
CHAPTER 7 CuRvE sKETCHlNG AND INEQUALITlEs

InequaⅡties

In r,·J〃@歹伢c力ηg P仍rc Mαr/t召阴σr七s乇pagCs6and3o,wC found how to solve
sknple incquaⅡ ties such as

4豸 +7>3(艿 -4) and 艿2-7艿 +10≥ 0

We estabhshed that we can add and subtract as usual with an incquaⅡ ty

symbol,as ifit werc an cquals symbo1.But to multiply or diⅤ idc by a negatiⅤ c

numbcr,、Ⅴe must change the sigⅡ of the inequaⅡty。 For examplc,wc haⅤ e

3>2 but -3(-2

-2艿 )4 => 豸<-2

Hence,an inequality such as伤
艿4ˉ D>2camnot be solved siFnply by

multiplying both sidcs of the inequaⅡ ty by c豸 +铣 sincc wc do nOt knOw
whether cx+歹 is po蚯 tivc,giving

镢 +3)2(c苈 +③

or negative,giving

销 +3<2(c苋 +③

捌 当⒊t萏Fu钊
出虫3眦hs销 >乜 Ⅶ Gan use血h ofthe咖 驾

1ⅣⅠultiply both蚯 des of thc incquality by@艿 +③2,whiCh we know must be

pOs“iⅤe.

2 Sketch`=销 ,solve宪 =庀 and then,by GOmparing thcsc two

results,writc down thc solution to thc incquaⅡ ty.

You shou1d bc ablc to use both Imetllods,but the one、vhich you prcfcr wi11
probably depend on whichcⅤcr is better,your algcbraic skⅡ 1or your graphical
skill。

蚤   ExampIe6 solvc the inequa1ityW)2.;+3
麟    sOLuTION

瑟    lVIethod1

:  bΙ ultip1ying by(艿 +3`,we。 bt缸n

:                    号乏舌fk,c+3)2))2(氵‘+3)2
螽            → 6x-9)(豸 +ω >2(J+3)2

鳘      → (5艿 -9)(Ⅰ +3)-2(豸 +3)2>0
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INEQuALITIEs

Noting tllat o+ω o a factor,wc factorise to obtain

(艿 +3)[5艿 -9-2(艿 +3)])0
→ 0+⑴(3x-15)>0
→ 0+3)(豸 一①)0
◇  豸>5 or x<-3

G+3)0-5)

⒈江ethod2

5x-9
Consider tl△ e curⅤc y== 

艿+3 
。

The asymptotcs arc艿 =-3and`=5。

Thc curvc cuts thc axcs at (:,0) and(0,-3)·

Wc can now skctch thc curvc of`==;;|iF::·

when∶
1℃二;=2,we haⅤ e
5艿 -9=2(~Y+~3J

→  3豸 =15
→  艿=5

We inscrt thc point P(5,2)on the curⅤ c。 Hcncc,wc can sec that

5豸 一9)2
艿+3

is satis丘 ed by the part ofthe graph above thc dotted1inc`=2.That is,

whcre x)5or豸 (-3。
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CHAPTER 7 CVRVE sKETCHING AⅡ D INEQVALITIEs

晷   ExampIe7 so1vc the inequahty+÷≡丿::卜苎钅}(2·
:    sOLvTlON
灞

臼   Ⅳ1ethod1

: Multiplying by o-1)廴
艿一纷2,we obtain

莒                        +∶芒|::⒌苎钅;(艿 -1)2(艿 -ˉ 2)2<(2(x-1)2(,‘ -ˉ 2)2

0

∶                       =今
  (艿 +1X觅 +4X艿 -1X艿 一 2)<2(J-1沪 (艿 -2)2

∶         → (x+1Xx+4Xx-1XJ-2)-2(艿 -1)2(豸 -2)2<0

邕 N°ting that o-1)and←
~纷 are factors,we factorise to obtain

∶       (x~1)(x~2)[(艿 +1)(艿 +4)-2(豸 -1)(艿 -2)](0

:          =>  (艿
-1)( l̄ˉ
—2)[(豸 2+5艿 +4-2苋 2爿卜6x-4](0

:             → (艿 -1)(艿 -2)(—x2+11艿)<0
罟                       → (J-1X豸 -2X另2-11x)>0

∶                        → (艿
^1×x^2)豸 (豸 -11))0

:  Thcrcforc,we har

:      罟≡叶爻争≡努(2
墅  whcn x>11,l(豸 <2,豸 (0。
鼹

∶   ⒈江ethod2

蓄   ConsidCr the curve of y=苄 :苎|;∮:;苎::}·
:  The hoⅡ zont缸 asymptotc心

`=1.
: ThC vertical asymptotcs are x=1and豸 =2.

矍 The curⅤ c crosscs the axcs whcn`=0,艿 =-1,-4,and whcn艿 =0,
■ `=2。

蠓  When`=1,wc Obt扯 n
鼹

量       =1
∶      → 艿2+5艿 +4=x2-3x+2
■         →  8~△ˉ=-2

晕           =◇  艿=一扌
∶  When、 =2,we obt缸 n

曩               =2
薹          =分   艿

2+5艿 +4二=2(J2-ˉ 3苋 +2)

鲞        → 0=′ -11兀
缪          → x=0 and 11
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lNEQVALITIEs

Thcrcforc,wc havc

(x+1)(兀 +4)<2
(豸 -1Xx-2)

when艿 )11,1(豸 <2,x<0.

InequaⅡ ties iⅡ volving modulus curves

In rヵ rrε歹伢c扔gP笏 r召 Mα砌召I9F夕莎jCs(pagc9匀 ,wC found how to solV’ c蚯mple
modulus incquahties.Hcrc,wc considcr1nodulus inequaⅡ ties involⅤ ing
algebraic fractions.

Take,for cxample,the InOdulus incquaⅡ ty

|W刀
Wc solⅤ e this by Ⅱrst solⅤ ing

W=+2 and :言i;早 =-2

and thcn dcducing the rcquircd valucs of苋 from the sketch of the curve

`=|W|
The skctch of`二 =|;;:舌

:∶ |is obtained by skctching y=号 f礻F;L and

rcⅡccting in the x-aⅩis that part of thc curvc bclo、 v thc J-axis.
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CHAPTER 7 CURVE sKETCHING AND lNEQUALITlEs

‰∞叫W|>∷2尸汀"咖Ⅱ followz⒊
First,、Ⅴe solve;÷

1F:∶
-2,which gives J=5(asin EⅩ ample6,pages140-1)。

Next,wesolⅤeW=-2,which giⅤ es

5豸 -9=-2(艿 +3) => 艿=3̄7

Then,wc skctch`==;÷
1F:∶
·

№猁⒕wc slcc岫 y=|W|邛∞⑾J mg冫
'6讠

InscrtthepointPwhereW=+2,andthepointQwhereW=~2·

Hence,wc have

|W|丸
whcn x>5and豸 <号,excIuⅢⅡg艿 =-3,where the curⅤc o not dc丘ncd.

O
 
 

⒉

 
劣
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EXERCIsE 7B

Exerc:se7B

In QuCstiOns1to4,solⅤ c cach of the incquahtics for x.

1a,豸 +3(2

3x+4>2
艿-5

(x-1X艿 -2))1
(艿 +1)(艿 +2)

(2艿 -1)(~· —̄2))2
(豸 -3Xx+7)

|1乏::|)1

d)|孥辞
㈤
轺
>1  ⑴

(豸 +2)(艿 一①)1
(豸 -3Xx-2)

(艿 +1)(x+D)3
(豸 +2)(2艿 +3)

悟∷舌:)2
|活|丸
2艿
2+豸 -5(1

⑴量乏⒈:>1
Θ茹 ”

2豸 -1>3
万+3

3+4x>3
5艿 -1

(豸 -1X豸 -4)
(豸 +1X豸 -5)

C)

d)

2a)

d)

3a)

C)b)

e)

b)

e)>1

)2

叫〓 >2

o悟∷::|≤ 1

Θ帑 >

(EDEXCEL)

6Givcn that|豸 |≠ 1,ind thc complcte sct of Ⅴalues Of艿 for whch 
豸 > 1
艿-1 艿+1

5Find the con△ plete set of values of豸 for which′
-12>1。

J

Find the sct of values of苋 for which豸 +2>2~豸 .

