y) Therule(y)a(ijg)means
Y ky kx + ky that the new top number is twice
the old top number minus the old
= 2x - y) — Tl * bottom number.
x+y y '

So T satisfies property 1.

Tl %)+ (X2 = (% T %) = (20 + x2] — [y + yz]) Compare LHS and
Y Yo ¥ty X+ x, + [y + y2] RHS of property 2
using the rule for T.
1l %) + 7(*2| = 2x1—y1)+ 2x2—y2): 2[x + x] = [y + y2]
Y Yo X+ Xt Yo xitx, + [yt Yol

So T satisfies property 2.

Therefore T is a linear transformation.
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B Any linear transformation can be represented by a matrix.

ax + by

B The linear transformation T: (x) — (
y o + dy

w2 - 223
c d/\y o +dy/
PN 12

Find matrices to represent these linear transformations.

) can be represented by the matrix M = (‘Cj Z)

aT:|* 2y +x bv:I¥|_ -2y
y 3x y 3x +y
a Transformation T is equivalent to
T (%) 1x + Zy) Write the transformation in the form
y 3x + Oy (ax + by)
cx + dy/
(12
50 the matrix is .
e (5 O) Use the coefficients of x and y to form the
matrix.
b Transformation V is equivalent to
. Ox — 2y Write the transformation in the form
: - By -+ (ax T by)
Y 5y cx + dy/
. [0 =2 L.
50 the matrix is % : Use the coefficients of x and y to form the
1 matrix.

The square $ has coordinates (1, 1), (3, 1), (3, 3) and (1, 3). Find the vertices of the image of §
-1 2)

under the transformation given by the matrix M = ( ’ 1

Write each point as a column vector so
The vertices of S can be represented by P

1
the matrix (1, 3) becomes (3)

13 3 1 Then combine all four column vectors into a
(1 1 3 5) single 2 X 4 matrix.

To find the image of S you need the

Use the usual rule for multiplying matrices.
matrix product:

-1 2|1 & 3 1 e.g. first row and fourth column:
2 1/\1 1 _ -1 X1+2X3=5
= ( =l & @ e.g. second row and third column:
5 7 B

2X3+1X3=9
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1| Which of the following are not linear transformations?

2
aP:x—>(2x ) bQ:x—>x
Yy y+1 Yy Yy
cR:x_}2x+y ds:x_>3y
y X+ xy y —X
x y+3) x 2x )
T: — f U:
¢ y x+3 y 3y — 2x

2 Identify which of these are linear transformations and give their matrix representations.
Give reasons to explain why the other transformations are not linear.

aS:x_}Zx—y) bT:x_>2y+1
y 3x y x—1
CU:x—>xy dV:x—>2y

Yy 0 Yy —X
eW:x—>y

y X

3 Identify which of these are linear transformations and give their matrix representations.

Give reasons to explain why the other transformations are not linear.

2 _
aS:x xz bT:x—> y
y y y x
cU;xHx_y) dv:xﬁ(o
y x -y y 0
eW:x—>x
y y

4 Find matrix representations for these linear transformations.

_}(y+2x) b
-y

X
Y

X
Y

-y

a
x + 2y

—

5 The triangle T has vertices at (—1, 1), (2, 3) and (5, 1).
Find the vertices of the image of T under the transformations represented by these matrices.

0 -2
b C (2 0)

-1 0)
0 1

-

a 0 -2
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6 The square $ has vertices at (—1, 0), (0, 1), (1, 0) and (0,—1).
Find the vertices of the image of S under the transformations represented by these matrices.
2 0 1 - 1) (1 1)
c
1 1 1 -1

0 3 b

a

4,6 You can use matrices to represent rotations, reflections and enlargements.

B In GCSE you may have met some simple transformations such as rotations, reflections,
enlargements and translations.

B A translation is not a linear transformation (since the origin moves) but all the others are
and in this section we shall see how to represent them using matrices.

B To identify the matrix representing a particular transformation you should consider the
. . . 1 .
effect of the matrix or the transformation on two simple vectors (0) (sometimes denoted

as i) and (?) (sometimes denoted by j).

Y

Z) you can see that

(o) = (¢) ona )= ()

so the first column of M gives the image of (1) and the second column of M gives the

. 0
image of (1 )

B Given any matrix M = (a
c

B You can use this information to identify the transformation represented by a matrix.

In FP1 you should be able to identify matrices representing the following linear transformations.

Rotation about (0, 0) of angles that are multiples of 45°.

Enlargement centre (0, 0) of scale factor k(k # 0, k € R).

Reflection in coordinate axes or the linesy = * x.

Identity the matrix ((1) (1)) is called I and does not carry out any transformation.

(This is equivalent to multiplying by 1 in arithmetic.)
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Describe fully the geometrical transformations represented by these matrices.

30
a(o 3) b

o

C(O—l)
0 -1 -1 0

The transformation is therefore an enlargement,
scale factor 3 and centre (O, O).

This transformation is therefore a rotation of
1860° (anticlockwise) about (O, O).

A diagram is very useful. Use it to

show the images of (3)) and ((1))

The images of ((1)) (blue) and (?) (red)

are in the same directions as the
original vectors but 3 times as long.
This indicates an enlargement.

When describing an enlargement you
should state the scale factor and the
centre (always (0, 0)).

Draw a diagram showing the images
of (g)) (blue) and (?)(red).

The vector (g)) has moved to (_g))

This could be due to a reflection in
x = 0 or a rotation of 180°.

The vector (?) has moved to ( ?)

This could be due to a reflection in

y = 0 or a rotation of 180°. Since the
same transformation has caused both
movements it must be a rotation.

N.B. This transformation could also
be described as an enlargement centre
(0, 0) scale factor —1.
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When describing a rotation you should
state the angle, direction (anticlockwise
is positive) and centre (always (0, 0)).

The diagram shows that (1) has moved
(_ 1) to ( ?) This could be due to a rotation

of —90°0r a reflection in y = —x.

X
) Also (?) has moved to (_g)) This

could be due to a rotation of +90°or

a reflection in y = —x. Since the same

transformation has carried out both
This transformation is therefore a reflection movements it must be a reflection.

in the liney = —x.

To describe a reflection you must state
the mirror line.

Parts b and c of this example are often confused so a carefully drawn diagram is useful.

Another way of identifying a reflection is to look

. . . fM = (a b) the determinant
at the determinant of the matrix (see Section 4.8). c

d
of M is given by ad — bc.
If this is negative the transformation involves a reflection.

Example [

Find matrices to represent these transformations.
a Rotation of 45° anticlockwise about (0, 0).
b Reflection in the y-axis.

¢ Enlargement centre (0, 0) of scale factor —2.

Draw a diagram showing the images of the
original vectors after the rotation of 45°.




Consider the image of (;)

1

sin 45° =
cos 45° = Té
L
This will be J]Z .
V2 -1
Similarly the image of (?) is {é .
VZ

Therefore the matrix representing this
transformation

R
is V2 V2
1 1
N
y
9]
of '

The matrix representing a reflection
~1 o)
o 1/

Image of (;) s —2 X (;) B (_S)

w22 (8- §

in the line x = O is (

The matrix representing an
enlargement of scale factor —2 about

0, 0) is (_(2; _g).

Matrix algebra

Remember that

cos 45° = A1 and

sin 45° =

S

Remember that the image of (g)) gives

the first column and the image of (0) the
second. 1

The diagram shows that (1) moves to

(_g)) but (?) remains unchanged.

The first column is (_(1)), the image of (1)

and the second column is (0), the image

()

To enlarge a vector by scale factor k you
simply multiply the vector by k.

Image of (1 ) as the first column and

the image of (?) as the second.
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1| Describe fully the geometrical transformations represented by these matrices.

a(l o) bO—l) C(01)
0 -1 1 0 -1 0
2 Describe fully the geometrical transformations represented by these matrices.
i 0) 0 1) (1 o)
2 b
N (o 1 10 “lo 1
3 Describe fully the geometrical transformations represented by these matrices.
+ 1 4 0 1 1 1
VZ oz ) (— )
a b —
1 0 4 ‘il -1
V2 V2

4 Find the matrix that represents these transformations.
a Rotation of 90° clockwise about (0, 0).
b Reflection in the x-axis.

¢ Enlargement centre (0, 0) scale factor 2.

5 Find the matrix that represents these transformations.
a Enlargement scale factor —4 centre (0, 0).
b Reflection in the line y = x.
¢ Rotation about (0, 0) of 135° anticlockwise.

4.7 You can use matrix products to represent combinations of transformations.

Example [I3

The points A(1, 0), B(0, 1) and C(2, 0) are the vertices of a triangle T. The triangle T is rotated
through 90° anticlockwise about (0, 0) and then the image 1" is reflected in the liney = x to
obtain the triangle T".

a On separate diagrams sketch T, T" and T".

b Find the matrix P such that P(T) = T’ and the matrix Q such that Q(T") = T".
¢ By forming a suitable matrix product find the matrix R such that R(T") = T".
d Describe the single geometrical transformation represented by R.

e Find the single matrix representing a reflection in the line y = x followed by a rotation of 90°
anticlockwise about (0, 0).

f Describe the geometrical effect of the matrix found in part e as a single transformation.




/

B O x

Note that OA moves to OA’ and then
to OA" and OB moves to OB’ and then
to OB'".

P represents a rotation of 90" about
(0, 0) and so

Sl
1 0
Q represents a reflection iny = x so0
ot
1 0
P(M=T and Q(T") =T"

SoQ(P(M) =T"
And therefore QP = R

Matrix algebra

This is the original triangle T.

1

Rotate 90° about (0, 0) so that (O

OJan (3] 7o)
to (1 and 1 moves to o)
This gives T.

) moves

Reflect 7" in y = x so that (?) moves
0

to (g)) and (_g)) moves to (_1)

This gives T".

Substitute P(T) for T".
Q(P(T)) can be written as QP(T)
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R=ar = (00T )

R represents a refection in the x-axis

or the line y =0

The transformations are the other

way around. The required matrix is PQ.
PQ = (o —1)(0 1)
1T 0/\1 O

(39

PQ represents a reflection in the
y-axis (or the line x = 0).

In general: the matrix PQ represents
the transformation represented by Q

followed by the transformation
represented by P.

You can combine more than two
transformations in a similar fashion.

Use the usual rules of matrix multiplication
met in Section 4.4.

Draw a diagram showing the images
of (g)) (blue) and (?) (red) under R.

1 ) is unmoved (since it lies on the mirror

line) and (?) moves to (_?) which confirms

the reflection.

To transform with Q first followed by P you
calculate PQ.

Draw a diagram showing the images
of (g)) (blue) and (?) (red).

The fact that (?

that the y-axis is a mirror line. Consideration

) does not move suggests

of ((1)) confirms this.
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Example

The matrices P = (; ;), Q= ((1) ?) and R = (_? _Z) represent three transformations.

Find the matrix representing the transformation represented by R, followed by Q followed by P
and give a geometrical interpretation of this combined transformation.

The combined transformation is given by

PQR = ( (. )( 1 2) © 7) R first so start on the right with R, then Q
2 3/lo 1)\-1 -2 then P,
1 3\ 3 7 You can choose whether to multiply PQ
= ( )( ) or QR first but the order PQR must be
2 7N\-1 -2 maintained.
_[o \
-1 O This is PQ.
To interpret this transformation, draw
a diagram.
y
Note that
1 0 0 1
(0) -~ (—1) and (1)_’ (o)
which points to a rotation.
(0] x

PQR represents a rotation of —90°
(i.e. 90° clockwise) about (O, O).

(-1 0 0 -1 (20
1 A_( 0 —1)' -1 o)'c_(o z)
Find these matrix products and describe the single transtormation represented by the
product.
a AB b BA c AC

d A2 e C?
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2| A = rotation of 90° anticlockwise about (0, 0) B = rotation of 180° about (0, 0)

C = reflection in the x-axis D = reflection in the y-axis
a Find matrix representations of each of the four transformations A, B, C and D.
b Use matrix products to identify the single geometric transformation represented by each
of these combinations.
i Reflection in the x-axis followed by a rotation of 180°about (0, 0).
ii Rotation of 180° about (0, 0) followed by a reflection in the x-axis.
iii Reflection in the y-axis followed by reflection in the x-axis.
iv Reflection in the y-axis followed by rotation of 90° about (0, 0).
v Rotation of 180° about (0, 0) followed by a second rotation of 180° about (0, 0).
vi Reflection in the x-axis followed by rotation of 90° about (0, 0) followed by a
reflection in the y-axis.
vii Reflection in the y-axis followed by rotation of 180° about (0, 0) followed by a
reflection in the x-axis.

Use a matrix product to find the single geometric transformation represented by a rotation
of 270° anticlockwise about (0, 0) followed by a refection in the x-axis.

Use matrices to show that a refection in the y-axis followed by a reflection in the line

y = —x is equivalent to a rotation of 90° anticlockwise about (0, 0).
L1
The matrix R is given by [ V2 V2
1 1
V2 V2
a Find R2.

b Describe the geometric transformation represented by R2.
¢ Hence describe the geometric transformation represented by R.
d Write down R®.

P= (5 e

The transformation represented by the matrix R is the result of the transformation
represented by the matrix P followed by the transformation represented by the matrix Q.
a Find R.

b Give a geometrical interpretation of the transformation represented by R.

5 -7 (4 3 (-2 1
7—10)'B_(3 2)’C_ -1 1

Matrices A, B and C represent three transformations. By combining the three transformations
in the order B, followed by A, followed by C a single transformation is obtained.

A:

Find a matrix representation of this transformation and interpret it geometrically.
1 -5
P =
(1 -1

Matrices P, Q and R represent three transformations. By combining the three transformations
in the order R, followed by Q, followed by P a single transformation is obtained.

31
-2 2

2 4
0 1

R-|

-

Find a matrix representation of this transformation and interpret it geometrically.
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4,8 You can find the inverse of a 2 X 2 matrix where it exists.

H IfA= (a b) then A-1 = 1 ( d _b) The value of ad — bc is called
c d ad — bc \—c a the determinant of A and
1 0 written det(A).
and then AA-'= A7 TA = (0 1) =1

a b
[ ] =
A (c d

= _ -1 = 1 d _b
),det(A) ad — bc so A det(A)(—c a)

Notice that if det(A) = 0 you will not be able to find A~! because

1
. . o det(A)
is not defined, in such cases we say A is singular.

B If det(A) = 0, then A is a singular matrix and A~' cannot be found.
If det(A) # 0, then A is a non-singular matrix and A 'exists.

Example [F]
3 2 2 1 1 3
A‘(—l 1)'“‘(2 1)'C‘(2 0)

For each matrix A, B and C, determine whether or not the matrix is singular.
If the matrix is non-singular, find its inverse.

_ ( ) 2) sodet(A) =3 X 1—2 X (=1) Use the determinant formula with
— a=3,b=2,c=-1andd=1.
det(A) =5
Sihce 5 # O, A is non-singular (S)\fNZF;:da?_d dand change the signs
So ATl = 1(1 _2) or A7 = (0'2 _0'4)
5\1 3 02 06 A can be left in either form.