Find thc sct of Ⅴalues of x for which  x  <  2
x+2 艿-1

(EDEXCEL)

(EDEXCEL)

(EDEXCEL)
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CHAPTER 7 CURVE sκ ETCHlNG AND INEQVALlTIEs

9 Find thc sct of Ⅴalues of λ for、vhich兀 ≤
笞
,    (EDExCEL)

10 For thc curve with equation`=22÷∶Ⅰf∴f二2∷ pr。Ⅴe aIgebraicaⅡy that there arc no real valucs
of苋 for which3<y<19.  (AEB9⑴

11        ※ 丌)=亻
:∷ 膏 罟 「  

豸 ∈ R,艿 ≠ 09艿 ≠ -6

a)Find the range of Ⅴa1ucs of fr艿).
Hencc,or otherwisc,sketch the curve with cquation`=ft豸 ).State the equations of any
asymptotcs and the coordinates of any turning points。

b) Use your graph to flnd thc numbcr of real roots ofthe cquation

兀3+6艿2-3艿 +6=0
c)On a separate diagram,skctch thc curⅤ e with equation`=|ft艿 ).  (EDExCEL)

12 0n thc samc diagran1,sketch the graphs of

y=豸 -5 and `=3豸 -2

disJnguishing betwcen then△ clearly.

Find thc sct of valucs of艿 for which|豸 t5|<|3x-2卜    (EDExCEL)

13`Find thc complctc sct of Values of x for which量
乏⒎÷
<3·    (EDEXCEL)

14 Find thc constants P,2and R in thc identity

午≠≡h+g+卉
Hencc writc down the equation ofthc obⅡ que asylnptotc ofthe curⅤ c C whosc cquation is

J2+J+2

`= .~1
Show that(【∶∶;i does not intcrsect this asymptote.

Thc points(— 1,-1)and(3,7)are stationary points of C。 Skctch C,indicating thc

asymptotes.  (NEAB)

15a,sketch the graph of`=2x+引 ,红ving the coordinatcs of thc pOints whcre thc graph mccts
the coordinatc axcs。

bl HCncC,Or otherwisc,ind the set of Ⅴalucs of x for wh忆 h4豸 +10>|2艿 +3卜   (EDExCEL)
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8 Roots of poIynon,iaI equations

犭 Jl〃 //'召 印 r伤 r氵@刀 l/lf〃 cOJ,le夕 r/r/sr

LOUISˇ IACNEICE

Roots of a quadratic equatioⅡ

If α and'arc thC rOots of a quadratic cquation,flx)≡ “2+Dx+f=0,then
thc cquation Fnust bc Of the form

※x)=/【-(丌 一α)(x一 刀) for some cOnstant庀

ThercfOre,wc havc

庀(J-α )(艿 一

`)≡

四x2+DⅣ +c
→ 庀(△2— h+月丌+α尸)≡ “2+乃x+c

Equating thc coeⅢ cicnts of x2givcs∶   Fv==四

Equating thc cOcfncients。 f x givcs∶  一庀(α +尸)=D
And cquating the constants gives∶   叙x`=f

ThcrefOrc,wc Obtain

α+尸 =一垒 and α∥=￡

Or

哥

ThC sum。 fthe r。。ts is一
钅
and the pr。 duct。 f thC roots iS云·

耋  ExampIe1In the cquation3x2-7x+11=0,Π nd

享   :} ∶:∶∷:1::f∶∶∶::∶∶。ts.
煽    sOLuTION

童 al using α+尸 =~至 ,wc haⅤc
攮                     围

曩            Sunl Of thC roOts,α
+卩 =一

予阝
=→-:

癯 bl Using α卩=三 ,wC havc
鼙               曰

景             Product。 f thc roOts,α'=罟
147

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER 8 RooTs OF POLVNOMIAL EQuATIoNs

Converscly,wc Inay write the quadratic equatiOn as

蓼         
劳2— (sum。f roots)艿 +(product of roots)==0

蟊

妇

■

骟

ι

豳

镳

囔

鑫

鑫

灞

裰

Example2 Find thc equation、 vhosc roots have a sum ofJ⒈ and a pr。 duGt

of_-

Using冗 2_lsum of roots)J+(product of roots)=0,we have

J2一告豸一:=0 or 2艿
2-艿 -5=0

ExampIe3The cquation3豸 2+9豸 -11=0has roots α and β Find the
equatiOn whose roots arc α+卩 and αβ

sOLuTION

From3豸2+9豸 -11=0,we haⅤ e

α+卩 = 3 and α卩=一旦

The sum ofthe new roots o∶  α+卩 +α卩=

The product of thc new roots is∶  (α +卩)× α卩=

Thercfore,the new cquation is

3       3

~3× ~旦 =11
3

x2-←
等
艿-+11==0  or  3艿2+20艿 -+33=0

Example4Thc cquation4豸2+7x-5=0has roots α and β Find the
cquation whosc roots arc cy2and卩

2。

sOLVTION

From4x2+7豸 -5=0,we have

α+卩 ==一子 and α卩==一景
The su11△ ofthc ncw roots is

α2+卩2=(α +卩)2-2α卩

Substituting thc abovc valucs in thc RHS,we obtain

`+卩

2=(~子
)2-2×
一景=;号

Thc product ofthc ncw rOOts is α2卩2==(α卩)2.substituting the valuc for
α尸,wC obt缸n

(α阝)2=(一景)2==锫
ThcrcfOre,the new equation is

艿

2一

愕

豸 +寻

:=干

0  or  16兀
2-ˉ
89豸 +25==0

蠹

口

i
宙

攮

■

豳

馏

饔

蟊

Ⅱ

●

■

¤

蟊

攮

I
口

豳

懑

鼹

鼷

口

■

癫

邋

疆

骧

娴

3~旦 =~型

曩

蜜

■

翳

哆

添

豳

●

诙

蟊

锰

钮

●

蟊

癜

镏

镳

镰

镳

蚕

Ⅱ

△

●

奋

翳

谡

●

日

镰

喵

啜

■

豳

臼

■

■

鼹

蟊

■

灞

豳
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RooTs OF A CuBIC EQuATI0N

Roots of a cubic equation

In a sinⅡ ar1nanner,if α,卩 and γ arc the roots of a cubic cquation,
ε豸3+3豸2+cJ+歹 =0,thcn we havc

四豸
3+D艿 2+c艿

+歹 ≡ 庀 (豸 一 α)(豸 一 卩)(x—
^)

→  曰豸
3+3豸 2+c苋

+歹 ≡ /t/【豸
3-0+卩

+l,lx2+(α 卩 +卩 γ +γ α)J— α卩γ]

Equating cOcⅢ cients of`红 vcs∶ α+卩 +γ =一垒
r/

Equating cocⅢ cients of艿 虫ves∶  α卩+阝γ+vα =三
曰

歹
And equating thc constants gives∶   (;丬:∥v

f/

∶  ExampIe5Find the cub忆 equation in艿 which has roO“ 4,3and-2。

:    soLuTIoN
0

∶  The sum。 fthe roOts o

爨       α+卩 +γ =4+3+(-2)=5
蘧  The趾m。f the roots takcn two狨 a time^

鑫       α卩+卩v+vα =4× 3+3× -2+(-2× 4)=-2

墅  ThC pr。 duct Of the roots is

:     α卩γ=4× 3× -2=-24
∶  ThC∞ fore,the cqu乩on^
盂     豸3~5豸2~2豸 +24=0

瑟  Example6The cubic equation x3+3艿2-7x+2=0has roots α,卩,V.
∶ Find thC value of α2+卩

2+`。

蘧
曦    sOLVTION

邕  From the cub妃 equation,wc haⅤ e

蠹        α+卩 +v=^3
爨      α尸+卩γ+γα=-7
≡             α卩γ=-2

:   lvC now cxpand(α +卩 +⑺
2tO Obta1n

:      α2+卩2+`=(α +卩 +”2-2(α卩+卩v+γα)
蘧   Substituting thc va1ucs,wc obtain
墅     α2+卩2+`=(-3)2-2× -7=23
镳

爨  Theref。 re,we havc

葛           α2-+卩
2-+v2==23
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CHAPTER 8 R0oTs0F P0LYNOMlAL EQVATIONs

Roots of a po1yⅡoⅡliaI equation of degree刀

Fro1n thc propcrucs。 f thc roots of a quadratic cquatiOn and of a cubic cquation,

WC SCC that in a pOlynOnⅡ al cquatiOn of dcgrcc Pl,frx″ +D/ˉ
l-卜
cx″
ˉ2+,¨

=0,

thc su1n of the rOots is一 互 and thc pr。 duct of thc rOots is givcn by
四

四
嚣

⒍ncc the last tcrm is thc prOduct of_α ,_',—γ,— J,¨ ,,

鬣  ExampIe7Thc rOOts Of ft冗 )≡ 4x5+6J4-3x3+7x2-11x-3=0arc

蛩   α,',γ ,J and ε.

量   a) Find the prOduct ofthc svc rOots.
鼋  b) i) Show that x=1is a rOOt ofthe cquatiOn

ξ      Ⅱ) Hcnce shOw that the surn Ofthc roOts Othcr than1is一 至。2
孳   sOLUTION

瑟   a)Thc suⅡ 1of aⅡ flvc roots,叱 尸,V,J and ε,is一
钅
=一
号
=—
:·

鑫 b)D Wllen x=1,we hvc

耋        fl1)=4+6^3+7-11-3=0
蛋     Thc∞ f。￡,△om tllc hctor tllcOrcm,J=1is One⒛ ot Of tlle
琵        cquation,

軎 ㈧⒁md岫⒁血 :⒁m哪 o Tl△at蜕
3

瑟        α+卩 +γ +J+ε =
诿                                     2

耋      Putting ε=1,we havc

莒         α+尸 +γ +J+1=_: → α+∥ +γ +J=— :
曩         Thcref。 rc,thc surn Of thc Othcr four roots is一至

2

薹 ExampIe8The cquation'+(3+i)z+`=0has a root of2_i。 Find

霉   the valuc。 f`and thc Othcr rOOt ofthe cquatiOn,

爨    sOLuTION

蘩   Sincc2_iis a root,z=2_i satisⅡcs thc cquation,Thercfore,we haⅤ e

炱       (2_D2+(3+◆ (2— D+`=0
薹            → ′=ˉ 10+5i

曩   Thc surn。 f thc rOots,α -+`=一
垒
,is— (3~+i).:Γ hCrcforc,thc Othcr rOot is

蘩                                 夕

瑟     一(3+D_(2_D=-5
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EXERCIsE 8A

Exerc:se8A

1 Write down the suⅡ 1and thc product ofthc rOOts of each ofthc fol1owing cquatiOns。

a)J2+3丌 -7=0      bl I2-11J+5=0     cl x2+5x-4=0

d)3J2+11丌 +2=0    e)△ +2=至         f)2x2=7-4J
X

2 Write dO、 vn the equatiOn、Ⅴhose roOts haⅤ c thc suΠ 1and thc prOduct givcn bclo、 Ⅴ.

a)SuⅡ17;product15       b)Suln-3;product+5

c)SuⅡ1-2;prOduct-4     d)Sulla-5;product-11

3 If α,`,v arC the roOts ofthc cquauOn x3~5J+3=0,△ nd the valucs of

a)α +∥ +V    b)α 2+'2+V2   cJ α3+`3+v3

4 Thc cquatiOn2z2_(7-2i)z+g=0has a roOt of1+i Find:)thc valuc of￠ and ii)the Other
roOt Of thc cquation,

5 Thc cquatiOn3z2_(1_Dz+r=o has a rOOt of3+2i.Find i)the valuc of r and ii)thC OthCr
roOt Of thc cquation,

6 GiⅤen that α,',v arc the rOOts of thc cquatiOn x3+△ 2+4J-5=0,丘nd thc cubic cquation
whOsc roOts arc`v,Vα  and α

`.  NΙ
EC)

7 Chven thc cubic cquatiOn x3-7x-卜 g=0has rOots α,2α and尸 ,Ⅱnd thC pOssiblc valucs Of rF,
(WJEC)

8 Thc equatiOn3J2-5x+6=0has roOts α and β Without solving thc giⅤ cn equatiOn,Ⅱnd an
cquatiOn with intcgcr cOcfficients whosc rOOts arc(α +')and αβ   (EDExCEL)

9 Thc roOts of thc cquation x3-3Ⅳ 2-3J-7=0arc∝ ,卩 and v。
a)Find thC value Of α2+'2+V2
bl show that

1  α ∫9
α  1  v

∫3  γ  1

=0   (NEAB)

15丬

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER 8 R0oTs OF POLVN0MlAL EQUATl0Ns

Equations with reIated roots

If α and卩 are the roots of rJx2+3艿 -← c二=0,then、吖e can obtain thc cquation

、vhosc roots are2α  and2卩 by rnaking a substituu。 nf。r兀 .

First,wc cxpress锚 2+D豸 +c=0as

四(艿 一α)(兀 一卩)=0
which gives

△(2豸 -2αX2△ -2卩)=0
We obtain the required equation,whose roots are2α  and2卩 ,by putting
y=2艿,wh妃h giⅤcs

ε0-2⑷o-2θ =0

Hcncc,rcp1acing豸 by::∶ giⅤes an cquation whosc roots arc twice thosc of the

original cquation.

:   嬲 :Ⅰ1∶t罗:11扌:1::;s:∶哭
;∶

Ι∶F:sⅠ二昱
3α and3卩’where α and卩

箧    sOLvTION

蛋   RCplacing苋 by昔 in2x2-5艿 +3二=0,we obtain an equation in y、 vhosc

镢 r。。ts f。 r∶】~∶ arc the same as those for汇 that^,α and卩.HCnce,the roots
■              3

罗 for`will be3α  and3卩 ,

蘧   ThCrCfore,thc rcquircd equation is

E        2(昔 )2-5(昔)+3=0
蘖     → 2`2-15y+27=0

笆   If the equation is to be exprcssed in terms of豸 ,it would bc

痣     2艿2~15苋 +27=0

:  Example1o Find the equation whose roots arc α
2,卩2,γ2,where α,卩,v

孟 arC thC r。。ts of3艿
3-7豸2+11艿 -5=0。

∶    sOLuTION

:  :⒘;11梦;;南:圣压亻Ⅰ∶;ti营1:Ⅰ扌;∶ ;1∶LJ雇 J飞导
’
iΣ

e。btain α,卩 ,γ as the

∶  Thercf。rc,the equation in√ t is

聂     3、⑧
3—
Tl√⑺
2+11(√
⑺-5=0

邕        → 3y√7+11√9=勹 +5
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EXERCIsE 8B