B=(12 f)eodet(5)=2><1—1><2=o

Remember if det(B) =0 then B is

singular.
So B is singular and B~' can not be found
C = (1 5) S det(C)=1X0-3X2=—-6 Note that a determinant can be < 0
2 0
This is non-zero and so C is a non-singular
matrix.
1 Swap a and d and change the
Cc' = _1[ 0 =3 or 0 2 signs of b and c. Then multiply by
o\ -2 1 A 1
5 6

det(Q)’




Some calculators will find inverse matrices and you may wish to use your calculator to
check your answer. You may be asked to find the inverse of a matrix in algebraic form.

Example (B

4 p+ 2)
-1 3-p
When p = x the matrix A is singular.

A:

a Find the value of x.

Given that p # x
b find A~!leaving your answer in terms of p.

a det(A) =42 —p)—(p+ 2)(—)

. _(a b
det(A) = 12 — 4p + p + 2 = 14 =3p Write A = (c d) and use the formula.
A is singular so det(A) = O
4 —-3x =0
_ 14
= b 3
b A= 1 S—p —(pt2) Swap a and d and change the signs of b
4 - 3p 1 4 and c.

P and Q are non-singular matrices. Prove that (PQ)"! = QP!

Use the definition of inverse

ATTA=1=AA".

Let C = (PQ)™" then (PQ)C = |

P~'PQC = Pl Multiply on the left by P

(P~'P)QC = Pl

SoQC = P~ Remember PP = |, IQ = Q and
PU=PT.

Q'aC = QP Multiply on the left by Q.

So IC=Q P " ,

50 C = Q' P! UsingQ'Q = L.

B If A and B are non singular matrices then (AB)~' = B-1 A1,
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A and B are 2 X 2 non-singular matrices such that BAB = L.
a Prove that A = B"'B™!

2 35
1 3

b find the matrix A such that BAB = L.

Given that B =

a BAB = |
B-'BAB = Bl Multiply on the left by B~
ie. (B'B)AB = Bl
— B Remember B-'B= | and
so0 AB =B B1| — B-1.
ABB =B "B
Al=B"'B" Multiply on the right by B’
And hence A = B~ B! and remember BB~ " = 1.
_[2 b _ _ _ s _
b B = 1 3 50 d@t(B) =2X3 5 X1=1 First find B".
o 51:1( 3 —5):( 3 —5)
=1 2 -1 2
From part a
A = B—1B—1 = ( 5 _5)( 5 _5)
-1 2/\-1 2
ie. A= 14 —25 Use the result from part a and
=B 9 matrix multiplication to find A.

1 Determine which of these matrices are singular and which are non-singular.
For those that are non-singular find the inverse matrix.

J B bl (5 o)
als 3 (3 2 (5 )

2 Find the value of a for which these matrices are singular.

(1+a 3—a) c 2+a l—a)
a+2 1—a 1—a a

a 1+a
3 2
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10

11

Find inverses of these matrices.

a 1—I—a) b(2a 3b)
1+a 2+a —-a —b

a Given that ABC = I, prove that B! = CA.

0 1

2 1
i hat A = find B.
b Given that (_1 g 3 1) nd

andC=(_

a Given that AB = C, find an expression for B.

1 3 6

3 1 22 , find B.

b Given further that A = (i B

andC=(

a Given that BAC = B, where B is a non-singular matrix, find an expression for A.

(5 3
bWhenC—(3 2,ﬁndA.
The matrix A = (_i _;‘)) and AB = (_g _1§ _12) Find the matrix B.
5 g4 11 -1
The matrix B = ( ’ 1) and AB =| -8 9 |. Find the matrix A.
-2 -1

The matrix A = (3a ZZ)' where a and b are non-zero constants.
a Find AL
The matrix B = ( ;Z ZZ) and the matrix X is given by B = XA.
b Find X.

. _(a 2a . [ 2b —2a
The matrix A = (b 2b)and the matrix B = (—b . )

a Find det(A) and det(B).
b Find AB.

The non-singular matrices A and B are commutative (i.e. AB = BA) and ABA = B.

a Prove that A2 =L

01
Gi that A =
iven tha ( 10

b showthata=dand b = c.

) , by considering a matrix B of the form
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4.9 You can use inverse matrices to reverse the effect of a linear transformation.

Example §¥]
The triangle T has vertices at A, B and C. The matrix M =

with vertices at (4, 3), (4, 10) and (—4, —3).

a Find the coordinates of the points A, B and C.

b Sketch triangles T'and T".

¢ Show that the area of T' = area of T multiplied by det(M).

a

Let the coordinates of T be given by the

matrix X.
Then  MX = (4 4 _4)
3 10 -3
M—*MX=M—1(4 4 _4)
5 10 -3
So x=rv1—1(4 5 ‘4)
5 10 -3
M=(4 1):»1—1:1( 1
3 7\ -3
o = 1_( 1 1)(4 4 —4)
7\-3 4/\z 10 -3
ie. X= 1—(7 4 _7)
7\0 286 o0
_ ( 1 2 —1)
0 4 0
So A= (1,0), B= (2, 4) and C = (—1, 0)

Kz
2, 4)

oyl
— || —
~

10 1 x

Triangle T

_;) transforms T to the triangle T"

Write the coordinates of T'as a

2 X 3 matrix (x1 g2 x3).
Vi Yo Y3
Then X is a 2 X 3 matrix too.

Multiply on the left by M~" and
remember that MM = I.

Use the usual rules to find M.

It is usually simpler to keep the
fraction (5 in this case) outside and
multiply through with it in the final
step.

Write down the coordinates of A, B
and C from the columns of X.

A sketch need not be accurate but
it should show the relative positions
of the points and have some points
marked to give a sense of scale.
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(4, 10)

«— || —>

/ 4, 3)

|
x
@)
'A_
=

Triangle T’

¢ Areaof T=1X2X4=4
2 Use Tbh with b = 2 and h = 4.

AreaofT’z%X8X7=28

det(M) =1X4 -3 X (=) =7 Use Jbh with b = 8 and h = 7 (the
distance from (4, 3) to (4, 10)).

So area of T' = area of T X det(M)

since 286 = 4 X 7

0 -1
Th trix R =
1 e matrix (1 0)
a Give a geometrical interpretation of the transformation represented by R.

b Find R™L

¢ Give a geometrical interpretation of the transformation represented by R™1.

2 a Thematri)(S:(_1 0)

0 -1

i Give a geometrical interpretation of the transformation represented by §.
ii Show that$? =1L

iii Give a geometrical interpretation of the transformation represented by $-1.

b The matrix T = ( 0 _1)

-1 0
i Give a geometrical interpretation of the transformation represented by T.
ii Show that T? =L
iii Give a geometrical interpretation of the transformation represented by T~
¢ Calculate det(S) and det(T) and comment on their values in the light of the
transformations they represent.
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3 The matrix A represents a reflection in the line y = x and the matrix B represents a rotation
of 270° about (0, 0).

a Find the matrix C =BA and interpret it geometrically.

b Find C! and give a geometrical interpretation of the transformation represented by C~1.
¢ Find the matrix D = AB and interpret it geometrically.

d Find D! and give a geometrical interpretation of the transformation represented by D1

4,10 You can use the determinant of a matrix to determine the area scale factor of
the transformation.

B As you will have seen in Example 22, for a transformation represented by a matrix M.

Area of image = Area of object x [det(M)|  Sometimes the determinant is negative. In
this formula you just use the value of the

determinant. That is what Idet(M)| means.

Example PX]

The triangle OAB where A is (2, 0) and B is (1, 3) is transformed by the matrix M = (g _2),
where p is a positive constant.

a Find the coordinates of the images of A and B in terms of p.
b Given that the area of the image of OAB is 30, find the value of p.
¢ Sketch OAB and its image for the case p = —3 and comment.

Since (0, 0) is always

a A B unchanged by a matrix
p —2|[2 1 transformation, you only need
3 2I1\0 3 to consider A and B. Write their
coordinates as column vectors
:(2p p—6). in a2 X 2 matrix.
o L
. . , The first column gives the
So the image of Ais (2p, ©) and the image image of A and the second the
of Bis (p —6, 9) image of B.
b
B
T Sketch triangle OAB and
h I 3 use Tbh.
0 > A
S0 the area of OAB = 1 X 2 X 3 =3
M) = —(—2) X 3= F
detM) =2p — (-2) X 5=2p+ 6 Find det(M).
Area of image = area of object X |det(M)| Use the determinant as an area

scale factor.




If we had not been told that
50 = 3(2p + ©) p > 0 then we could have
10 = —(2p + 6) leading to

10=2p+6 p = —8. Remember if
4=2p det(M) < 0 this tells you that
B the transformation represented
So p=2 by M involves a reflection.
¢ When p = —3 then, using the answer to part a,
the image of Ais (—0, ©)
the image of B is (—9, 9)
B
h l 3 Sketch OAB and its image.
0] > A
y
(=9,9) A singular matrix will always
transform points onto a straight
(—6, 6) line.
0] x
The image of OAB is a straight line with
equation y = —Xx. This is confirmed by
_ i _ _oN — _ considering the determinant
det(M) = (=3) X2 -3X(-2)=-6+6=0 which = 0 for singular
the transformation has ‘squashed’ the triangle matrices.

into a straight line of zero area.

2 -1
Th trix A =
1 e matrix (4 3

0,0),(0,1), (4, 1) and (4, 0).
a Find the coordinates of the vertices of the image of R.

is used to transform the rectangle R with vertices at the points

b Calculate the area of the image of R.



Matrix algebra

2 The triangle T has vertices at the points (—3.5, 2.5), (=16, 10) and (-7, 4).
a Find the coordinates of the vertices of T under the transformation given by the matrix
-1 -1
M= .
5
b Show that the area of the image of T'is 7.5.
¢ Hence find the area of T.

3 The rectangle R has vertices at the points (-1, 0), (0, —3), (4, 0) and (3, 3).
-2 3-a
1

a Find, in terms of a, the coordinates of the vertices of the image of R under the
transformation given by A.

The matrix A = ( , Where a is a constant.

b Find det(A), leaving your answer in terms of a.
Given that the area of the image of R is 75
¢ find the positive value of a.

(2 -4) 12y o (12
4 P_(3 1’Q_(—1 4)'R_(2 1)'

A rectangle of area 5 cm? is transformed by the matrix X .Find the area of the image of the
rectangle when X is:

aP b Q c R
d RQ e QR f RP

5 The triangle T has area 6 cm? and is transformed by the matrix a

3 .
, where a is a
. . , 3 a+2
constant, into triangle T".

a Find det(A) in terms of a.
Given that the area of T' is 36 cm?

b find the possible values of a.

4," You can use matrices and their inverses to solve linear simultaneous equations.

Use an inverse matrix to solve the simultaneous equations
2x — 3y =S5, -5 + 6y = —8.

Write these equations as a matrix
) product. The LHS is a matrix M, made
— up of the coefficients of x and y from
the equations, and a vector.
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M= (_5_2) _2) =M= }5 (g 2) Find the inverse of M.
“(5)=12
y -&
=M M[¥] =M 2 i =
y iy Multiply on the left by M.
x\_ g1 B2l _1(6 3 5
So 7 =M 1(—8)__5(5 2)(—8) Since MM = I
x\_ _1[6 ) . )
- " 3lg It is usually easier to leave a fraction
y such as —% outside until the last step
x| _ (—2) of the calculation.
y )

Sox =—-2andy = -3

1| Use inverse matrices to solve the following simultaneous equations

a 7x+3y=6 b 4x-y =-1
-5x—2y=-5 -2x+3y=28

2 Use inverse matrices to solve the following simultaneous equations
adx—y =11 b Sx+2y=3
3x+2y=0 3x +4y =13

Mixed exercise [T

1 The matrix A = (i 1) transforms the triangle PQR into the triangle with coordinates

2
(6r _2)/ (4/ 4)/ (O/ 8)

Find the coordinates of P, Q and R.

-3 1 9)
1 9

. (1 (4
2 Thematrle—(2 )andAB (1 4l

Find the matrix B.




Matrix algebra

(-2 1 [ 4 1 (31
3 A_( 7 —3)’B_(—5 —1)’C (z 1

The matrices A, B and C represent three transformations. By combining the three
transformations in the order A, followed by B, followed by C, a simple single transformation
is obtained which is represented by the matrix R.

a Find R.
b Give a geometrical interpretation of the transformation represented by R.

¢ Write down the matrix R2.

The matrix Y represents a rotation of 90° about (0, 0).

a FindY.
The matrices A and B are such that AB = Y. Given that B = (; ?)
b find A.

¢ Simplify ABABABAB.

The matrix R represents a reflection in the x-axis and the matrix E represents an
enlargement of scale factor 2 centre (0, 0).

a Find the matrix C = ER and interpret it geometrically.
b Find C! and give a geometrical interpretation of the transformation represented by C~1.

1+p p

2-p ), where

The quadrilateral R of area 4 cm? is transformed to R’ by the matrix P = (
p is a constant.

a Find det(P) in terms of p.
Given that the area of R’= 12 cm?

b find the possible values of p.

The matrix A = (Za 32), where a and b are non-zero constants.
a Find A~
The matrix Y = (ga ZZ) and the matrix X is given by XA =Y.

b Find X.

The 2 X 2, non-singular matrices A, B and X satisfy XB = BA.
a Find an expression for X.

3
0 -2

2

b Given that A = 1 _1

, find X.

)andB=(
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Summary of key points

1

2

An n X m matrix has n rows and m columns.

The transtormation represented by the matrix product ABC means
first do the transformation represented by C
second do the transformation represented by B
third do the transformation represented by A.

The matrix I = (1 is the identity matrix or transformation. It does not change a

0 1)
matrix or an object.

The determinant of a matrix A = (z Z) is det(A) = ad — bc.

The inverse of a matrix A = (? Z) isA™! = detl(A) ( _dc _ab)'



After completing this chapter you will know how to:
e use the result for the sum of the first n natural

n
numbers, E r

=
e use the results for the sum of the squares, and the
sum of the cubes, of the first n natural numbers,

n

Z r?and Z r3 respectively

r=1 r=1

e use the results for i: 1, zn: r, i: r? and j’: r3to

r=1 r=1 r=1 r=1

sum series where the general term is a polynomial

in r of degree at most 3, e.g. 2:(2r3 +r—3r+6).

r=1

You will also be more familiar with the > notation and know

n
the result 21 =n.

r=1

Series, and particularly infinite series, form an important
part of the study of mathematics. Functions that you may
be familiar with, such as sin x, Inx, e* can all be written as
infinite series: for example,

= 2
e* = Z =1 +x+ % + ... . The fact that a wide range
r=0 "

of functions can be expressed algebraically, as infinite series,
is both a unifying aspect of the subject and a very useful one.

This chapter primarily considers a special group of finite
series, the sums of powers of the first n natural numbers,

n
Zrk, fork=0,1, 2 and 3.

r=1
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5.1 You can use the ) notation.

B The sigma notation is a very useful, and concise way, to define a series. It makes further
study of series more manageable.

B Asyou saw in Book C1, Chapter 6, where the ) _ notation was first introduced,

n
Z U=U + U+ U,+ U; + ... U, where U, is a function of r.

r=1

n
B Itis also used to mean ‘the sum of the series’. For example, Z r2=12+22+32+ ...+ n?,
n r=1
but you will also see that Z r2 = g(n + 1)(2n + 1), the sum of the series (this result will be
r=1

proved in Chapter 6).

B Series such as arithmetic series, geometric series and the binomial series, which you have
n—=1
already studied, can all be written in >_ notation: for example, g ar*’sums up’ the

. . k=0
geometric series a + ar + ar? + ...+ar"".