Squaring both sidcs,、Ⅴe haVC

9'+6⒍

`+121y=翎 `+7Oll+25ThcrefOrc,the required cquation is

9`3+I7`2+51y-25≡ 0

ExercIse8B

1 The roots of thc cquatiOn x2+7J+11=0arc α and β Find thc cquation whosc rOOts are2α
and2'.

2 Thc roOts of the equation x2-15x+7=0arc α and胜 Find the cquation whosc ro° ts are3α
and3卩 .

3 Thc roo“ ofthe equauon3丌 3~4x2+8x-7=0arc α,尸 and v,Find the equation whosc roots
are2α ,2卩 and2γ ,

4 The rOots of the cquation yv3-3艿 2_11x+5=0are α,卩 and γ。Find thc cquatiOn、 vhosc roOts
arC:;9∶
;and∶;

5 Thc rOOts of thc cquation2J2-卜 3x+
and∫32.

6 The roots of thc cquation3x2-7Ⅰ +15=0arc α and β Find thc cquation whOsc roots are α2
and尸 2,

7 The cquation2丌 2+7x+3=0has roots α and β Find thc equation whose roots are

a) 2α ,2刀 蛸,詈

17=0arc α and β Find the equation whosc roOts arc α2

8 Thc equajon3J2+9J-2=0has roots α and β Find thc cquatiOn whose roots arc

a) 4α ,4尸 c)α2,卩
2

9 Thc roots ofthe cquadon x3+3△2+5J+7=0arc α,卩 and γ,Find thc cquauon wh。 sc rOots
arc

a)3α ,3',3γ      b)α 2,卩2,V2      cl α+3,卩 +3,γ +3

10Thc roOts of thc cquatiOn x4+3J3+7x2-11△ +1=0arc α,卩 ,v and J。 Find thc equation
whOse rOo“ arc3α ,3尸 ,3γ and3a。

11 The cquatiOn x+2+旦 ==0has rOots α and丿3.Find the equation whOsc roots are5α  and5`
△

12 Thc roots Of the quadratic equation J2-3x+4=0arc Ot and 
β WithOut solⅤ ing thc cquation,

ind a quadratic cquatiOn,、Ⅴith integcr cOefficients,whosc rOots arc÷ and∶
:    (EDExCEL)

唠,吉

c)α2,'2 dl α+2,`+2

d)α -3,尸 -3
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CHAPTER 8 RooTs 0F P0LΥ NOmlAL EQVATI0Ns

Comp1ex roots of a poIynoⅡ lia1equation

If z≡ 豸+”
^a root of a polynomia1cquation with real coefⅡ

oents,thcn

Ξ≡x— △′dso a root ofthc polynomia1equation,where z^the co句 ugatc
oF z(sCC page3).

Proof

Suppose z is a root ofthe pOlynoⅡ Ⅱal

rr刀 z刀 +ε〃_lz″
1̄+ε
刀~2严
2̄+。 。。+△ 0二=0

Thcn,taking thc conJugatc of both sidcs,wc have

‘″z″ -+四刀一lz″
1̄^+g刀 ~2z刀 2̄+· ··→-ε0==0

Using zl+彻 =石 +万,WC obtain

J/l'十 曰刀 iz″ l+ε″2z″ 2+,¨ +两 =0
And u⒍ ng zlz2=石 万,we obt扯n

曰刁z刀 +ε刀 l严
l+‰ 2'2+。 ¨+两 =0

wh忆h giⅤcs

砺⑺
″+‰ 1⑺

″1+日
刀2⑺
刁2+.¨ +两 =0

Since a11thc ci arc real,刁 i==伢 i.:Γherefore,wc haⅤ c

ε刀∈)″ +曰刀~1(Ξ )〃
l̄+△
刀~2(刁
刀̄2+,¨ +匈 =0

Hence,jΞ:is also a root of the polynolllia1.

鳅 拶 黯 豁
昱。
帅 m血狃诫mm址 ωeⅢ洫 甜哪 ⒁ Ⅱn

Note Wc found in Examplc8(page150)that whcn a quadratic cquation docs
ⅡOt ha△·e re:a111coeⅢ cients,the roots arc not co珂ugate compIex p肛 rs.σn
Exall△plc8,they are2_i and-5.)

罂  ExampIe11Show that4_i o a root ofthc polynomhlcquaton

耋           ftz)三≡z3-6z2-← z-+34==0
琶  Hcnce丘nd thc Othcr roots.

鼙   sOLVTION
翳

益 To prove that z=4_iis a root,we provc that※ 4— D=0.rz=4_i is
∶  a root,thCn z=4+iis a`o a root,sincc the roots Occur as co句 ugate

餮  complex p缸 rs.

ξ:I蛋∫。F赁。Ⅰ卩母:;℃珲F甜品默;:|JⅠ∫I::t雀滗嚣严
aR×光∝舳
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COMPLEX R0oTs OF A P0LΥ NoⅢ IAL EQuATION

箧 Substituting z=4_i in※ z)≡
'-6z2+z+34=0,wc haⅤ

e

鲞     ※4— D=(4— D3-6(4— D2+(4— D+34
:           =52-4⒎ -90+4⒏ +4_i+34
0           =0

瑟  Thercforc,4_i^a root of※ z)≡
'-6z2+z+34=0。

Hence,4+i必
∶    also a r。。t.

: rz_⒁ +D and z— ←—◆arc factors of the polynOmial,so o

∶  ke+胡 k—←明='&+1T
∶  Dhiding'-6z2+z+34=0by'-8z+17,we obtain

:      ftz)=02-8z+1D臼 +⑷

:   :Ⅰ温∴E3;rc’ the three rOots of ψ)Ξ≡z3-6z2-+z-← 34==0are4-+i,4-— i

∶  Example12Show that2+i必 a root ofthc polynomhl equ扯 ion

鲞     frz)≡ ~-。 -12z3+62z2-140z+125=0

霉  Hcnce snd the othcr roo“。

¤    sOLVTION

∶  Asin Ex。mplc11,to prove that z=2+i o a root,we prove that
瑟  fl2+D=0.If z=2+i^a root,then z=2_iis alsO a root.

罡 NCxt,wC Ⅱnd tl△ e quadr扯 ic with reaI coeⅢ cicnts which is a1:Ⅰ:1ct∝ .Wc
蠹   thCn dividc flz)by this quadra-ic to f1nd the Othcr factors。

晕   Substituting z==2-+i in※ z)E≡ z4-12z3~+62z2-140z-← 125==0,we havc
∶      R2+D=(2+D4-12(2+D3+62(2+D2-140(2+D+125
∶           =~7+24i~24工 13⒉ +186+24⒏ -280-140i+125
∶           =0

蕙   五t嬲轹 :∶:ff::∶ Fffrz):≡
严-12z3~← 62z2-140z-← 125==0.

瑟 If z— ⑿+D and z— ⑿—D arc factors of thc polynomial,so心

琶      l-’
_⑿ +D]k— (2— Dl='-4z+5

莒   E)ividing尸 -12z3~← 62z2-140z-+125by z2-4z-+5,wc obtain
霭      flz)=o2-4z+① 02-8z+2D

罂  U“ng the quadⅢ忆formtlla,we snd that the roots of'-8z+25=o
裰   arc4=± 3i.

重   F号∷∶
°
Fi∫:lf:;∶去:slLF:i阝

z)≡≡z4-ˉ 12z3+62z2一 1̄40z-+125=0arc
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CHAPTER 8 R00Ts OF P0LΥ NOm∶ AL EQuATloNs

Example13Thc roots of the equation fr艿 )≡ 2x3-3艿
2+7艿 -19=0arc

α,卩 and V.Show that

a)thCrc is only onc real rOot

b) thC real root hes beoⅣ een x==2and艿 ==3
c) the real part of the t、 vO cornplex roots lics bctwccn— 劳̄and— :̄;.

sOLVTION

To show that a cubic equation has only one real rOOt,wc flnd thc values

of※x)at its turning points.Hence,we will be ab1e to scc which ofthe

fo11owing curves k※θ.