Write out the series defined by the following

a zn:(zr - 1)

r=1

n—1
These expressions represent a general
b Z(Zr +1) term in the series.
r=0
n
c ) (K+2)
k=1

a Z(zr—w —@X1-N+@X2-D+@2X3-1)+2x4-1)

+ .+ @n—=-1N=1+3+5+7+ ...+ (2n—1) The same series can be
n=1 expressed in different
b Y (2r+1) =@XO0+N+@X1+10)+(2X2+1) ways in ) notation.

r=0
T X244+ .+ 2= +1]=1+3+5+7+ ..+ (2n—1)
¢ > (R+2)=(2+2)+ (22 +2)+ (32 +2) + (42 +2) + .+( +2)
k=1
=3+6+N+18+ ... + (P +2)




Write these series using the )  notation.

a

Exercise [

1

Series

a3+5+7+9+11+13
b2+5+10+ ..+ ®m+1)
C1X2+2X3+3X4+...+mn-2)(n-1)

S5+5+7+9+1+ 13 is the sum of the odd numbers from 3 to 13.

An odd number may be represented by (2r — 1), where ris an integer.

The values of r corresponding to 3 and 13 are 2 and 7 respectively, so the series can be
7

written as Z (2r—1).

r=2

6
Equally Y _ (2r + 1) could be used.

r=1

245 +10+ ..k (1) =D (P+1)

r=1

The general term of the series

IX2+2X3+3X4+ ...+ (n—2)(n—1) can be written as r(r + 1). Using this
expression the first term corresponds to r = 1 and the final term corresponds to

n—-2
r=(n— 2), 50 we can write Z H(r+ 1)

r=1

Write out each of the following as a sum of terms, and hence calculate the sum of the series.

a ir b }ipz c zr3

r=1
10 5
d) @p>+3) e Y (7r+1p £ ) 2i(3 - 4P)
p=1 r=0 i

Write each of the following as a sum of terms, showing the first three terms and the last
term.

a i(ﬁ -1) b Zn:(2r3 +1)

r=1 r=1

n k
¢ (-4(+4 d Z3p<p +3)
P

j=1
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3

In each part of this question write out, as a sum of terms, the two series defined by > f(r); for
10 10

example, in part ¢, write out the series Zrz and Zr. Hence, state whether the given
r=1 r=1
statements relating their sums are true or not.

n+1

n n n 10 10 2
a) @Br+1)=) (Br-2) b > 2r=> 2 c Yo (Zr)
r=2 r=0

r=1 r=1 r=1 1

d iﬁ = ir)z e i(?)rz +4) = 3irz + 4

r=1 r=1 r=1 r=1

Express these series using Y notation.
a3+4+5+6+7+8+9+10

b1+8+27+64+ 125+ 216 + 343 + 512

c 11 +21+35+ ...+ (2n?*+ 3)
d11+21+35+..+2n*—-4n+Y5)

e 3XS5+S5X7+7X9+ ...+ 2r—1)2r+ 1) + ... to k terms.

5,2 You can use the formula for the sum of the first n natural numbers, Z r.

r=1

B The sum of the first n natural numbers, 1 + 2 + 3 + ... + n, is an arithmetic series of n terms,

witha=1and /= n.

n
B Using the formula § = g(a + ) for the sum of an arithmetic series, Zr = g(n + 1).

: 50 50
Evaluate a Zr b Z r

r=1

r=1 r=21

Z p=20X51 ; 51 — 1275 « Substitute n = 50 in Zrz g(n + 1)

r=1 r=1

50 50 20
b Zr=Zr—Zr=1275_202<21

r=21 r=1 =1 . . n
= 1275 — 210 Substitute n = 20 in E(” +1)

= 1065.



Series

n n k-1
2N - 1 Zf(r) =Zf(r) —Zf(f)~
r=k r=1 r=1

Show that »_, k= 2N?— N — 10, N =3

k=5 . .
A common mistake is to use

n n K
2N=1  2N-—1 4 Zf(r) =Zf(r) _Zf(r)~
r=k r=1 r=1

_@N-NIEN-T+1 _4x5 .
= > -5 — Substitute

n=2N-1,n=4in2(n + 1).
= (2N — )(N —10) 2

= 2N — N—-10

n
1 Use the result for Zr to calculate

36 99 55
a Zr b Zr C Zp
p

r=1 r=1 =10

r=1

200 k 80
dzr leJrZ r, where k < 80.
r =100 r=1 r=k+1

n
2 Given that Zr = 528,

r=1
a show thatn?+n—1056=0
b find the value of n.

2n—-1
3| a Find Y k.
k=1
2n—1 3}’2
b Hence show that =" n—-1),n= 2.
wihat) k=g

2k B
_ (k+2)2(3k D =1

4 Showthatz r
r=k-1

- ~  nm - 1)
5 a ShowthatZr—Zr—z—-

r=1 r=1
81
b Hence evaluate E r

r=10
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n

B All series of the form Z(ar + b), where a and b are constants, are arithmetic series and so

r=1

their sums can always be found by using the appropriate formula.

H However, by splitting up Z(ar + b) into a Zr + bZL you can find such sums using the

r=1 r=1 r=1

results for zn:r and 2"31 .

r=1 r=1

3

n n n
Show that Z(3r + 2) can be written as 3Zr + 221.

r=1 r=1 1

Y Br+2) =GBX1+2)+(BX2+2)+ (3X3+2)
- +..+(BXn+2)

=0BX1+3X2+3X3+...+3Xn) As 1 = 1 for all positive
integers r, the sum of n
+@2+2+2+..+2) once
=3X(1+2+3+..+n) @A+1+1+...+1)
+20+1+14+ ... +1) can written as
sum of n ones (1°+2°+3%+ ..+ 1)
- . n n
=) =) 1
r=1 r=1

wherez1=(1+1+1+...+1)=fﬂ

r=1

v
sum of n ones

-

25

Evaluate Z(?;r + 1)

r=1

25 25 25
D @rHN=3) r+)
1 1 1
=522 X206 | o5
2
= 975 + 25 = 1000




Series

n
aﬁmmeE:Ur—ngOn—D.
r=1
50

b Hence calculate Z (7r — 4).

r=20

Tr—4) =17 — 4 1=70m+1) - 4 It is a common mistake
° ;( ’ ) ;r ; Z(H ) " to write this as 4, not 4n.
_7n*+7n— 8&n
2 e
=gw—n 8
50 50 19
b Y (Tr—4)=) (Tr—4)-Y (7r-4)
r=20 r=1 F=1

= %{7(50) -1} - §{7(19) — T}#———— Using the result from a.

= 8725 — 1254
= 7471

n n
(In this exercise use the results for Zr and Zl.)

r=1 r=1

1 Calculate the sum of the series:

55 90 46
ad) (3r-1 b > 2-7n c Y ©O+2n

r=1 r=1 r=1

2 Show that

n 2n
a§3y+m=gcn+n b > (5i—4) = n(10n - 3)
r=1 i=1
n+2 n
c Y @r+3)=(n+2)n+6) d) (p+5=@n+11)n-2)
p=3

r=1

k
3 a Show that Z(4r —5) = 2k? - 3k.

r=1

k
b Find the smallest value of k for which ) (4r — 5) > 4850.

r=1
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4 Given that u, = ar + b and Zu, = g(7n + 1), find the constants a and b.

r=1

4n — 1
5 a ShowthatZ(l +3n=24n>-2n—-1,n=1

r=1
99

b Hence calculate Z(l + 3r).

r=1

2k +1
6| Show that » (4 — 51 = —(2k + 1)(5k + 1), k=0

r=1

5.3 You can use formulae for the sum of the squares of the first n natural

numbers, Zr’, and for the sum of the cubes of the first n natural

r=1

n
numbers Zr-".

r=1

The standard results

n
D=1+ 24P+ £+ L+ =Rm+ DRn+ D

r=1

n
Zr3:13-I—23+33+43-I—...+n3=%2(n+1)2

r=1

will be used without proof in this Chapter. Proofs will be given in Chapter 6.

| Example EJ
40 25
Evaluate a Zrz b Zr3
r=20 r=1

Substitute n = 40 and n = 19

40 19 n
2 — 2 _ 2 : 2=
a Zr = Zr Zr er = 6(n+ 2n + 1).

r=20 r=1 r=1 7=

_ 40 19
= 22(40 + N80 + 1) — (19 + (38 + 1)

= 22140 — 2470 = 19670

25 Substitute n = 25 in
2 2
b Zr5:%:105625 ”—2(n+1)2
1 .




2n
a Findz 2.

r=n+1

b Verify that the result is true forn = 1 and n = 2.

a Z rz = Zrz - Zrz Replacing n by 2nin
= F=1 F=1 . g(n+1)(2n+1).

= 22 + 1)(4n + 1) = Z(n + (20 + 1)

=%(2n+1){2(4n+1) —(n+ 1}
=%(2n+1)(7n+1)
b When n =1,
2n 2 1
2 — 2 — 02 — n _ _
r;:ﬁr —Z:Zr =22 =4 L@n+ )7+ 1) = L@)E) = 47
When n = 2,
2n 4 2
2 — 2 — 2 2 — n —
rZ:Hr —;r =32 +42=25 A2n+ N(7n+ 1) = £

n
1 Verify that Zrz = g(n + 1)(2n + 1) is true for n = 1, 2 and 3.

r=1

2 a By writing out each series, evaluate Zf forn =1, 2,3 and 4.

r=1

b By writing out each series, evaluatezf3 forn=1, 2,3 and 4.

r=1

¢ What do you notice about the corresponding results for each value of n ?

100 40 30 45
3 Using the appropriate formula, evaluate a Zrz b Zrz C Zr3 d Zr3
r=1 r=20 r=1 r=25
n n
4| Use the formula for Zrz or Zr3 to find the sum of
r=1 r=1
a12+22+32+ 42+ ...+ 522 b 23+ 33+ 43+ ... + 403
C 262+ 272+ 282+ 292 + ... + 1002 d12+22+32+ ...+ (k+1)3>

e 13+23+334+ . +2n—-1)>3

(5)(15) = 25

Series

When you have [
been asked to find At
a general result for g
a sum it is good
practice to test it
for small values of
n. It will not prove
that you are correct,
but if one value of
n does not work,
you know that your
result is incorrect.
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5 For each of the following series write down, in terms of n, the sum, giving the result in its

simplest form
2n n? -1 2n-1

a3 by Sy
r=1 r= i=1
n+1 3n

adr €Y Kkin>0
r=1 k=n+1

6 Show that
n 2n
2 1, _ 2 2_h
a ;r =1t - 1)@2n*+ 51+ 6) b Zr =2+ pan + 1)

3n*n+ 1)(5n + 1)
4

2n
7 a Show that Zk3 =

k=n

60
b Find Z k3.
k

=30

2n
8 a Show that Zr?’ =n%(2n + 1)2
r=1 n n n
b By writing out the series forZ(Zr)3, show thatZ(Zr)3 = 82r3.

r=1 r=1 r=1

2n n
¢ Show that 13 + 3% + 53 + ... + (2n — 1) can be written as Zr3 - Z(Zr)3.
r=1 r=1
d Hence show that the sum of the cubes of the first n odd natural numbers,
1B+33+53+ ..+ (2n— 1)3 is n?(2n> — 1).

5.4 You can use known formulae to sum more complex series.

n n n
In Example 5 we saw that Z(3r + 2) can be written as 3Zr + 221. This demonstrates the
r=1 r=1 1
use of two general rules relating to sigma notation.

B addition rule i:(u, + V)= i:u, + z":V,,

r=1 r=1 r=1

n n
H multiple rule Zku, = kZU,, where k is a constant

r=1 r=1

n
B These rules mean that more complicated sums IikeZ(ar2 + br + ¢) and

r=1

Z(aﬁ + br? + cr + d) can be found using the results for ZL Zr, Zrz and ZP.

r=1 r=1 r=1 r=1 r=1




Series

n
n
2 _ - _
a Showthatg > +r 2)—3(n+4)(n 1)

r=1

b Deduce the sum of the series4 + 10 + 18 + 28 + 40 + ... + 418

n n n
a Z(rz +r—2) =Zr2 +Z(r - 2)
Using the addition rule and the

=1 =1 =1 .
' ' ' multiple rule, any number of

1 L 1 terms can be ‘split up’.
DIDIEOD
r=1 r=1 r=1
B p 3 n n n
= 5(” +N2n+1) + §(H +1) — 2n Use the results forr:1r2,;r and;1

= glin+ 0@+ 1) + 3(n +1) = 12]
Z%[2n2+5n+1+5n+5—12]

= %[2!12 + 6n — 8]

%[HZ + 3n — 4]

%(n + 4H(n—1)

20
b ) (FP+r—2)=0+4+10+18 +26+40 + ... + 418

r=1

S04+ 10 + 186 + 28 + 40 + ... + 418
5 Substitute n = 20 in g(n +4)(n - 1).
= %5(20 + 4)(20 — 1) = 3040

a Find the sum of the series Z r(r+ 3)2r — 1)
r=1

40
b Hence calculate Z rir+3)2r—1)

r=11
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n n
a Z;r(r + 3)(2r—1) 221(21”5 + 5r2 — 3r) First multiply out the brackets.
n n n
= 22r5 I 52 2 — 5Zr Use the addition and multiple rules.
r=1 r=1 r=1 |

2
E(n+ 1F +64(n+ (@0 +1) = B2(1+ 1) Using the results for

2 n n n
Z r3,z P andz r

n(n + 1)

=T[5n(n+1)+5(2n+1)—9] =1 e =
= —”(”6+ D [3n? + 13n — 4]
b Y r(r+3)2r—1)=) rr+3)2r—10-» r(r+3)2r—1)

X X
= 40 X 416>< 206 _ 1o 116 420 Substitute n = 40 and n = 10 in the result
for a.

= 1453040 — 7810 I
= 1445250

‘

n n n n
1 Use the formulae for Zr3, Zrz, Zr and zl, where appropriate, to find

r=1 r=1 r=1 r=1
30 40 80 35
ay (m-1 b rr+4) ¢ > r(r2+3) ad @*-2.
m=1 r=1 r=1 r=11
2 Use the formulae for Zr3, Zrz, and Zr, where appropriate, to find
r=1 r=1 r=1
n n 2n
a Z(r2 + 4r) b Zr (2r2 - 1) C Zrz 1+ ),
r=1 r=1 r=1

giving your answer in its simplest form.

n
3 a Write out Zr(r + 1) as a sum, showing at least the first three terms and the final term.

r=1
n n
b Use the results forZr and Zrz to calculate
r=1 r=1

1X2+2X3+3X4+4X5+5X6+..+60X6l.



Series

4| a Showthaty (r+2)(r+35)= g(n2 + 120 + 41).

r=1
50

b Hence calculate Z(r + 2)(r + 5).
r=10
n—1nn+ 1)(n + 2)
3 .

n
5 a Show that Z(r - Dr(r+1) =
r=2

b Hence find the sum of the series
13X 14X 15+ 14 X 15X 16+ 15X 16 X 17+ ... + 44 X 45 X 46.

6 Find the following sums, and check your results for the cases n = 1, 2 and 3.

a zn:(r3 - 1) b Zn:(Zr— 1)2 C zn:r(r + 1)2

r=1 r=1 r=1

n
204 _ _n, 2 _
7 a Show that ;r (r=1) = {507 = )@3n + 2).
b Deducethesumof 1 X 22 + 2 X 32+ 3 X 42+ ... + 30 X 312,

n
_n _
8 a Show that;(r ~ D+ 1) =220+ S0 - D).
b Hence sum the series1 X 3+ 2 X4+ 3 X5+ ... +35 X 37.

12
9 a Write out the series defined by Zr(z + 3r), and hence find its sum.

on r=7

b Show that » _ r(2 + 3r) = D(14n> + 151 + 3),

r=n+1
¢ By substituting the appropriate value of n into the formula in b, check that your answer
for a is correct.

10 Find the sum of the series 1 X 1 + 2 X 3 + 3 X 5 + ... to n terms.

Mixed exercise [H3
n

1 a Write down the first three terms and the last term of the series given by Z(Zr + 3.
b Find the sum of this series. r=1
¢ Verify that your result in b is correct for the cases n = 1, 2 and 3.

50 40 75
2| Finda Y (7r+5) b ) @2-1) c >

r=1 r=1 r=33

n
3| Given that ZU, =n?+ 4n,

r=1

a find ZU,_ b Deduce an expression for U,,. ¢ Find ZUr.

r=1 r=n
30
4 Evaluate Zr(Sr -1

r=1
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10

11

12

13

14

15

Find) “r’(r — 3).

r=1

2n
_ 12 2n 2 _
Show that » (2r — 1)2 = Haen? — 1).

r=1

n
a Show that) r(r + 2) = g(n + 1)2n + 7).

r=1
b Using this result , or otherwise, find in terms of n, the sum of
3log2 + 4log2? + 5log2® + ... + (n + 2)log2".

2n
Show thatz:r2 = g(n + 1)(an + b), where a and b are constants to be found,

r=n

n
_hn _
a Show that;(rz —r= 1) =50-2)0n+2).
40

b Hence Calculatez > —r—1).

r=10

2 _n 2
a Show that;r(Zr 1) =0+ D>+ n+ ).
58

b Hence Calculatez r(2r2 + 1).

r=26

Find a Y r(3r—1) b > (r+2)@3r+5) c ) @*-2r+1),

r=1 r=1 r=1

a Show that) r(r+ 1) = g(n + D + 2).
r=1
60

b Hence calculate Zr(r + 1).

r=31

a Show that ;r(r + DH(r+2)= g(n + D(n+ 2)(n + 3).

b Henceevaluate 3 X 4 X5+ 4X5X6+5X6X7+...+40 X 41 X 42.

_ _n
a Show that ;r{Z(n n+1)=2m+ e+ ).

b Hence sum the series (2n — 1) + 22n —3) +3(2n —5) + ... + n

a Show that when n is even,

1B-23+3— . —-m=1+22+3%+..+n-16 13+23+33+...+(
" 2
= Zr3 —16Zr3.
r=1 r=1 9
b Hence show that, forneven, 13 — 23 + 33 — ... — 3 = —%(Zn +3)

¢ Deduce the sum of 13 — 23 + 33 — ... — 403,

n
2

)

@ @

®@ @



Summary of key points

1

Series

The notationZU, defines the series U; + U, + U; + ... + U,, where U, is a general term in
r=1
the series; it also is used to mean ‘sum the series’.

n n k=1
If the series is summed from r = k to r = n, then ZU, = ZU, - ZU,.
r=k r=1 r=1

The sums of powers, k, of the first n natural numbers, for the cases k = 0, 1, 2 and 3 are

n n

5 Zr°=21=1+1+1...+1=n
r=1 r=1
n These should be learnt.
_ _n
. ;r 1+243+..+n=50@n+1)
2= 12 2 2 B = L Note:
¢ ) rP=124+22+3+ . +n 2+ 1(2n + 1)

n n 2

=1
rn erz( r)
. Zr3=13+23+33+...+n3=%2(n+1)2 ! 1

r=1

If the general term is a more complicated function of r, the sum can be ‘split up’ so that
some, or all, of the above basic results can be used.

For example:

a i(r” +3r2 - 2r+5) =ir3 + Birz = Zir + Sil,

r=1 r=1 r=1 r=1 r=1

b Zn:(Zr + 1) + 2) =Zn:(2r2 +5r+2) = Zzn:rz 4 Szn:r 4 ZZH:L

r=1 r=1 r=1 r=1 r=1




After completing this chapter you will know
how to:

e use the method of mathematical induction to prove
general statements which involve positive integers.

Proof by
mathematical
induction

T - Ty

PO o BV

t—

The structure of a proof by induction
can be compared with a line of falling
dominoes. If the first domino falls,
then so will its neighbour, until all the
dominoes fall.

The first example of rigour in proof by
induction was a proof that the sum of the
first n odd numbers is n?. This was given
by Francesco Maurolico (1494-1575).



Proof by mathematical induction

6.1 You can obtain a proof for the summation of a series, using induction.

n=1 1=1

n=2; 1+3=4

n=3 1+3+5=9

n=4;, 1+3+5+7=16

n=35 1+3+5+7+9=25
n=6, 1+3+5+7+9+11=236

etc.
Looking at the summations above we can easily spot a general result which is true.

General Statement: If you add up the first n positive odd numbers you obtain the squared
number n2.

This general statement can be written as:
1+3+5+7+9+...+@2n—-1)=n?
Using the series notation learned in Chapter 5 the general statement can be also rewritten as:
n
D @r-1)=n
r=1

The diagram below is also a pictorial representation of the result forn =1, 2, 3, 4and n = 5.

® 6 6 0 ©

e & 0 o ® 6 6 0 O

e o0 e o 0 o0 ®e o 0 0 o

e o e o 0 e o 0o o0 e e 06 0 O

[ e o e o o0 ® o 0o o0 ® 6 06 0 O
n=1 n=2 n=3 n=4 n=2>5

This may give more insight about why the general statement is true.

In this chapter, however, you will learn a more formal method of proof, known as proof by

induction, to prove general statements, such as the one above, which apply to positive integer

values, n, where n = 1.

Proof by mathematical induction usually consists of the following four steps:
Step 1: Basis: Prove the general statement is true for n = 1.

Step 2: Assumption: Assume the general statement is true for n = k.

Step 3: Inductive: Show that the general statement is then true for n = k + 1.

Step 4: Conclusion: The general statement is then true for all positive integers, n.

1 AU NERE B
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n

Prove by the method of mathematical induction, that, forne Z*, Z(Zr - 1) =n2

r=1

1. Basis step:
Substitute n = 1 into both the LHS and RHS

1
n=1LHS = Z(Zr = 1) =2(1) = 1=1T+—"" of the formula to check to see if the formula
r=1 works forn = 1.

RHS = 12 = 1

As LHS = RHS, the summation formula is
true for n = 1.

Assume that the summation formula 2. Assumption step:
is true for n = k. In this step you assume that the general

. statement given is true for n = k.

r=1

3. Inductive step:
Sum to k terms plus the (k + 1)th term.

With n = k + 1 terms the summation formula

becomes:
k+1

D @r=1)=1+2+3+ ..+ (2k— 1), Sumof first k terms is ic.

r=1

+@EKk+EN - —
= K2+ (2(k+ 1) = 1)

=k?+ (2k+2-1)
This is the same expression as n? with n

= k®+ 2k"‘/ replaced by k + 1.
= (k + 1)?

This is the (k + 1)th term.

Therefore, summation formula is true when 4. Conclusion step.

n=k+ 1. Result is true for n = 1 and steps two and
three imply result is then true for n = 2.

If the summation formula is true for n = k Continuing to apply steps two and three

then it is shown to be true for n = k + 1. As imply result is true for n = 3, 4, 5, ... etc.

the result is true for n = 1, it is now also

true for all n = 1 and n €Z* by mathematical X _ N
induction. — Note: n € Z* means that n is a positive

integer.

In step two, it has been assumed (but not yet been proved) that the general statement is true

k
forn =k, i.e. Z(Zr - 1) =k

r=1

The assumption has then been used in step three fo show that the general statement is true
when n = k + 1. At this point we are now able to apply step four, the conclusion.

S 2



Proof by mathematical induction

® In step one, it has been found that the general statement is true for n = 1.

® In step two and step three, it has been found that for alln € Z*,

n n
Z(Zr — 1) is assumed true for n = k = Z(Zr — 1)istrueforn =k + 1 (*)

r=1 r=1

® By applying step one and (*), it can be deduced that the general statement is true for n = 2. By
applying (*) again it can be deduced that the general statement is true for n = 3. By continuing
to apply (*) it can be deduced that the general statement is trueforn=3,n=4,n=>3, ...,
n=k n=k+1,n=k+ 2, etc. Therefore the general statement is true foralln = 1andne Z*
by mathematical induction.

1 AU NERE B

n
e Therefore the general statement Z(Zr — 1) = n? has been proved to be true for any positive
r=1
integer by mathematical induction.

b
-

5

® Note that proof by induction is not used, however, to derive a general statement from first
principles. Proof by induction is used to check whether a given statement is true.

L

n

Prove by the method of mathematical induction, that, for n € Z*, Zrz = %n(n + 1)(2n + 1).

r=1

1
n=1 LHSZZr2=12=1.—

= 1. Basis step: *
RHS = 1(1)(2)(5) — 56 — Substitute n = 1 into both the _LHS and RHS
6 6 of the formula to check to see if the formula

) works forn = 1.
As LHS = RHS, the summation formula is

true for n = 1.

Assume that the summation formula is

true for n = k.

X 2. Assumption step:

ie. Zrz = ék(k + N2k +1). In this step you assume that the result given
r=1 in the question is true for n = k.




With n = k + 1 terms the summation formula becomes: 3. Inductive step:

A )
"
——n
i

%

2 — 12 2 2 2 2
Zr PH22+ 5+ . o+ (k1) Sum to k terms plus the (k + 1)th term.

ik + )2k + 1) + (k + 172
- = = Lk + N[k(2k + 1) + 6(k + 1)]

é(k + 1)[2k* + k + 6k + 6] '1I'his is the same expression as
%(k n 1)[2/<2 + 7k + 6] en(n + 1)(2n + 1) with nreplaced by k + 1.

1
Llk+ 1)k + 2)(2k + 3) /
= é(k +NDk+1+D2Kk+1D+1D 4. Conclusion step:
Result is true for n = 1 and steps
two and three imply result is then
true for n = 2. Continuing to apply

steps two and three imply result is
trueforn= 3, 4,5, ... etc.

Therefore, summation formula is true when n = k + 1.

If the summation formula is true for n = k, then it is
shown to be true for n = k + 1. As the result is true for
n =1, it is how also true for all n = 1 and n€ Z* by mathematical induction.

n
Prove by the method of mathematical induction, that, forne Z*, ZrZ’ =2[1+ (n— 1)2".

r=1

1
LHS = ZFZ” =120 =2 1. Basis step

r=1

RHS = 2[1+ (1 — N2°] = 2(1) = 2

As LHS = RHS, the summation formula is true for n = 1.

Assume that the summation formula is true for n = k.
K

le. > r2r=2[1+ (k= N2~

r=1

2. Assumption step

With n = k + 1 terms the summation formula becomes: 3. Inductive step

k+1

D r2r=12Y) + 2(22) + 3(2%) + ... + K24 + (k + )25+

U =20+ (k= 12K + (k+ N2k
=2+ 2(k — N2 + (k + )2+ 2! x 2t =2t
=2+ (k= N2+ (k+ 12k+!
=24 (k=14 k+ 1)2k*1 This is the same expression as
- 2[1 + (n — 1)2"] with n
=2+ 2k2¢ ! replaced by k + 1.
=2(1 + k2Kt

S %
- -
- - 3
£
Il

=201+ ((k+1) — 121
Therefore, summation formula is true when n = k + 1. 4. Conclusion step

If the summation formula is true for n = k, then it is shown to be true for n = k + 1. As the
result is true for n = 1, it is now also true for all n = 1 and n € Z* by mathematical induction.



Proof by mathematical induction

Prove by the method of mathematical 1nduct10n the following statements forn€ Z*.

1 Zr =1n(n + 1) 2 Zr3 = 1n?(n + 1)?

r=1 r=1

3 ir(r — 1) =3nn+1n-1)

r=1

4 (I1X6)+@2X7)+(3X8) +..+nmn+5)=3nn+1)n+8)

n n
5 D Br—1)=nmn+1) 6 > (2r— 17=ln@n? - 1)
r=1 r=1
n n
L _4an-1
7 2n=2nt1—-2 8 gr-1=%—1
2 >t =
n 2n
9 > rh=m+1 -1 10 > 12 =ln@n + Hn + 1)

r=1 r=1

6,2 You can use proof by induction to prove that an expression is divisible by a
certain integer.

Prove, by induction that 32" + 11 is divisible by 4 for all positive integers n.

Sl AU Vs

Let f(n) = 32" + 1, where nE Z*.

. f(1) = 320 + 11 = 9 + 11 = 20, which is divisible by 4. 1. Basis step yi
. f(n) is divisible by 4 when n = 1. -
Assume that for n = k, 2. Assumption step 21 B
fK) = 3% + 11 is divisible by 4 for k€ Z*. ~
L fk+ 1) = 3D+ 3. Inductive step
= 32452+ 1
— 2k
=9(5%) + 1 As both f(k) and 4(2.(329) are
L f(k + 1) = f(k) = [9(3%) + 1] — [3% + 11] divisible by 4 then the sum
_ 20 of these two must also be
= 8(3%) divisible by 4.
= 4(2.(3%9)

Lk +1)= f(k) + 4(2.(3%))

Therefore f(n) is divisible by 4 when n = k + 1.

If f(n) is divisible by 4 when n = k, then it has been shown that f(h) is also divisible
by 4 when n = k + 1. As f(n) is divisible by 4 when n = 1, f(n) is also divisible by 4 for
all n=1and n€ Z* by mathematical induction.

4. Conclusion step




CHAPTER 6

i

Prove, by induction that n® — 7n + 9 is divisible by 3 for all integers for n€ Z*.

Let f(n) = n®> — 7n + 9, where nE Z™.

f(1) =1— 7 + 9 = 3, which is divisible by 3.

. f(n) is divisible by 3 when n = 1.

Assume that for n = k,

f(k) = k* — 7k + 9 is divisible by 3 for k€ Z*.

LRkFED = k+1P —T(k+ 1)+ 9

=R+ B+ B3k+1—T(k+1D+9

=B+ 3 +3k+1—-Tk—7+9 —

=+ 3k —4k+3

(k) = (k) = [+ 3K — 4k + 3] — [ — 7k + 9]

=3k*+ 3k — 6

=3k + k — 2)

o f(k+ 1) = fk) + Bk + k= 2)

Therefore f(n) is divisible by 3 when n = k + 1.

If f(n) is divisible by 3 when n = k, then it has been

shown that f(n) is also divisible by & when n = k + 1.

As f(n) is divisible by 3 when n =1, f(n) is also divisible

by & for alln = 1 and n € Z* by mathematical induction.

1. Basis step

2. Assumption step

3. Inductive step

Use of Binomial Theorem or
multiplying out three brackets

As both f(k) and 3(k?> + k — 2)
are divisible by 3 then the sum
of these two must also be
divisible by 3.

4. Conclusion step

Example 6 illustrates a more demanding problem involving divisibility.