Note Whcn thc values of※艿)at its turning points are of oppOsitc sign,
fr豸)=o has thrcc rcal roots。

a)T。 nnd the Ⅴalues of】 l(x)at its turning points,wc differentiatc flx)∶

Kx)≡ 2J3-3艿
2+7豸 -19

f′ (觅)=6艿
2-6λ +7

Hcncc,、vc havc

6x2-6x+7=0

→ 豸=6土 √
′36-168
12

That is,卩 (豸)=0has no real roOts。 Hcncc,the cub忆 ft豸)has no
turning points,which1neans that※豸)=01△ as only one rcal root。

b)We flnd that

K2)=-1 and fl3)=+29
So,义苋)has opposite signs at x:=2and艿 =3and is continuous for
2≤ 豸≤3.Therefore,the rc破 root of flx)=0Ⅱ es between豸 =2and
苋=3.

c) Let thC thrce roots of thc cquation be α,卩 ,γ,whCrc α is a real number
bctwccn2and3,and卩 and V are cOmplcx numbcrs.

Sincc thc roots Of a polynO1111al with rcal coeffIcients Occur in conJugate

complcx p缸 rs,尸 and γ are co硒 ugate cOInplcx numbcs,wh妃 h wc wiⅡ
represent by`+ig and`_i够
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EXERCIsE 8C

∶   U“ng α+卩 -← V=一钅,we f1nd

:          α+卩 +γ =:
罡  Which gives

:       α+`+叼 +J,一叼=:
礻

∶          → 纫=:—α
:  sincc2<α <3,we thereforc havc

富       :-3(纫 <:-2

慝      → _:<勿 <_:

∶      → 
—
:(`(—÷

罟   Hencc,the rea1part Of each cornplcx root1ics between_ˉ 劳and_ˉ昙.

Exerclse8C

1 Solve the equation艿 4-ˉ 5x3+2丌 2-ˉ 5x-← 1=0,giⅤen that iis a root。

2 SolⅤ c the equation3J4_x3+2艿2-4△ -40=0,giⅤen that2iis a root。

3 DetcΠnine the numbcr of real roots of the equation2艿 3+J2=3。

4 DeteⅡ匝nc the number of real roots of the equation2艿 3-7艿 +2=0.

5 DctcrⅡ1ine thc rangc of p。 ssible values Of庀 if thc cquation艿 3Hu3J2=佬 has thrcc real roOts。

6 Onc root ofthe equation z4-5z3+13z2-16z+10=0is1+i.Find the other roots.

7 a) Show that one root ofthe cquation z3-卜 5z2-ˉ 56z+110:=0is3+i。
b)Find the other roots ofthe cquation.

8 a)Show that one root ofthe equatiOn z4-ˉ 2z3-← 6z2|卜 22z+13=0is2-ˉ 3i.
b) i) Find thc Other roots ofthe equation.

Ⅱ) IICnce factorisc z4-2z3+6z2+22z-← 13into two quadratics,each of which has real
coefflcients。

9 The polynOnⅡ al※z)is de丘ned by

※z)≡ z4-2z3+3z2-2z+2

al VCri灯 that iis a root ofthe equation ftz)=0,

b)Find all thc Other roots of the equation※ ヵ =0。   (EDExCEL)

10 Chven that2+iis a root of the cquation3豸 3-ˉ 14艿2-卜 23豸 -10=0,flnd the othcr roOts of the
equat1on。    oⅣJEC)
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CHAPTER 8 RooTs OF POLΥ N0MIAL EQUAT:0Ns

110ne ofthe complex roots of2z4-13z3+33z2-80z-50=0o(1-3i),where`=~1.

∶) State one other complex rOot.
ii) Find thc Other twO roots and p1ot a11four on an Argand diagram,    (l、 丁ICCEA)

12 CⅡ ven that3iis a root ofthe equation3z3-ˉ 5z2-← 27z-ˉ 45=0,fInd thc Other two

roots.  (oCR)

13a,Veri灯 that z=2o a solution ofthe equation'-8z2+22z_⒛ =0。
b) Express z3-ˉ 8z2爿-22z-ˉ 20as a product of a linear factor and a quadratic factor with rcal

cocf忆icnts。 Hence flnd aⅡ  thc sOlutions of z3-8z2+22z-20=0。   (sQA/CSYs)

彐4 Two ofthc roots of a Cubic cquation,in、 Ⅴhich a11thc cOcfncients are real,are2and1+3i.

∶) StatC the third root.
iD Find the cubic equation,giving⒒ in the form z3+围 z2+Dz+C=0.  (oCR)

15Vcri卸 that z=1+i is a solution of thc cquation'+16z2-34z+36=0。

Write down a sccond solution of the equation.

Hcncc Ⅱnd constants α and卩 such that

z3+16z2-34z+36=('_αz+αXz+尸)   6QA/CsY⑴

16 The roo“ of the equation7豸3-8豸2+23λ +30=0are α,卩 ,γ .

al Write down thc valuc of α+卩 +γ .

b)Chven that1+2iis a root of the equation,flnd thc Other t、 vO roots.   lNEAB)

17 DeriⅤ c cxpres“ ons for the three cubc roots of unity in thc form relε 。Represent the roots on an

Argand diagram.

Lct f/9dcnotc One ofthc non-real rOots.Show that thc Ot廴 er non-real root is ct,2.Show also that

1+fl,+cl92=0

ChⅤcn that

α=`+g  卩=f’ +gω   γ=`+gfl,2
、vhere丿 ,and g arc rcal,

D flnd,in terms of`,α卩+卩γ+Vα
iD shoW that α阝γ=`3+'
ⅡD Ⅱnd a cub忆 equation,with cod⒒ocn“ in tcrms of`and g,whose roots are α,卩 ,γ .

(NEAB)

18Thc polynomia1《勾has rCal coeⅢ cients and onc root of thc equation※z)=0心 5+⒋。Show
that'-1oz+41o a factor of ftz).

Chvcn now that

frz)=严 -1oz5+41z4+16z2-160z+656,

sol△
·c the equation Kθ =0,匪Ⅴing each root cxactly in the form四 +仍。  (oc幻
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9 Proof,sequences and series

1Z召 昭 Jrsr″四召r夕ss″阴召砌rfr″勿氵r/,沁 沏‘印 沥 拒 犭 pr@∝

G H LE`VEs

We studcd somc aspccts of prOofin山 彳rr@J跖 c氵刀gP仍 r召 Mαr力 gr9cε莎莎cs ω ag∞ 515—
22).HCrc,、Ⅴc wⅡl cxaⅡⅡne proof by inductioⅡ ,including its appⅡ cation to
divisibⅡity,and、 vi11rcvisit proof by contradictioⅡ。

Proof by induction

Proof by induction is used、 vhen wc arc given a statcmcnt which apphcs to any

natural numbcr,J孓 :。

To prOvc a statcmcnt by induction,wc proceed in t、 vO steps∶

1 Wc assume that the statcmcnt is truc for刀 =庀,and then use this assumption
to prove that it is true for刀 =庀 -← 1。

2 We thcn prOⅤ c the statcment for刀 =1.
Step2teⅡ s us that the statcmcnt is true for刀 =1。

Stcp1then teⅡ s us that,whcn庀 二=1,the statement is truc for刀 =2.

Using step1again,、Ⅴhcn Ft-==2,the statemcnt rnust bc true for I,=3.

Using step1yet again,thc statcmcnt is true for刀 =4.

S虹nⅡarly,stcp1can be repeated for Ir=5,刀 =6,and so on.