Prove, by induction that 117*! + 122"~ ! is divisible by 133 for all positive integers n.

Proof by mathematical induction

Let f(n) = 1" T1 + 1220~ where nEZ™.

s f(1) = 112 +12 = 133, which is divisible by 153.

. f(n) is divisible by 133 when n = 1.

Assume that for n = k,

f(k) = M+ + 122~ Tig divisible by 133 for k€ Z+.

s f(k + 1) = kTR 4 g2k D

= (kT 4 122 (1220

= 1I(115* 1) + 144(122 )

sk + 1) = (k) = (KT T + 144(1226 1] — [1KHT 4 1226 1]

= 10(11K* 1) + 1431224~ )

= 10(11F+ 1) + 10(122€ 1) + 133(122« ~ 1)

=10 [11+ 1 4 1226~ 1] 4 135(122% )

o f(k 1) = f(k) + 1O[MKT T+ 122K 1] + 133(122 1)

= f(K) + 10f(k) + 133(12% )

= 11f(k) + 133(122¢~ )

Therefore f(n) is divisible by 133 when n = k + 1.

If f(n) is divisible by 133 when n = k, then it has been shown that

f(n) is also divisible by 133 when n = k + 1. As f(n) is divisible

by 133 when n = 1, f(n) is also divisible by 123 for all n = 1 and

n€ Z* by mathematical induction.

1. Basis step

2. Assumption
step

1 AU N E

3. Inductive step

122t + 1)-1 122k+2 -1

122k—1+2
122k-1(12)2

-

o T
| S

As both 11f(k) and L L'
133(12%~ 1) are
divisible by 133 then
the sum of these two
must also be divisible by
133.

4. Conclusion step



6
Exercise [

In Questions 1-8, use the method of mathematical induction to prove the following statements
fornez*.

1 8" — 1isdivisible by 7 2 3% — 1isdivisible by 8

3 5"+ 9"+ 2is divisible by 4 4 2% — 1 is divisible by 15

5 321~ 14 1is divisible by 4 6 3+ 6n® + 8n is divisible by 3
7 n3+ Snis divisible by 6 8 273" — 1 is divisible by 17

9 fn)=13"—-6""necz.
a Express for k€ Z*, f(k + 1) — 61(k) in terms of k, simplifying your answer.

b Use the method of mathematical induction to prove that f(n) is divisible by 7 for all
nez".

10 g(n) =5"—-6n+8,neZ".
a Express for ke Z*, gk + 1) — 25g(k) in terms of k, simplifying your answer.

b Use the method of mathematical induction to prove that g(n) is divisible by 9 for all
nez*.

11 Use the method of mathematical induction to prove that 8" — 3" is divisible by 5 forallne Z*.

12 Use the method of mathematical induction to prove that 32" *2 + 8n — 9 is divisible by 8 for
allnez*.

13 Use the method of mathematical induction to prove that 2% + 327~ 2 s divisible by S for
allnez*.

6,3 You can use mathematical induction to produce a proof for a general term of a
recurrence relation.

In Core 1, you saw recurrence formulae which allowed you to generate successive terms of a
sequence.

Example

A sequence can be described by the recurrence formula

B 1

Upp1=3u, +4,n=1u = 1.
a Find the first five terms of the sequence.

b Show that that the general statement u, = 3" — 2, n = 1, gives the same first five terms of the
sequence.



Proof by mathematical induction

a U =%u,+4n="1u="1
Substitutingn =1 u, =2u, +4=31)+4=7
Substituting n = 2; ux = 3u, + 4 = 3(7) + 4 =25
Substituting n = 3; u, = duz + 4 = 3(25) + 4 =79
Substituting n = 4; us = du, + 4 = 3(79) + 4 = 241
The first five terms of the sequence are 1,7, 25, 79, 241.
b General statement, u, = 3" — 2, n =1
Substitutingn =1L u =3"—2=3 -2 =1
Substitutingn =2, u, =3 —-2=9-2=7
Substituting n = 3; ux = 3> — 2 =27 -2 =25
Substituting n =4, u, =3*—-2=861-2=79
Substituting n = 5; usg = 3° — 2 = 243 — 2 = 241
The first five terms of the sequence are also 1, 7, 25, 79, 241.

—
—
.
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Example 8 demonstrates how to apply the method of proof by induction to show that the
general statement u, = 3" — 2 is true for the recurrence formula u,,, = 3u, + 4, with first
termu; = landn = 1.

L

PETILY 8 |

Given that u,,,, = 3u, + 4, u; = 1, prove by induction that u, = 3" — 2.

n="1uwu=23 —2=1,asgiven. 1. Basis step

n=2;u,=>3%— 2 =7, from the general statement.
and u, = du; + 4 = 3(1) + 4 = 7, from the recurrence relation. -

So u, is true when n = 1 and is also true when n = 2.
Assume that for n = k u, = 3K — 2'is true for kEZ".
Then u 4 = 3u, + 4

2. Assumption step

3. Inductive step P

=3(3-2)+4 Substituting u, = 3k — 2
=23t -06+ 4
_ 2kt _ This is the same as I
o 2 u, = 3" — 2 with n -
Therefore, the general statement, u, is true when n = k + 1. replaced by k + 1.

If u, is true when n = k, then it has been shown that u, is also
true when n = k + 1. As u, is true for n = 1 and n = 2 then 4. Conclusion step

u, is true for all n = 1 and n € Z* by mathematical induction.

In the basis step of the proof, the general statement was checked for both n = 1 and n = 2. This
is because the first application of the recurrence formula u,,,; = 3u, + 4 yields u, by using the first
given term u; = 1.



i

Given thatu, , , = Su, , ; — 6u,, u; = 13, u, = 35, prove by induction that u,, = 2" *1 + 37+ 1,

Y 2 — -
n="1u =2+ 3= =13, as given. 1. Basis step B

n=2;u,=2%+ 3° = 35, as given. The first application of
the recurrence formula

n=3; u; = 2%+ 3* = 97, from the general statement, yields us by using a
and us = Bu, — 6u, = 5(35) —6(13) u; and u,. So check
general statement for P
=175 — 76 = 97, from the recurrence relation. n=1,2,3.
S0 u, is true when n = 1, n = 2 and also when n = 3.
Assume that, for n = kand n = k + 1, that both 2. Assumption step
U =2kt + 31 gnd
Uppq = 2KTTHT 4 k+ T+ = Dk+2 4 2K+ 2 gre true for kEZ™.
Then uy 4 » = DU 44 — OUy 3. Inductive step
= B(2K+2 4 BKTZ) — G2k + 1 4 BKH
62k+1 = 3(2 2k+1 F
= B(2k+2) + B(Bk+2) — 6(2k+1)‘_ B(B+ ) |— ( ) - 3%22& 2 ) ] |
= B(2K+2) + B(BK+2) — B(2k*2) — 2(BF T 2)
= 2(2t+7) + 3(3"*?) —— 63 = 20)3F )
= 2(3k+2) b
= 2k+ 3 + 5k+ 3

— pk+2+1 4 mk+t2+1e

This is the same as =
—— u,=2""1+4 371 with
n replaced by k + 1.

Therefore, the general statement, u, is true when n = k + 2.

4. Conclusion step —
If u, is true when n = k and n = k + 1 then it has been shown

that u, is also true when n = k + 2. As u, is true forn =1, n = 2 and n = 3, then u, is

true for all n = 1 and n € Z* by mathematical induction.

In Example 9, each term of the sequence depends upon the two previous terms. Therefore 1, was
assumed to be true for bothn = kand n =k + 1.

1 Given thatu,,, = Su, + 4, u; = 4, prove by induction that u, = 5" — 1.

-
=
il
"
i

2 Given thatu,,, = 2u, + 5, u; = 3, prove by induction that u, = 2" *2 — 5.

3 Given thatu, ., = Su, — 8, u; = 3, prove by induction that u, = 5"~ 1 + 2.



Proof by mathematical induction

4 Given thatu, ,,; = 3u, + 1, u; = 1, prove by induction that u, = _3”2— 1-

§ Given thatu,,, = 5u,,,; — 6u,, u; = 1, u, = 5 prove by induction that u, = 3" — 2".
6 Given thatu,,, = 6u,,, — 9u,, u; = —1, u, = 0, prove by induction that u, = (n — 2)3"~ L.
7 Given thatu,,, = 7u,,, — 10u,, u; = 1, u, = 8, prove by induction that u,, = 2(5" ~ )-2"~ L,

8 Given thatu,,, = 6u,,, — 9u,, u; = 3, u, = 36, prove by induction that u, = (3n — 2)3".

6.4 You can use proof by induction to prove general statements involving matrix
multiplication.

Use mathematical induction to prove that (1 _1)n = (1 1-2
P 0o 3 o 2

1 AU NERE B

b
-

5

fornez*.

1. Basis step

L

_1\! _
n=1; LHS=(1 1)=(1 1)
0) 2 O 2 ) .
Substitute n = 1 into both the

pHS = 11— 2\ _ (1 =1 LHS and RHS of the formula to
2 0o 2 check to see if the formula works
forn=1.

As LHS = RHS, the matrix equation is true for n = 1.

Assume that the matrix equation is true for n = k. 2. Assumption step

. T =1fF_ (1 1-2Fk
L€ O 2 O ok '  In this step you assume that the

general statement given is true

for n = k.
With n = k + 1 the matrix equation becomes .
[ AR O B o N
0 2 o 2] {o ) 3. Inductive step
= ( 1= Zk) ( 1 _1) | Using the assumption step.
@) 2k o) 2

=(1+o —1+2—2(2k))

O0+0 O + 2(2¢
) The matrix equation is now true

_ (1 1= 2“1)./’ when n is replaced by k + 1.
o) 2k+?

Therefore the matrix equation is true when n = k + 1. 4. Conclusion step

If the matrix equation is true for n = k, then it

is shown to be true for n = k + 1. As the matrix
equation is true for n = 1, it is now also true for all
n=1and n€ Z* by mathematical induction.




i

Use mathematical induction to prove that (

-2 9)"
-1 4

-3n+1 9n

for n € 7+,
—n 3n+1) "

is shown to be true forn = k + 1.

n=1; LH5=(__? i)1=(__? i)\
RHsz(‘W)“ (1) ):(—2 9
(1 3(1) + 1 -1 4

As LHS = RHS, the matrix equation is true for n = 1.

Assume that the matrix equation is true for n = k.

1. Basis step

LHS and RHS of the formula to
check to see if the formula works
forn=1.

) —__ Substitute n = 1 into both the

2. Assumption step

Therefore the matrix equation is true when n = k + 1.

If the matrix equation is true for n = k, then it

As the matrix

equation is true for n = 1, it is now also true for all
n=1and n€Z" by mathematical induction.

” (—2 9)k= (—5/<+ 1 9 )
=0 % —k che | \\ In this step you assume that the
general statement given is true
for n = k.
With n = k + 1 the matrix equation becomes
(—2 9)’<+1 B (—2 9)’<(_2 9) — 3. Inductive step
-1 4 -1 4/\-1 4
_ (—5/< + 1 9k )( =2 9) Using the assumption step.
—k Sk+ 11\ =1 4
_ (—6/< - 2-9k —27k+ 9+ 56/<)
2k — 2k — 1 -9k + 12k + 4
_[=Bk=2 &k 9 The matrix equation is now true
Tl —k=1 B+ 4 when n is replaced by k + 1.
_ (—5(/<+1) +1  9k+1) )
=( <~ 1) Bk + 1)+ 1

4. Conclusion step

1 2\ (1 2n
1 (0 1)2(0 1
2 0V 2" 0
3 (1 1):(2"—1 1)
5 (z 5)”_(2" 5(2n—1))
o 1/ {o 1

-
=
il
"
i

3
[
.

2

Prove by the method of mathematical induction the following statements for n € Z*.

n

-4 _ 2n +1 —4n
-1 n -2n+1
—8)" _[4n+1 —8n
-3 2n 1-4n




Mixed exercise [33

1 Prove by induction that 9" — 1 is divisible by 8 forn€ Z*.

The matrix B is given by B = ((1) g)

a Find B? and B
b Hence write down a general statement for B”, forn€ Z*.
¢ Prove, by induction that your answer to part b is correct.

n
Prove by induction that for n € 7+, that Z(?;r +4) = n(3n + 11).
r=1
A sequence u,, Uy, U3, Uy, ... is defined by u,, , | = Su, —3(2"), u; = 7.
a Find the first four terms of the sequence.
b Prove, by induction for n€ Z*, that u, = 5" + 2".

The matrix A is given by A = ( _Z _13)
a Prove by induction that A" = B+ 1 l6n tornez*.
—4n 1-8n

The matrix B is given by B = (A")"!

b Hence find B in terms of .

The function f is defined by f(n) = 5%~ + 1, where n€Z*.

Proof by mathematical induction

a Show that f(n + 1) — f(n) = w(5?*~ 1), where u is an integer to be determined.

b Hence prove by induction that f(n) is divisible by 6.

Use the method of mathematical induction to prove that 7 + 4" + 1 is divisible by 6 for all

nezr.

3u, -1

A sequence u,, Uy, U3, Uy, ... isdefined by u,, , | = —g = 2.
a Find the first five terms of the sequence.

b Prove, by induction for n€ Z*, that u,, = 4(%)" - 1.

A sequence Uy, Uy, Us, Uy, ... is defined by u,, = 32" + 727~ 1,

a Show thatu,, , — 9u, = A(7%~ 1), where A is an integer to be determined.

b Hence prove by induction that u,, is divisible by 8 for all positive integers n.

10 Prove by induction, for all positive integers 7, that

(1><S)+(2><6)+(3><7)+...+n(n+4)=%n(n+1)(2n-l-13).

1 AU NERE B

—
—
.

5

L



Summary of key points

6
o
‘ 1 Mathematical induction is used to prove whether or not general statements are true,
Ty usually for positive integers, 7.

2 When performing a proof by mathematical induction you need to apply the following
four steps:
e basis: Show the general statement if true for n = 1.
o assumption: Assume that the general statement is true for n = k.
e induction: Show the general statement is true forn = k + 1.
L]

conclusion: Then state that the general statement is then true for all positive integers, n.

w

Proof by induction is of no use for deriving formulae from first principles. Proof by
induction is used, however, to check whether or not a general statement is true.

B i



Review Exercise

4
3 2 1 2 0
A_(o 2 —1)'B_ 3 —1)’C_ _i’

Determine whether or not the following
products exist. Where the product exists,
evaluate the product. Where the product
does not exist, give a reason for this.

aAB bBA ¢ BAC d CBA
03 10 00
M—(_1 2,1—(0 . andO—(O o)'

Find the values of the constants a and b
such that M2 + aM + bI = O.

(41
A‘(s 6)

Show that A% — 10A + 21I = O.

a b

A =
o[}
Find an expression for A, in terms of a, b, ¢

and d so that A% — (a + d)A = M, where I
is the 2 X 2 unit matrix.

0:-

6 A= (12) _i’), where p is a real constant.

Given that A is singular,
a find the value of p.

Given instead that det (A) = 4,
b find the value of p.

Using the value of p found in b,

¢ show that A2 — A = KI, stating the
value of the constant k.

2 —1)
-3 1
a Find AL
251 -109
. s _
Given that A (_327 142),

b find A*.

A triangle T, of area 18 cm?, is transformed
into a triangle T” by the matrix A where,

k k-1
-3 2k
a Find det (A), in terms of k.

A=( ),kER.

Given that the area of T’ is 198 cm?,

b find the possible values of k.




A linear transformation from R? — R2 is
defined by p = Nq, where Nisa 2 X 2

matrix and p, q are 2 X 1 column vectors.

Given that p = (E;)when q-= ((1) , and

that p = (fl)whenq = (_23), find N.

A:

4 —1)’B1 _ (2 0)

-6 2 3 p
a Find AL

b Find (AB)"}, in terms of p.
Given also that AB = (_31 _2 4),

¢ find the value of p.

A:

2 -1
7 =3

a Show that A3 =1.
b Deduce that A2 = A1,

¢ Use matrices to solve the simultaneous

equations
2x—y =3,
7x — 3y = 2.

5 § 5 1
a Find AL
b Show that A~'BA =

e

A

22) , stating

the values of the constants A, and A,.

_(4p
g

non-zero constants.

_qq), where p and q are

a Find A7, in terms of p and q.

Given that AX = (ZP 3q),
P 4

b find X, in terms of p and 4.

4 2 3 1
A‘(s 3)'“‘(—4 s)
Find
a AB,

b AB — BA.

Given that C = AB — BA,
¢ find C?,

d give a geometrical interpretation of the
transformation represented by C2.

The matrix A represents reflection in the
X-axis.

The matrix B represents a rotation of 135°,
in the anti-clockwise direction, about (0, 0).

Given that C = AB,
a find the matrix C,

b show that C2 = 1.

The linear transformation T: R2 — R? is
represented by the matrix M, where

a b
c d

The transformation T maps the point
with coordinates (1, 0) to the point
with coordinates (3, 2) and the point
with coordinates (2, 1) to the point with
coordinates(6, 3).

|

a Find the values of g, b, c and d.
b Show that M2 = 1.

The transformation T maps the point
with coordinates (p, g) to the point with
coordinates (8, —3).

¢ Find the value of p and the value of q.

The linear transformation T is defined by

(x) . (Zy - x|
y 3y
The linear transformation T is represented
by the matrix C.

a Find C.



The quadrilateral OABC is mapped by T
to the quadrilateral OA’B’C’, where the
coordinates of A’, B’ and C”’ are (0, 3),
(10, 15) and (10, 12) respectively.

b Find the coordinates of A, B and C.

¢ Sketch the quadrilateral OABC and
verify that OABC is a rectangle.

3 -2 08 —0.4
A_(—l 4 )'B_(o.z —0.6)and
C = AB.

a Find C.

b Give a geometrical interpretation of the
transformation represented by C.

The square OXYZ, where the coordinates
of X and Y are (0, 3) and (3, 3), is
transformed into the quadrilateral
OX’Y’Z’, by the transtormation
represented by C.

¢ Find the coordinates of Z’.

GiventhatA=( > 3 )andB=(1 1),

-2 -1 0 2
find the matrices C and D such that
a AC = B,
b DA = B.

A linear transformation from R? — R? is
defined by the matrix B.

¢ Prove that the line with equation
y = mx is mapped onto another line
through the origin O under this
transformation.

d Find the gradient of this second line in
terms of m.

Referred to an origin O and coordinate
axes Ox and Oy, transformations from

R? — R? are represented by the matrices L,
M and N, where

L

0 -1 2 0 1 -1
[0 =2 Yanan=(} )

a Explain the geometrical effect of the
transformations L and M.

b Show that LM = N2.

The transformation represented by the

matrix N consists of a rotation of angle
6 about O, followed by an enlargement,

centre O, with positive scale factor k.

¢ Find the value of 6 and the value of k.

d Find N8,

A, B and C are 2 X 2 matrices.

o

a Given that AB = AC, and that A is not

singular, prove that B = C.

b Given that AB = AC, where A = (i’
1 5

and B = ( 0 1

elements are all non-zero.

Use standard formulae to show that
ZBr(r - 1) =nn*-1).

r=1

Use standard formulae to show that
n
d -1 = g(Zn +5)n - 1).

r=1

Use standard formulae to show that
n
Y er-12= %n(4n2 —1).

r=1

@ Use standard formulae to show that
n

> 2 - 3) = %n(n + 1) — 2)(n + 3).

r=1

@ a Use standard formulae to show that

> rer—1) = n(n + 16)(4n -1

30
b Hence, evaluate Zr(Zr - 1).

r=11

)

), find a matrix C whose

o

o

o

o



12
@ Evaluate z:(r2 + 21,
r=0

50

Evaluate Z(r + 1)(r + 2).

r=1

o
o

Use standard formulae to show that
1 2(n2 —
Zr(rz — n) = 7'1(71471)

r=1

@ a Use standard formulae to show that

D 1@+ 1) = n(n + 1)

r=1
100

b Hence evaluate Z r(3r + 1).

r =40

o

a Show that

n

> @r-1@r+3) = §(4n2 + 120 — 1).

o

35

b Hence find » (2r — 1)(2r + 3).

r=35
a Use standard formulae to show that

n
> (612 + 4r— 5) = n(2n? + 5n - 2).

r=1

b Hence calculate the value of

25
Z(6r2 + 4r —9).

r=10

o

a Use standard formulae to show that

n
D+ )+ 5) = 1nn+ 7)2n + 7).
r=1
b Hence calculate the value of

40
D+ 1)+ 9),

r=10

o

a Use standard formulae to show that

n 2
Zrz(r 1= n(n + 1)(?1”21 + 7n + 2)
r=1

30
b Find » (202(2r + 2).

r=+4

o

. 2_ N
Using the formula Zr = 6(n +1)(2n+1),

r=1

2 _1\=H 2 _
a show that;@r 1)=2@n>+6n-1).
12
Given that » (472 + kr — 1) = 2120,
r=1
where K is a constant,

b find the value of k.

Use standard formulae to show that

> r3r—5) = n(n + 1)(n - 2).

r=1
2n

Hence show thatZr(Br - 5)=7nn>-1).

r=n
Use standard formulae to show that
D i+ 1) = In(n + H(n + 2).
r=1

Hence, or otherwise, show that
3n

Y rr+ 1) = In@n + 1)(pn + g), stating

o

the values of the integers p and q.

n
Given that ZTZ(T -1

r=1

= Ln(mn + 1)(pn® + qn + 1),

a find the values of p, g and r.
100

b Hence evaluate Z rir—1).
r=50

a Use standard formula to show that

n
> rr+2) = tn(n + 1)@2n + 7).
r=1
b Hence, or otherwise, find the value of

10
Z(r + 2)log, 2.

r=1

Use the method of mathematical
induction to prove that, for all positive

n
. 1 _ _n
integersn. 3 iy Tarr @



1) Use the method of mathematical
induction to prove that

> rr +3) = In(n + Dn + 9).

r=1

Prove by induction that, forn € Z*,
n
Y @r-12=1n@n-1@n+1). (E )

r=1

@ The rth term a, in a series is given by
a=r1r+ 1)2r+ 1).
Prove, by mathematial induction, that the
sum of the first n terms of the series is
Jn(m + 1)%(n + 2).

@ Prove, by induction, that
n

Zrz(r —1) = Lnm-1n+1)G3n + 2).

r=1

@ Given that u; = 8 and u,,,, = 4u,, — 9n, use
mathematical induction to prove that
u,=4"+3n+ 1, nez*.

@ Given that u; = Oand u, , ; = 2r — u,, use
mathematical induction to prove that
2u,=2n—-1+ (-1)", nez*.

€0 fm) = @2n+ 17" - 1.
Prove by induction that, for all positive
integers n, f(n) is divisible by 4.

1
A= (O ;), where c is a constant.

Prove by induction that, for all positive
integers n,
1 (2" — l)c)

A" =
o 2

@ Given that u; = 4 and that 2u, , ; + u, = 6,
use mathematical induction to prove that

u,=2 —(—l)n_z fornez*
n 2 ’ .

L) Prove by induction that, for all n € Z*,
n

Zr(%)’ =2-(1)'n+2)

=
3 1
A= (—4 —1)
Prove by induction that, for all positive

integers n,

2n+ 1 n )
—4n -2n+1

o

A" =

Given that f(n) = 3% + 241 +2,

a show that, for k€ Z*, f(k + 1) — f(k) is
divisible by 15,

b prove that, for n€ 7", f (n) is divisible

by S.

f(n) = 24 X 2% + 3% where n is a non-

negative integer.

a Write down f(n + 1) — f(n).

b Prove, by induction, that f(n) is divisible
by S.

Prove that the expression 7" + 4" + 1 is
divisible by 6 for all positive integers n.

@ Prove by induction that 4" + 6n — 1 is
divisible by 9 for n€ Z*.

@ Prove that the expression 3%~ 1+ 2% -1 4§
is divisible by 10 for all positive integers n.

6x + 10. q
@ a Express L33 0 the form p + Pyt

where p and g are integers to be found.

The sequence of real numbers u,, u,, us, ...
6u, + 10
u, +3°

b Prove by induction that u, > 5, forn€Z*.

issuch thatuy; = 5.2andu,,, =

Given that n € Z*, prove, by mathematical

induction, that 2(427+1) 4 331+ 1jg 9

divisible by 11.



Examination
style paper

n n
1* Use the standard results for Zr and for Zrz to show that, for all positive integers n,
r=1 r=1

Z(r + 1)(3r + 2) = n(an® + bn + c¢), where the values of a, b and ¢ should be stated. (5)

r=1

2* fx) =x3+3x—6
The equation f(x) = 0 has a root «in the interval [ 1, 1.5 ].

a Taking 1.25 as a first approximation to «, apply the Newton—Raphson procedure once to
f(x) to obtain a second approximation to «. Give your answer to three significant figures. (5)

b Show that the answer which you obtained is an accurate estimate to three significant

figures. )
~1 1
V2 V2 V20
* = = —
3 R 11 and S ( 0 V3 )
V2o V2
a Describe fully the geometric transformation represented by each of R and S. (4)
b Calculate RS. (2)

The unit square, U, is transformed by the transformation represented by S followed
by the transformation represented by R.

¢ Find the area of the image of U after both transformations have taken place. (2)

4* f(z)y=2zt+322—-62z+ 10
Given that 1 + i is a complex root of f(z) = 0,
a state a second complex root of this equation. 1)
b Use these two roots to find a quadratic factor of f(z), with real coefficients. 3)

Another quadratic factor of f(z) is z> + 2z + 5.
¢ Find the remaining two roots of f(z) = 0. 3)




Examination style paper

5* The rectangular hyperbola H has equation xy = ¢2. The points P (cp, 5) and Q (cq, 5) lie on

the hyperbola H. b

a Show that the gradient of the chord PQ is _Z)lﬁ' 3)

The point R, (3c, g) also lies on H and PR is perpendicular to QR.

b Show that this implies that the gradient of the chord PQ is 9. (4)
6 M=| 2 1 2xx+ 47 )

a Find the inverse of matrix M, in terms of x, given that M is non-singular. (4)

b Show that M is a singular matrix for two values of x and state these values. (4)
7* The complex numbers z and w are given by z = 17 — iiand w =iz

a Express z and w in the form a + ib, where a and b are real numbers. 3)

b Find the modulus of w. (1)

¢ Find the argument of w in radians to two decimal places. (2)

d Show z and w on an Argand diagram 2)

e Find Iz — wl 2)
8* The parabola C has equation y? = 16x.

a Find the equation of the normal to C at the point P, (1, 4). (6)

The normal at P meets the directrix to the parabola at the point Q.
b Find the coordinates of Q. 3)

¢ Give the coordinates of the point R on the parabola, which is equidistant from Q and
from the focus of C. (2)

9* a Use the method of mathematical induction to prove that, forn€ 7",

Dot (A = tme a4y - (L) (©)

r=1
b f(n)=3"*2+ (-1)y2", neZ*.

By considering 2f(n+1) — f(n) and using the method of mathematical induction prove
that, forne Z*, 3"+ 2 + (—1)"2" is divisible by 3. 6)




Index

addition
complex numbers 3-4, 12-13
matrices 74
series 116-18
angles
complex numbers 15
rotations 86-9
approximations see numerical
methods
area scale factor 101-2
argz 15
Argand diagrams 10-20
addition and subtraction
12-13
axes 10
modulus and argument 14-20
vectors 11-18
argument 14-20
arithmetic series 110, 112-13
see also series
arrays see matrices
associative property 80
assumption step 123-5
asymptotes 52

basis step 123-5

Cartesian coordinates 10
see also coordinate systems
Cartesian equations
parabolae 43, 45
rectangular hyperbolae 43-4,
52
columns 73, 77
commutative property 79
completing the square 3
complex numbers 1-31
addition 3-4, 12-13
Argand diagrams 10-20
argument 14-20
complex conjugates 7-9, 11,
24-8

division 7-8
format 2
modulus 14-20
modulus-argument form
19-20
multiplication 5-6, 19
polynomial equations 24-8
problem solving 21-3
simplification 5-6, 8
square roots 21-3
subtraction 3-4, 13
conclusion step 123-5
conjugate pairs 7-9, 11, 24-8
coordinate systems 41-62
Argand diagrams 10-20
normals 52-3, 57
parabolae 42-50, 53-5, 57
parametric equations 42-5, 52
rectangular hyperbolae 52-3,
57-8
tangents 52-5, 57-8
cubes 114
cubic equations 24-6
curves
gradient 52, 54, 57
normals 52-3, 57
parabolae 42-50, 53-5, 57
parametric equations 42-5, 52
rectangular hyperbolae 52-3,
57-8
tangents 52-5, 57-8

determinants 88, 95, 101-2
differentiation
gradients 52, 54, 57
Newton-Raphson process 38
dimensions 73, 77-9
directrix 45-6
discriminant 2
distance between points 47
divisibility 127-30
division 7-8

elements, matrices 74
enlargement 86, 87, 89
see also linear transformations
equations
Cartesian form 43-4
complex roots 24-8
directrix 45-6
normals 52-3, 57
numerical solutions 32-40
parabolae 42-3, 45-6
parametric form 42-5, 52
polynomial 24-8
quadratic 2, 8-9, 24
rectangular hyperbolae 43-4,
52
simultaneous linear 103-4
tangents 52-5

focus 45-6
formulae, sums of series 110-15

general statements 123-5, 133-4
general terms
recurrence formulae 130-2
series 108
geometric series 108
see also series
geometrical transformations see
linear transformations
gradients 54, 57

hyperbolae, rectangular 43-4,
52-3,57-8

i (imaginary number) 2, 5-6
see also complex numbers
i (vector) 86
identity matrix (I) 86, 95
images 82-93
imaginary axis 10
imaginary numbers see complex
numbers



imaginary part 3

induction 122-36

inductive step 123-5

interval bisection 33-4

inverses 95-100
linear transformations 99-100
simultaneous equations 103—4

j (imaginary number) 2
j (vector) 86

linear interpolation 35-7

linear transformations 82-93
area scale factor 101-2
combinations 90-3
enlargement 86, 87, 89
matrix representation 84
origin 82
properties 82-3
reflection 86, 88, 89
reversing 99-100
rotation 86-9

locus 45

mathematical induction 122-36
divisibility 127-30
matrix multiplication 133-4
recurrence formulae 130-2
steps 123-5
sums of series 123-6

matrix algebra 72-106
addition 74
area scale factor 101-2
determinants 88
enlargement 86, 87, 89
identity matrix 86, 95
inverses 95-100
linear transformations 82-93
matrix notation 73, 95
multiplication 76-80, 95, 96,