The∞forc,tllc s切tcmcnt o true for all integcr刀 (≥ 1)。

量   Example1 Prove that∶ 营lr二

=.;PJ(刀 -← 1)·

诂    sOLVTION

:  Wea“ umc tllat tllc formula^“ uc for刀 =佬.Th∝efore,wc ha℃

宫       Σ;r=:Ft/(庀 +1)
鳌   WC are trying to prOve that∶Σ冫`==∶;刀

(刀 ^← 1)is true for刀 =佬 -+1。
珞                      r=1
镩

覃   That is,、ve are trying to prove that∶∶ir==:(庀 -+1)(R--+2)。
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CHAPTER θ PRooF, sEQuENcEs AND sERIEs

瑟  We havC

炱            笠苎r=苎~r+(庀 +1)th term
瘤           r=I    '=1

爨  wh忆 h gives

晕      楚∶r=:庀(Fc+1)+庀 +l
蘖  =抑 庀+D+驰 +丬
ξ                =:(Ftˉ -← 1)(Ft/-+2)

∶   Theref。 re,Σ二r=:刀 (I,→-1)is true for刀 =庀→-1.
鳘  when刀 =⒈ LHS ofthe formula=1

翠          RHS oftl· c formLlla=⊥ ×1× 2=1
镶                                     2

爨  ThCref。Ⅱ,tl△e formula^true for″ =1.

蓍 ThCrCbr⒐ Σ夕
r=:刀 (″ +D。 true for删 刀≥ 1。

Note In a Inathematica1proof by induction,it is Ⅴital that we write these Iast

four ⅡⅡes of the proof iⅡ  fuⅡ。

童 Examue2Provethatz1洌 =⒄ +1γ -1.
:    soLvTIoN

嚣  wC asst1me tl△犹the formtlla o truc for刀 =庀,wh忆h虫Ⅴcs

:   z1剧
=竹 +1)! 1

:  TherCf°
Ⅱ9wc ha∞

●

■           攵+1

∶   ∑洌=e+丿一。      r=1        1+o+1)tl△
tCrm

盔        =(Ft/+1)!ˉ 1+(佬 +1)(尼 +1)!

瀛          =(R/+1)!(1-
■               +庀

+1)-1

盂          =(佬
+2)(庀 +1)!-1

:        =(庀 +2)!ˉ 1

罟  TherCforc,tlle formula o true for刀 =肟 +1。
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PR00F BΥ  INDVCTION

攮

攮

磁

囔

翳

羼

蘧

●

亩

■

●

●

霰

撬

翳

■

0

0

攮

Whcn刀 =⒈  LHS ofΣ E肛
严!=l

r=1

RHS d∑洌=⒄ +
'=l

Therefore,the foⅡ mula is true for刀 =

l)!-1=2!-1=1

1

Thc￡forc,Σ)r.r!=⒄ +1)!-1′订uc for all刀 ≥1.
r=1

ExampIe3 Prove that斋 (c、sin J)二 =2詈cxsin(J+÷ 9lTE)·

sOLuTION

Ⅵ℃ assume that the for1△ula is true for P,=庀 ,which giⅤcs

器O、nθ =2各C⒍n← +寺庀°
Thcrcforc,wc havc

苷钅冉|O、nθ =击 (嘉 o`hθ)=击⒓告铲⒍n← +寺吲
=22台 cx蚯n(x+昔 庀冗)+2告 圹 c。s(J+去 庀冗)

=2卺cx[sin(x+去 庀冗)+cos(x+去虍冗)]

Using ε sin g+3∞ sε =R sin(g+α ),wC Obtain
d攵
+1rcⅩ

shθ =2各 Cλ √ ,⒍ n KJ+去 庀冗)+去 吲

=2告
(虍 +1)cλ sin卜 +去 (庀 +1)冗 ]

Th∝eb∞,斋 o、nθ =2鸶铲蛀n0+去刀⑹雨 uC br刀 =庀 +⒈

When r,=l∶
  票
(e、in J)=exsin豸 +cxcOs犭

=√2cxsin(x+去冗)
Thcrcforc,thc formula is true for刀 ==1。

⒒ σcb∞,器 o、n。 =2卷铲⒍n⒍ +去 I9·l雨 ue br删 刀≥ ⒈

ExampIe4If/=

sOLUTION

We assume that the statcmcnt

/七 =(苕
 2庀Γ1)

=(t 2刀Γ

is true for刀 =廴 、vhich givcs

/ahvop

`
)

0
∠

n
υ

'
( \

丶

J
/
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CHAPTER θ PR00F, sEQUENCEs AND sERlEs

∶  TherCfo∞,wc have

量       /庀 +1=x庀×/==(苕  2攵Γ
1)×
(: ∶)

量                 =(2、丨
1 2庀
+:庀 ^1)

薹           → /攵+l=(2?1 2攵
+∶ ^1)

炱 糨 i∶∶∶jFJ;莒1∶主1#r刀
=/t/+1

宫腼⒃″=“ |〉∥=“
严ΓDh删畛⒈

EⅡvisibiⅡty

ProOf by induction can alsO be used to prove that a tcrm is divisiblc by a

certain integer.

。   ExampIe5 PrOvc that52刀 +22刀 -23″
^l is divisible by13.

鬟   sOLVT】oN

瑟 Let笏刀='刀 +22″
23刀 1。 Therefore,wc havc

瑟       仍″+l=52⒄ +l)+22⒄ +1)23⒄ +l)_l

啻   Expressing笏″+l in thc pOwcrs ofJf″ ,wc obtain
鲨               :‰ +l == 5252’

l+2222刀 -2313’。̂1

爨               ==25× 52″ ~+12× 22″ ^23刀 ^l

宝  Adding笏刀and笏刀+b we obt缸 n
臼

蠹           zf″ -+cJ,9+1=26× 52刀 -+13× 22J’
^23J。 -1

∶   ;|l∶}ξ碾:i∶ 1∶∶f:1踹:rby13·
Thcrcfore,sincc thc sum of仍刀and

鑫           both笏″and Jf刀 +l are divisiblc by13,or
∶      both笏″and仍″+l are Ⅱot d"isiblc by13.

鑫 whCn刀 =1,仍1='+2030=26,which心 divisib1e by13。

盔 Thcrcf。re,仍刀
^d~isiblc by13for破

l intcgcr刀 ≥ 1。

It is not ncccssary to usc s虹nply仍刀+1+Jf刀 as the tcrm to be divisiblc by the
rcquired intcgcr divisor。 Wc can add,or subtract,any Inultiplc of cJ刀 +1and仍刀,
as long as that Fnultip1e is not the diⅤisor,or a factOr of the divisor。

In EⅩample5,we could have used勿刀+1ˉˉ12仍刀==13× 52″。But obviously we
could not use13笏″+1ˉ

ˉ13彷〃,which is divisiblc by13,to prove anything about
thc divisibⅡ ity of笏″+l or仍刀·
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PR00F BΥ  lNDuCTI0N

鲨  ExampIe6Provc that3+zl+2+'″
+1is divis此 lc by14.