133-4

non-singular matrices 95
reflection 86, 88, 89
rotation 86-9
simultaneous equations 103-4
singular matrices 95
square matrices 78
subtraction 74

mid-points 48-50

mirror line 88

modulus 14-20
modulus-argument form 19-20
multiples of series 116-18
multiplication
complex numbers 5-6, 19
matrices 76-80, 95-6, 133-4

natural numbers, series sums
110-11, 114, 125-6
Newton-Raphson process 38-9
non-singular matrices 95
normals 52-3, 57
notation
complex numbers 3, 19-20
matrices 73, 95
sigma 108-9
numerical methods 32-40
interval bisection 33-4
linear interpolation 35-7
Newton-Raphson process
38-9

origin
Argand diagrams 11-12
linear transformations 82

parabolae 42-50
equations 42-3
focus and directrix 45-6
normals 57
tangents 53-5
parametric equations
conversion to Cartesian form
43-4
parabolae 42-3, 45
rectangular hyperbolae 43-4,
52
polynomial equations 24-8
polynomial series 116-18
position vectors 82
powers of i 5-6
principal argument 15
products see multiplication
proofs by mathematical
induction 122-36

quadrants 15-18

quadratic equations
complex numbers 3
conjugate pairs 8-9, 24

discriminant 2
quartic equations 26-8

real axis 10
real part 3
reciprocal curve see rectangular
hyperbolae
rectangular hyperbolae 43-4,
52-3, 57-8
recurrence formulae 130-2
reflection 86, 88, 89
see also linear transformations
roots, equations
numerical methods 32-40
polynomials 24-8
rotation 86-9
see also linear transformations
rows, matrices 73, 77

scalars 76
scale factors 87, 101-2
series 107-21
addition 116-18
cubes 114
general terms 108
geometric 108
multiples 116-18
polynomial 116-18
sigma notation 108-9
squares 114, 125-6
summation formulae 110-15,
123-6
sigma (2) notation 108-9
sign change, numerical methods
33,35
similar triangles 35-6
simplification, complex numbers
5-6, 8
simultaneous equations 103-4
singular matrices 95
sketching curves 42, 44
square matrices 78
square roots
complex numbers 21-3
interval bisection method 33
squares 114, 125-6
subtraction
complex numbers 3-4, 13
matrices 74
sums of series 110-15




INDEX

first n natural numbers 110-11 transformations see linear position 82
proof by induction 123-9 transformations vertex 45
sigma notation 108-9 translation 86
symmetry, parabolae 45 z*7
vectors Izl 15

tangents 52-5, 57-8 Argand diagrams 11-18




Chapter 1

Exercise 1A

13+ 11i
5+4+2i
441
13+1
-3
59 + 9i
1 -4

7 -4
4+ 2i
10. 41

11. 12 + 151
12. 11 - 51
13.0

14. 14 + 41
15.24 — 12i
16. 7 — 211
17. 12 + 51
18.24 + 71
19.3 +2i

20.2+/2 +2i
21.3i

22.7i

23. 11i

24. 100i

25. 15

26.i+/5
27.2i3
28. 3i/5
29. 10i/2

30. 7i4/3
31.x=—1+£2i
32.x=1+3i
33.x=—"2+51
34.x=-5=+i
35.x=3+31
36.x=-2+i/3
37.x=3+i2
38.x=1+i/6

5 543

39. x=—— =+
2

34011
2

CXANNMERWDND =

[\

40.)c=—E +
2

Exercise 1B

CEAANNR DD

11+231
36 +33i
15+ 231
2-1101
-5 -251
39 + 80i
—77 —361
101

54 - 62i

.—46 + 91
.1

.81

.21

. —601
.16

Exercise 1C

1.

10.

(a) 8 — 2i

(b) 6 + 5i

2 1.
¢) — +—1
© 3"

@ 5 —i10
@) z+z¥=12,zz* =45
(b) z + z* =20, zz* = 125
5
8
(d)z+z*=2«/§,zz*=50
9+ 8i
2o,
25 25



Pk
-
|
-
|
|3
-

12.

13.

LSRN IR R V)

—

14.

I
|
-

15.

16. 6 + 8i
17. (a) —1 + 51, —1 — 5i
(b) 2
(c) 26
18. (a) 4 + 31,4 — 3i
(b) 8
(c) 25
19.x* —4x+13=0
20.x* +10x+41=0

W oo
_l’_

Exercise 1D

1.

D(-25)e

» E (0, 3)

eF(/2,2)

(=5, 10}

y

y A

.7y
(3. -4)

®3+i

e A(7,2)

>

e B (5 -4)

[ B

=

=

LA
(15, -5)



y 4

=¥

|OA’=13’

S.
y A

OB| =234,

oc| =245,

op| = 10

2(6.7)

y A
21 {8’ 4)
“
0’,’ 4 x
.’!f‘ 'Jf
.u’ '—’f 21 - ZQ
,," "J {2, _3}
-’,f f""'
_ZZ.J
(-6, -7)
8.
y
2z, (-4, 4)
Q ., |
X |
\\
.r'. _Zz
< -
Zy . ".
(-6.-5)".
2,-25(-2,-9)
L'\.
‘\.
X
Z




Exercise 1E

1. Modulus = 13, argument = 0.39

2. Modulus = 2, argument = %
3. Modulus = 3+/5 , argument = 2.03

4. Modulus =2+/2 , argument = —%

5. Modulus = V113, argument = —2.42
6. Modulus = V137 , argument = 1.92
7. Modulus = /15 , argument = —0.46
8. Modulus = 17, argument = —2.06

Exercise 1F

1. (a) 2+/2 (cos % +isin%)

T .. T
b) 3(cos — +1sin—
(b) 3( 5 2)

(©) 5(cos 2.21 +i sin 2.21)

(d) 2(cos (— %j +isin [— %j )

() V29 (cos (~1.95) + i sin (~1.95))
() 20(cos 7 +1sin 7)
(g) 25(cos(~1.29) + i sin(~1.29))

(h) 5+/2 (cos 37” +isin37ﬂ)

2. (a) %(cos[—%) +1 sin (_%j)

V5

(b) ?(cos 0.46 +1sin 0.46)

T .. T
¢) l(cos— +1sin—
(c) 1( 5 2)

3. (a)3+3i
() 32 +342i
V3

3.
c) — +—1
© - *3

@d 7
e 23 —2i

4.

@) |z,| =5, |z,| =5, z,z, =24+ 7i
) |zl| =45, 22| =245, z,z, =8+ 61
©) |z,| =13, |z,| =25, z,z,=-253 + 204i

d |Zl| =5, 22’ =45, 21222—2x/g +1

Exercise 1G

SN MhBbd =

8.

9.
10.
11.
12.

1

a=3,b=—
2
a=T7,b=-2
a=-3,b=17
3
a=2andb=6,ora=-2and b=-6
x—3 2
3713
x—3 1
27T

x=-1,y=1, modulus = \/E, argument = 37”

+(4 + 3i)
+(6 + 5i)
+(3 - 2i)
(1 +1)

Exercise 1H

1
2
3.
4
5

\© 90

. Roots are 3,—l + —1and —— —
2 2 2

. X -2x+5=0
. X —6x+34=0

¥ —2ax+a*+16=0

. Rootsare -1, —4 + 3iand —4 — 3i

1 1 1.
—1

Roots are 1 , 1 + —3i and 1
2 2 2

2
V3.

2
Rootsare 4, —4 +1and —4 — 1
Roots are 3, -3, 6 + 2i and 6 — 2i
Roots are 2 + 31,2 —3i,—3 +iand
-3-1



10.

L J
o

2.

11.a=1,6=0,c=2,d=4,e=-8, =16

Mixed exercise 11

1. (@)—1—4i,—1+4i
(b)

I:_L 4"| s Yk

(1, —4)x

2 @O2 G,
. T, Sx
®O -5 @ -7
4 .

. (a)(i)% bl

w

1
(b)g
(©) —143.1°

4, @) x=3,y=-1
®) () V10 (i) —0.322

5. 2—1and 4
6. (@)1 —3iand 2
(b)
yYa =(1,3)
2 i xh

7. (a)
yl
<{4,2)
(=3, 1)=
o) -
(b) 542
(©)-1-i
RY/4
d -
(d) 1
8. (a)3—2i,3+2i,iv6,-iv6
(b)
¥
{(0.6) (3, 2)>
=
O X
(i6) (3,-2)x

5
9. (a) 7
(b) 1



Chapter 2

Exercise 1A

2.6
(b) 2.49
(b) 2.2
(b) 0.5
(b) 1.41
2.4

AR e

Exercise 2B

(b) 2.3
(b) 1.5
(b) 3.8
(b) 1.2
(b) 2.5
3.5

SMh BN

Exercise 2C

1.59
1.93
291
—2.44
2.11
1.453
3.017

NN hBbD=

Mixed exercise 2D

~1.8
3.73
0.5
0.905
1.83
(b) 1.4
© 1.55
1.15
2.28

AR e

®°



Chapter 3

Exercise 1A

) —4 |-3 |=2/-1 -05 05 1/2/3 4
a3 5 2050051 3|4 x=4t —16 —12 -8 -4 =2 |2 |4/8 1216
x=27132 18 /8 2105 005 2 818 32 y=4t -1 =43 =2 /-4 -8 '8 42431
y=4¢ 16 |—12 -8 -4 -2 0|2 |48 1216 ik
y4 2
20 6
15
4
10
2
5
N —16 12 -8 —4 0 4 ] 12 16 —:;
0 4 8 12 16 20 24 28 x ,
-5
—10
=15
20 e
2‘ 2
(=32 -1 -050 051 2 3 - @)y =20x
) (b)y =2x
x=372127 |12 131075 0 075 3 12 27 (©) 1> = 200x
y=6¢ —18|-12 6| -3 |0 3 12 18 (d)yZZ%x
ik (e) " =10x
2 M) =43x
(@x" =8y
15 2
(h)x =12y
10 . @xy=1
5 (b) xy =49
() xy=45
1] 4 8 12 16 20 24 28 -';;( (d)x =L
25
-5
—10
=15




6. aA)xy=9
()

yi

=

7. (@)xy=2
()

v i

= Y

r

=

Exercise 3B

1. (a) )’ =20x
(b) y* =32x
(©) y* =4x
(d)y* = 6x
(e) ' =23x
2. (@) (3,0;;x+3=0
(b) (5,0;x+5=0
5

>

(@(%Amx+——=o

2

(@ (+/3,0);x+ /3 =0
o
4

5f sf

(e) (— 0); x +

® (— 0); x

5. () (0, 2)y+2 0
© y

» 5(0,2)

Exercise 3C

Ll ol

(3,3)and (% , —%)
1642

(25,5)

(a) y* = 24x

() (6,0);x+6=0

©
¥y i

= Y

(VR

€) 122

182

(@) y* = 5x

(b) 5

©C2.3)

(d) 8x — 25y + 85 =0
(@) (1,0)

(b) 4
(©4x—3y—4=0

1
@D

5
(e) Z

(a) R (-3, 0), S (3, 0)

)P (9,6+/3),0(-3,6+3)
(©) 543

@a=1,b=—4
(b)y=x-38

(©) (10, 2)
dy=—x+12

ex=14+213



Exercise 3D

1.

SA

@ x—4y+16=0
M) V2x-2y+442 =0
©x+y—10=0

@ 16x+y-16=0
e x+2y+7=0

(H 2x+y-842 =0
@x+y—15=0
(b) 2x — 8y —45=0
(@) 4

() y=—x+12

(©) (36, —24)

(d) 322

(@) x— 8y —126=0

) (128, )
(M) (6+2,42) or (642, —4+/2)

@ xy=3
() 8x—2y—154/3 =0

© (—%\/5,—8\/5)

1.
(a) 5: (194)

(b) (=15, 0)

(c) -1, 0)
(d) 28

Exercise 3E

3.

n s

@5

© 2—25 ;

(b) (a, —2a) and (16, 84)
®) (4. 5)

(© (8,2) and (—%, ~10)

(d)x+4y—16=0;25x+4y +80=0
(@) (-ar’, 0)

(b) 2a + at*, 0)

(©) 24°1(1 + 1)

(b) (0, 0), (8, 8) and (8, —8)

(©y=0,2x+y—24=0and2x—y—24=0

(a) (0, ar)
(b) (a, 0)

9.

(b) -6
(¢) (24,24) and (% , —6)

Mixed exercise 3F

1.

10.

@® (,0)
®) (g, 1) (©)6

3
. (3)5

(b) (6,0)
(d) 30

. (a) )y* =48x

() x+12=0
© (16, 164/3)

(d) 963
() (1, 4) and (64, 32)

©)x+2y—9=0and4x+y—288=0

(d) (81, -36)

(e) 997

(a) focus of C (a, 0), O (—a, 0)
(b) (a, 2a) or (a, —2a)
(b)4x—y=45

3
(©) (_Z’_48)
x+4y—12=0andx+4y+12=0
(@) X (2ct, 0) and Y (0, %)

(b) 642
(b) 4ty = x + 16at’
(¢) (8ar, 6at)
cZ
(c) 22

2
c X

@y= e

8a
e [
(e) s
4q

® <




Chapter 4

Exercise 4A

1. (@2x2
(b)2x1
() 2x3
d1x3
(e) 1 x2
® 3x3

8 -1
2 @], 4]

o[22
b,

0 0
(c)OO

3. (a) Not possible
-2
(b)

3
© @114

(d) Not possible
@06 -1 4)
(f) Not possible
® (31 -4
,C
,C
2,

4. a=6,b
5. a=4,b
6. a=2,b=-

Exercise 4B

6 0
L @)tz —mj

U

Le=—1,/=3

Exercise 4C

1. (a)1x2
()3 <3
()1 x2
d2x2
(e)2x3
®3x2
2. (a) 3]
5
-2 1
®| 7}
-3 -2 -1
3. (@) 3 3 o
1 -4
®|, 9j
4. (a) Not possible
-6 —4
®)| _Zj
(c¢) Not possible
7
(d) Oj
(e) (-8)
®-7 -7)

2 6—a 2a
5.
(1 4 —ZJ

. 3x+2 0
) 0 3x+2



-8 —14
9. (@ |-4 -7
0 0
®) (16 29)
-1
10. (@) | 1
-2
® (-3 2 3)

Exercise 4D

1. (a) Not linear
(b) Not linear
(c) Not linear
(d) Linear
(e) Not linear
() Linear

2
2. (a) Linear: (3

(b) Not linear
(¢) Not linear
0

-1
0

1
3. (a) Not linear

(d) Linear:

(e) Linear:

(b) Linear:

(c) Linear:

(d) Linear:

0
1
1
1
0
0
1
0

(e) Linear:

2 1

4. (a) (0 _J
0 -1

(b) (1 2}

N
§

5.

6.

@ (1, 1), (=2,3), (=5, 1)

(b) (3,-2),(14,6), (9, 2)

©) (—2,-2),(-6,4), (=2, 10)

(@) (=2,0), (0, 3), (2, 0), (0, =3)
M) -1, -D, (=1, D, A, D, d, =)
© 1,-D,1,-D, 1A, D, =1L 1

Exercise 4E

1.