噩    sOLvTION

耋 Let仞刀=34″
+2+'刀 +1,Thcrcforc,we havc

∶  ‰J=箩⑺钊̄ +'⑺刊刊
:                    = 3434刀

+2+5252刀 +l

蘖          =81× 3。’l+2+25× 5· z。 +1

昃  Note we are“ ying tO proⅤ c d说 sbili灯 by14。 But for the term in5加
+1,

炱  rf/l+l+‰匪rs⑿5+DpJ⒛d rr/l+l‰匪Ⅶs⑿5— D'舛 l

甚 Ncithcr25+1=26,nOr25-1=24arc dvisib1c by14,and so are
i  unhelpfL11.HoweⅤ er,we can see that bOth仍刀+1+3功 ″and仍″+l— 11仍″

蘖  makC thC tCrm in5加
+l dhis此 lc by14,酐vhg∞spccthcly⑿ 5+3)=28

蘖 and(25-11)=14
鑫  wc need t。 chcck tllat tlle tcrm in34″ +2alsO satisΠ ∝tll`西说s北ih”∶

龌     仍″+1-1l叨刀=:1× 34″ +2+25× 52″ +1-11(34″ +2+52″ +1)
琶          =81× 34″

+2+25×
52刀
+1~11×

34″
+2-11×

52刀
+l

:                     ==70× 34″
+2+14×

52刀
+l

吕  whkh、 divi⒍blc by14,

:   Thcrcforc,cithcr bOth仍 ″+1and叨″are divisiblc by14,Or both f/″ +l and仞″
:   are Ⅱot diⅤisible by14

: when刀 =1,34″
+2+′″+1=36+53=854,which心 dvisiblc by14.

鲞  Thc⒑ f。∞,aⅡ 叨刀盯e div^此 le by14,

髯 Theref。 re,34″ +2+52″ +l is dhisblc by14fOr dl刀 ≥1

霞  ExampIe7PrOⅤ e that7刀 +4″ +1`divisible by6.

诂   sOLVTI0N

鑫 Let〃刀=TZl+4″ +l。 ThcrcfOre,we have

Ξ       叨″+1=7″ +1+4刀 +l+1

瑟       =7× 7刀 +4× 4″ +1

耋  TO eliminate tlle+1,we need to subtra∝ “刀f1·°m彷″+1,ghing

E       Irll+1— Jf/l=6× 7刀 +3× 4″

麈 Wc cann。 t usc2仍″+l-2仍″,as this wOuld inⅤ Olvc multiplying by2,which
琶 。a factOr。 f6,which we are trying to prove is a hctor of tllc匪 vcn
:  exprCS⒍ on。 Hcncc,we need tO show that3× 4″ ,as wcll as6× 7″ ,is

琶  di说 sible by6∶

∶        叨″+1_Jf″ =6× 7″ +3× 4/l

髯             =6× 7″ +3× 2加

耋               =6× 7刀 +6× 22/l^l

鲞  Wh忆 h iS divisiblc by6。

163

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHApTER 9 PRooF, sEQuENcEs AND sERIEs

∶   ThCref。 re,either both仍 刀+l and笏 刀are divisible by6,or both“刀+l and叨 刀

∶   are not divisiblc by6。

二 when刀 =197〃 +4刀 +1=7+4+1=12,which is diⅤ isible by6.

∶  Theief。 re,all叨刀are⒍说sble by6.

戈  Theref。 re,T’
9+d’J+1o山 vis而le by6for狃 l刀 ≥ 1。

P.roof by contradictioⅡ

AnOther way to proⅤ e that something is true is to assume thatitis false,and

then tO arriⅤ e at a cOntradiction.(Sec also r「 F莎r@J:fc盹gP仍r召 Mα矽/B召阴四rjcs,pagcs
521-3.)

Suppose,for eⅩample,that wc want to proⅤ e the statc血 cnt

Thcrc is no biggest integcr.

It sccms obⅤious that thcrc is no biggest wholc number,but‘ it seems obvious’

is not a proper rnathematical prooR One way to proⅤ e this statemcnt is to

assume that there is a biggcst integer.

Ca11the biggest integer ar.Then3r~卜 1must also be an integer.Now,

3r+1>凡 r。 But丑r was supposed to bc thc biggest integer.Thereforc,wc haⅤ e
a contradiction.

So our original assumptiOn is falsc∶ thcre is no biggcst intcgcr.

Onc of the most beautiflll proofs in aⅡ of rnathematics conccrns the statement

There are an inflnite numbcr of prhne numbcrs

We suppose there are Ⅱot an innnite number of prhne numbers,and proⅤc that
this is nonsense.

Assume that there are a flnite number of prhne numbers。 Then lⅣe can writc

the1n down as乇

`1,`2,·

,̈`〃 l· ThC number`l×
`2×

。̈ ×
`刀

+1^not
divi蛀blc by any ofthe primc numbers乇 ℃,F,2,¨ ”f’刀⒈This is nonsensc bccause

切1,`2,.¨ ,`刀 lw孙 supposed to bc a list of dl thc primc numbcrs.Th必
cOntradiction te1ls us that our original assumption is wrong.Hence,thcre are

inJI∶iinitely1nany prkne numbers。

Exercise9A

1 Use prOof by induction to proˇ e that喜 r2二=l:刀 (刀 -+l)(2刀 -+1).

2 Uscproofbyinductiontoprovcthatz1尸 =i:刀
2(刀 -+1)2.

3 ProⅤc that13彳 -6刀
^2is diⅤ

isible by7。

4 Prove that26刀 |u32刀
-2is divisible by5.
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EXERClsE 9A

5It厶 酊ven that φ(刀)=T’
l(6″ +1)-1,for刀 =1,2,3,¨ ,

D show that

φ(″ +1)— φ(刀)=7″ (36刀 +48)

ii)HCncc prOvc by inductiOn that φ(刀 )is divi蚯 ble by12for cvcry po⒍ tiⅤc intcgcr r9.  (ocR)

6Ⅴcrify that55≡ l rlllod11),HCncc Ⅱnd thc rcmaindcr obtaincd on dividing5199:by11。
(oCR)

7 L1sc rnathematical induction to prOvc that

∑←
"r2)=刀

2⒄—D
厂=1

fOr a11posiuvc intcgCrs刀 ,  (AEB97)

8ft″ )≡ 24× 24″ +34″ ,whcrc刀 is a nOn-ncgatiVc1ntcgcr.

a)WritC dOwn※刀+l)— ※刀).
b)PrOvC,by induction,that f(刀 )is diⅤ iSible by5.   (EDEXCEL)

9 PrOvc by1nathcmatical induction that52″ -ˉ 1is diⅤisible by24for a11positivc integers刀 .

(WJEC)

10PrOV%” hducuon,曲 at之
二

《r+3)=:刀 ⒄ +1x刀 +匀 ,刀 ∈ ×,mDExcEo

,i Rovc” hducjonthatΣ》r2=:刀⒄+1x2刀 +1)
Find the sum of the squares Of the flrst rl pO⒍ tivc odd integers。   (oCR)

12 Use induction to prOve that

Σ二Kr+1)=:刀⒄+1llr/f+2)
for a1l po蚯 tive integcrs″。  (SQA/CSYS)

13 PrOVc by induction that

Σ》《r+D← +2)=÷刀(刀 +1ll/F+⑷⒄+ω  rNlccE㈤
14 a)Write down an expression for the刀 th tcrln of thc scries

琵 +磊 +寺+毛
一b)PrOvC by inductiOn,or otherwise,that thc sum,s″ ,of thc srst卩?terms of the abOvc scries is

givcn by

岛=苫考饣专÷;唧η
15 Show by1nathcmatical induction that

1+⒉ 2+⒊ 22+¨ .+刀 2刀 l=(刀 ~1)2刀 +1

for a11positivc intcgcr valucs of rf。    (、VJEC)
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CHAPTER 9 PRooF, sEQVENCEs AND sERIEs

16 a) UsetheresultsΣ

二

r=:刀 @-← 1)and Σ
亻

尸 =÷ 刀
2(Ia-←
1)2tO flnd an cxpression,in terms Of

刀,for ΣE《r-1)O+1),factorising your answcr as fully as possiblc。
严=1

b) Use1nathematical induction to proⅤ e that

扈 石 △ 廿 而
=÷ 一
瓦耢 而

for aⅡ  po⒍tive intcgcrs刀 ≥2。   (AEB9D

17 Use Inathcmatical induction to provc that

Σ二r← +D(r+5)=:刀 (刀 +D(刀 +2)⒄ +7)
for a11positive integcrs刀 。   (AEB98)

18 Show,by1mcans of a counter-exan△ plc,that the statement

a× b=0haplics a=0or b=0

is false.