(a) Reflection in x-axis (or line y = 0)

(b) Rotation 90° anticlockwise about (0, 0)
(¢) Rotation 90° clockwise about (0, 0)

(a) Enlargement scale factor 2, centre (0, 0)
(b) Reflection in line y = x

(c) No change (this is the Identity matrix)
(a) Rotation 45° clockwise about (0, 0)

(b) Enlargement scale factor 4, centre (0, 0)
(¢) Rotation 225° anticlockwise about (0, 0)

0 1
@

10
®,

2 0
(c)02

~4 0
@10 4

|

—

0
®) |,

()

~5i-
=851

©

S



Exercise 4F

1.

7.

g

0 1

(a) (1 Oj ; Reflection in y = x
0 1 o

(b) (1 Oj ; Reflection in y = x

-2 0
(©) ( 0 2]; Enlargement scale factor —2,
centre (0, 0)

1 0
@ (O J ; Identity (no transformation)

4 0
(e) (0 4}; Enlargement scale factor 4,

centre (0, 0)
= 0 -1 B -1 0
@@= o) e —1)
o 5[0 )
C= ,D=
0 -1 0 1

(b) (i) Reflection in y-axis
(ii) Reflection in y-axis
(iii) Rotation of 180° about (0, 0)
(iv) Reflection in y = —x
(v) No transformation (Identity)
(vi) Rotation of 90° anticlockwise about (0, 0)
(vii) No transformation (Identity)
Reflection in y = x

@) 0 -1
a
1 0
(b) Rotation of 90° anticlockwise about (0, 0)
(c) Rotation of 45° anticlockwise about (0, 0)

1 0
(d) (0 lj (Identity matrix)
@) -1 0
a
0 1
(b) Reflection in y-axis

0 -1
( 0 ) , Reflection in the line y = —x

8 0
(0 8] , Enlargement scale factor 8

] 1 05
. (a) Non-singular. Inverse = 5

Exercise 4G

1.5
(b) Singular
(¢) Singular
. -5 2
(d) Non-singular. Inverse = ( ; J
(e) Singular

(f) Non-singular. Inverse = (_ 0203 ]
06 -04
. (@3
(b)—15
(C)Z
. @ —§2+a) 1+a]
+a —a
13
(b) la ) (provided a # 0, b # 0)
b b
3 4
. (b) 1 _J
. @B=A"'C
1 4
(b) 1 2j
. @A=C"
2 -3
(b) 3 SJ
2 4 -3
0 1 2}
1 3
-2 1
0 -1

1 2b -b
. (@ —
2ab \—4a 3a



10. (a) det(A) = 0, det(B) = 0

[0 °
® .,

Exercise 4H

1.

(a) Rotation of 90° anticlockwise about (0, 0)

[0 !
®

(¢) Rotation of —90° anticlockwise about (0, 0)
(a) (i) Rotation of 180° about (0, 0)
(iii) Rotation of 180° about (0, 0)
(b) (i) Reflection in y = —x
(iii) Reflection in y = —x
(c) det(S) =1, det(T) =—1

1 0

(a) ( J ; reflection iny =0
0 -1
10 .

(b) (O 1] ; reflection in y = 0
-10 o

©) ( 0 J ; reflection inx =0

-1 0
()] ( 0 1] reflection in x =0

Exercise 41

1.

2.

(@) (0,0), (-1, 3),(7,19), (8, 16)
(b) 40

@ (1,2),(6,2), 3, 1)

(¢)3.75

@ 2,-1),3a—9,3a),(-8,4),(3—3a,3 +3a)
(b)—a—-3

(©)2

(@) 70

(b) 30

(©) 15

(d) 90

(e) 90

® 210

@d +2a—9

(b)-5,-3,1o0r3

Exercise 4J

1.

2.

@x=3,y=-5
(b)x=0.5,y=3
@x=2,y=-3
Mb)x=-1,y=4

Mixed exercise 4K

1.
2.

P=(7,-15), 0=(2,-2), R = (-4, 12)
1 4 3
(—1 1 —2]
0 1
@\ o)

(b) Reflectioniny = x
0
(o) J (Identity matrix)

-1
(@) 0

-2 3
() ]

_—0 O =

-1 2

0
(c) J (Identity matrix)

1
0
2 o :
(a) 0 2} reflection in x-axis and enlargement
s.f. 2, centre (0, 0)

1
w2 "

; reflection in x-axis and
_y)
0 AJ

enlargement s.f. ', centre (0, 0)
2
@2p"—p

® tor >




Chapter 5

Exercise 5A

1.

4.

@1+2+3+4+5+6+7+8+9+10=>55
) 3P +42+5+6"+ 7+ 8 =199
© P+23+3+48+5+6+7+8+9°+10°

=3025

)5+ 11+21+35+53+75+101 + 131 + 165

+203 =800

(e) 1 +64+225+484+ 841 + 1296 =2911

() —2— 52— 198 — 488 =740
@6+13+20+...+(Tn—1)
B)3+17+55+...+2n*+1)

©-15-12-7+...+(n—4Hn+4)

(d) 18 +28+40+ ... +k(k+3)
(a) Statement is true

(b) Statement is true

(c) Statement is not true

(d) Statement is true

(e) Statement is not true
Various answers

Exercise 5B

1.

(a) 666
(b) 4950
(¢) 1495
(d) 15 150
(e) 3240

2. (b) 32
3.
5. (b) 3276

@ n2n—-1)

Exercise 5C

1.

3.
4. @) a=7,b=-3
5.

(a) 4565
(b) —28 485
(©) 2576
(b) 51

(b) 14 949

Exercise SD

2.

(@ 1,3,6and 10
(b) 1,9, 36 and 100

(¢) The results for (b) are the square of the results

for (a)

4.

7.

(a) 338 350
(b) 19 670
() 216 225
(d) 981 225
(a) 48 230
(b) 672 399
(c) 332 825
(k+1)
(d) 5

(a) §(2n+ )(dn+ 1)

(n®> =Dn*(2n* -1)
6
© g(Zn —D@n—1)

@ (n+1) §n+2)

(€) n*(4n+ 1)(5n +2)
(b) 3 159 675

(b)

Exercise SE

1.

L o

% N

(a) 9425

(b) 25 420

(¢) 10 507 320
(d) 393 825

(a) %(m 1)(2n + 13)

(b) g(n+ D +n—1)

© %(n + 1)2n+ D(6rn+ 1)

@) (1x2)+(2x3)+(3x4)+
(b) 75 640

() 51 660

(b) 1 062 000

(a) %(n3+2n2+n—4)

n

ORCURY

© %(n +1)(n +2)(3n + 5)

() 235 600
®) 16 170

(k+2)(2k+3) (e) n*(2n — 1)

o tnm+1)



9. (@) (7x23)+(8%x26)+(9x%x29)+ (10 x 32)
+ (11 x35)+ (12 x38)=1791
n(n+1)(4n—1)
6

10.

Exercise 5F

1. @5+13+33+...+2n+3"
M) n(n+1)+ %(3”— 1)

2. (a) 9175
(b) 44 240
(c) 7843716
3. @n*+2n-3
(b)2n+3
(©) 3(n+1)
4. 27900

5. %(m ) = 3n - 2)

7. (b) %(n +1)2n +7)

9. (b) 21049
10. (b) 5 645 178
11. (@) 7*(n + 1)

() n(n* + Tn + 16)

(©) %(1’12 +7n—1)

12. (b) 65 720
13. (b) 740 340

14. (b) %(n +1)2n+1)
15. (¢) —33 200



Chapter 6

Exercise 6B

9. (a) 7(135
10. (a) 144k — 198

Mixed exercise 6E

5 (1 o] 3 (1 OJ
2. (aB°= B =
0 9 0 27

4. (a) 7,29, 133,641

1-8n -—16n
5. (b)

4n  8n+1
@23 1117 1

47167 64 256



Review Exercise 1

Exercise 1A

1. (a) ’zlzz*’ =54/5, tan arg(z,z,") = —%

ﬁﬂz__
Z,

()

2
z

2

2. (a) %

() -
3

Y |~

3. (b)

- |

()

\/g (
= T, tan arg

©:z= ES cos(=76°) + iT sin(—76°)

o X
<z (-4
V17
AT

5@@%—@%
T
(b) 0 +1; 5

6. (@)2—iand2+i
(b)

X (—2, 1)

V17

cos 76° +1

o

—

7. (a)
(-9,17)x 74
0 x
(b) 2.06
©1-21
8. (a)—1+2i
(b) 2.03
\/E kY4
9. _—
(b) ST,
10. (a) 22 ; 37”
2. 37
47 4
© A y4
C
O «x
B
(d) 90°
11. (a)
y
Z
o
zZ,
OSLINIEE R
zZ, 4 4
1 1 1.
B
z, 2 2
(€©)4=4,B=2



12.(a) A=—1,B=5

()2
13. (b) 2 — 2i and -2
© .
Z
(-2.0)¢ X
>'\x (2,-2)
zZ —Zz/ Z
T
(e) 5
14. (a) -2 +i+/3 and -2 — i3
(b)
A
(-2,¥3)x Y
o X >
(-2,—V3)x

(¢) (i) Both moduli = v/7
(ii) arg (-2 +1~/3) = 2.43;
arg (—2—14/3)=-2.43
15. 1 +ir
16. (a) /29
(b) —0.38
(©) 29
17. (@) z=4-3i,w=3 +4i
(b) ‘

v Axw(3,4)

0 X
2(4,—3)
B
() 90°
18. (a) ’21’ =1l,arg z, = —, 22| =1,arg z, = %

(b) A
y z,+ 2z,
Z
, o
«— 3
0 x=
19.(a) (1) —1+2i
11 2.
ifi) — +—1
(iii) s T3
(b) VA Z3
Z1Zy
zZ
Z3
0 X
6 12.
¢) - +—1
© s T3
20. (a) 2.68
(b)p=6,q=4
©
X z, y#
Z, X ‘.
0 X

21.(a) 2 —2~/3) + (2 +2+/3)i

(b) 1.83
(c)4x/§
(d)
XB yﬂ
x A4
0 g

(e) 245



22.(a) z, =3 +4i, z, =34 28. (a)
(b) —7 - 24i

A
(©) 25 Y
@) -1.85 x z,
(3 >
© yA 0, X
X 22
Z1 X
o= ®) 5
z, X * © 7
— + —1
13 13
@) 1.18
©p=-7,g=-5
fo 29.(a) 2= (@ b)+2abi, L = % P
23. zgg 1 . . 4A 4B PENS
N (c) tan(arg )= ZZLbZ , ‘[an(argl )= b
a —-b z a
Y 2k 30. 1.444
.11
> 3
0 x 32.1.325
x - 33.(a) 3% — 12
z* Xz (b) 0.6015
2 4 34. (a) 1.89
© ' ~2V3x+4=0 35.[1.3, 1.35]
24.(a) V2; 2 36. 1.18
4 37. (b) [1.875, 2]
V2 -~ 38. (a) f(2) = 0.109, f(2.5) = —0.402
4 () 2.11
(©) 3 —4i 39. (b) 1.432
(@) 25 40. (b) 0.68
25. (b) 6 41. (a) [4.257, 4.2575]
(©) 20 (b) 4.257
26. (a) 42. () 0.401
1
r4 (b) 4x — =
0 P (¢) 0.361
43. (b) [0.255, 0.26]
5 g 44. (¢) 1.729
45. (a) —1.25
(b) —0.33
®) |z,| =22, |z,| = V10, PO= V2 (©) [1.875, 1.9]
@-1+i 47.(a) (4, 0)
27.(0)p=4,q=—2 (b) 4x =3y =16 =0
(©) (1,-4)

T
(c) T



8. @) 66. (b) g =—p — %

»

x () x=-8

2
/ 93
. 67. (a) (8, 0)

(b) 602

49. 415

50. (a) 8
(b)y=2x+4
(©4

51. (a) y = %x n %
(b) (-5, -2.4)

52. (a)x+4y=24
®) 67

53.(a) Sx—4y—9=0
(b) (-3.2, -6.25)

54. (-8, 1)

55. (a) ¢ = %,P(6, 24)
(b)y=2x+12
(€) y=—4x + 48

56. (b) (3+/6,4/6 ) and (36, —4+/6)

59. (b) (—% ,—12)and (12, g)

61. (b) (apq, a(p +q))
©)p=4-¢q

62. (b) {a(tz +2j ,—2a(t2 +2JJ
t t

63. (b) (—t%,—cﬁj

64. (c) 1

65. (b) (2cp, 0)

1

© <(1+p*)
P

(d) G ,3cj




Review EXxercise 2

Exercise 1A

1. (a) Does not exist; the number of columns in A
is not equal to the number of rows in B.

o (642
®ly 4 4

14
© "

(d) Does not exist; the number of columns in C
is not equal to the number of rows in BA.

a=-2,b=3

bc —ad

5. (a) —%

(b) 2
(© 4

-1 -1
6. (a) (_3 _2j
(b)(76 —33]
-99 43
7. (a) 2K* +3k—3
7
(b)—z or 2

>3
8.

75

9 L)
- @ 302

2 1
®) 3,3 2p+%
1
c) —
© 5
10. (¢) x=—-7,y=-17

1(5 2
11.(51)5(_5 Sj

(b) 7\,1 = 6, )\.2:—1

12.(a)i(q qj
pq \3p 4p

1 (pqg 4q°
(b) — ( 5
rqg \2p° 13pq

Ll

3 10

-3 3
®| .

-9 0
@10 o

(d) Enlargement scale factor 9, centre (0, 0)
1 1

14. (a) V2 lﬁ

1

V22
15.(@) a=3,b=—4,c=2,d=-3
(©) p=36,q=25

-1 2
16.(a)(0 3]

() A4(2,1),B(0,5),C(-2,4)
(©

4 6 j
13. (a)

Ya
BJ(0,5)
C(-2.4)

(2,1)4

v

2 0
17. (a) (o —2}

(b) Reflection in x-axis, followed by enlargement
scale factor 2, centre (0, 0)

(c) (6,0)
18.(a) C = -7
) 2 12
o[l 2
®D=1, 1
@
+m



19. (a) L represents rotation through 90°, anti-
clockwise about (0, 0)
M represents an enlargement scale factor 2,
centre (0, 0)

(©) 0=45 k=42
o [16 0
@Dlo 16

301
20. (b) (_1 3)

25. (b) 17 730
26. 8841
27.46 850
29. (b) 957 700
30. (b) 61 907
31. (b) 32 480
32. (b) 26 660
33. (b) 1 805 040
34. (b) —6
36.(b) p=13,9=7
37.a) p=3,9g=—1,r=-2
(b) 23 703 950
38. (b) 247.5
52. (a) 24 x 24(n+ 1) + 34(n+ 1) _ 24 x 2411 _ 34n
56.(a) p=6,qg=-8
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(a) 1.29

(a) R represents a rotation of 135° anti-clockwise
about (0, 0)
S represents an enlargement scale factor V2 ,
centre (0, 0)

g [
(b) { 1
(c) 2
@1-i

b)z>—2z+2
(c) 1+2iand -1 —2i

x+4 7-2x
® | j

1 X
(b) 7orl
(@z=4+31,w=-3+4
(b) 5
(c) 2.21
@

V

Re

(e) 52

8.

1 1
@y 5

2
(b) (-4, 6.5)

169 13
© (6_4’?j