19 Prove by induction that

軎谔锌扦=卜面纡Γ ⑩C⑷
20 Provc that thcrc is no smaⅡ est pOsitivc rational number。 卩ΙiⅡt ProⅤ c this by contradiction.]

21 Prove,by induction,that

Σ1r2(r丬
)=斋 PJl「
/J1勋 +1)(3刀 +⑷  ④DExCE0

22i) Show that,f彩 =R-+1,then

f~s刀 +⑷ (刀 -1)  3庀3+5庀2

刀(刀 +1)   庀(庀 +1)(Ftˉ +2)
provided庀 >0。
Ⅱ)ProvC by induction

扈7/⒈T≡鱼赭/N⑾
23 Show that∶Σ亻

r(r+2)=={詈 (刀 -+1)(2P9-+7).

L「sing this result,or othcrwise,find,in tcrllls of刀 ,the suⅡ1Of the scries

3h2+41n22+5h23+¨ .+⒄ +2)ln2刀
Express your ansⅣ cr in its siInp1est foΠ n。    (EDEXCEL)

ΒAEN0〓

\
l
Ⅰ

/

2
_
2
1

/
∫

ˉ

丶

\

×ⅡahhcunocCⅤnuadnF
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EXERCIsE 9A

24 Consider the sequencc dc【 ncd by the relationship tr″ +1==5fr″ +2、vhosc srst tcrm is frl==1。

i) ShoW that thc Ⅱrst fOur terms arc1,7,37,187,¨ ,

帅 dk耐 № dJh血 d⑾ ∞ l∷olCtM‰ =抑 罗η 一刂 N⑾ ㈤

25 A scqucncc仍 0,仍 l,fr2,¨ ,is deflned by

〃0=2 and 幼″+l=1-2“″ (刀 ≥0)
a)PrOve by induction that,fOr al19l≥ 0,

Ir刀 ==:(1+5(-2)″ l

b) statC,bricΠ y giving a rcasOn for your ans、ver,whether the sequence is convcrgent。

(NEAB)

26 PrOvc by cOntradiction that if thc suⅡ 1of two numbers is greatcr than50,then at lcast onc of

thc Original numbers1nust havc bccn grcater than25,

27Lct

/=(」1 :)
Use inductiOn tO prOvc that,for a1l pOsitiⅤ e intcgcrs J,,

/″ =(1I2刀  3)
Dctcrminc whcthcr or not this formuh for/″ is ako vHid when刀 =-1,  6QA/CsY9

28 PrOvc by inductiOn that,for eⅤery pOsitivc intcgcr∧ 几

Σ二揣 =:一湍
Chvcn that,fOr cvcry positivc integer,J、 、

`r,

湍 ≤:(营)Ⅳ
show that thc inⅡ nitc scrics

埒纤竿 +珲¨
is cOnvergent,and givc thc sum to inflnity.  (ocR)

29 Let zr,v,【【bc positive integers。 FOr cach of thc fOl1owing,dccide、vhethcr the statcmcnt is truc

Or false。 NVhere false,givc a counter-examp1c;where truc,giⅤ e a prOof,

i) IfJf and v bOth dividc lv then lr-卜 v dividcs ll,,

ii) If Zf dividcs both v and lll then ff dividcs v+ll.

i") Ifff diⅤ idcs v and v diⅤides lv thcn Jr dividcs v+v。

Write dOwn thc cOnvcrse of statcmcnt Ⅱ,and dctcrnlinc whcther or not this convcrse is truc.

(SQA/CSYS)
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CHAPTER 9 PRo0F, sEQVENCEs AND sERIEs

SuⅡⅡnation of series

As we have already secn on pages159-61,proof by induction can be uscd to

provc that a series has a kno、 vn sum。 UnfOrtunately,itis of no use when wc
dO not know thc sum in advance。 Thcrcfore,we wⅡ l now introduce two Other
mcthods of summing a series∶ applying standard formuIae and ⅡffereⅡoⅡg.

Applying standard formulae

On pages159and164,wc found that

Σ;r=:刀
@⋯←1)

客
r2==:刀 (刀 -+1)(2PJ-+1)

∑ r3==扌刀
2(刀 -+1)2

We also have

Σ夕尸=(Σ二r)2
Thcsc four formu1ae can be used to Πnd the sums ofrnany serics。

Note  ∑r1s。ften expresscd as∶】∶./r.
r=1                 1

∶ 
欧amue:Fhd thc sulll d冱 (4r2+讠

麟    sOLVTION

罴  First,we叩1it the gi、
`en term into its parts,and tl△

en use tl△e formulae

医   aboⅤe,as apprOpriate.

熏 N°
te互
11=1+I+1+.¨

+1=刀 Cot甜 J刀 ℃rms d D

蠹  splitting thc ghcn tcm,wc haⅤ c

君    ∑⒁r2+D=4∑ r2+∑ 1
渌           r=l            '=1    r=l

嚣  wh忆h ghes

蘖           7∶氵(4r2~← 1)==4× :刀 (刀 -+1)(2刀 -+I)+刀

量                      ==:刀 (刀 -+1)(2刀 +1)-←刀

麂                        ==:|【 2刀 (刀 -← 1)(2刀 -← 1)-← 3刀]
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sUMMAT】 oN0F sERIEs

量   →∑←r2+1)=扣⒓⒄+lx2刀 +1)+到厂=l

鼍  Thcrcf。 rc,wc havc

蠹   Σ~⒁r2+D=
=1          :刀

(4J,2-+6刀 -+5)

t  ExampIe9Find tllc sum ofΣ )(⒉
3+3r2+1)。

鏊

蘩 '=l

。   sOLVTION

:  Splitting the ghcn t∝ m,we haⅤe

晷         ∑(2r3+3r2+1璐   Ⅱ    )=∑ 2r3+± 3r2+± 1=1
冁                        

严=I    '= =1    r=l

蠡          =2∑尸+3土′+± 1

〃=l r=1    r=l

盂  wh忆 h gives
碾

晷   Σ~⑿r3+3r2+1
别  0=2× ÷

南 +彳 +3× :仰 +DG犰 +D+刀

0■     =罟 脚+呼 +@+D⑿刀+D+纠
■

薹  ThC∞ fOm,wc haⅦ

莒   Σ-⑿r3+3r2+1
宙                r= 丬  )=管σ+轫

2+轫 +⑴

堇 Example10№
d thc sum ofr虽

l←

r3一纷
霾    sOLVTION
翳

≡  splitting tllc ghen t∝m,wc havc

蓄   ￡L←r3_ω =iL⒁r3_ω _ΣL⒁r3_ω
黎           r=″ +1          〃=1          严=1

瑟  wh忆 h givCs

量      ￡)(4r3~3)=4Σ )r3-3Σ]1— (4Σ r̄3~3Σ~1)
璁           r=″ +1            1
鼹

曩                         ==4× ÷

(2r,)2(2刀 -+1)2-3× 29,一

 丨

4×

去

刀

2(刀
+1)2-3刀

l

薹                         ==4ra2(2刀 -+1)2-6刀一J,2(刀 -+1)2-← 3刀
鲞             =4刀

2(4刀 2+4刀
+1)一 刀

2(刀 2+2刀
+1)-3刀

霞            =刀 2(15刀 2+14刀 +3)-3刀
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CHAPTΞ R 9 PRo0F, sEQuENcEs AND sERIEs

Thcrefore,wc haⅤ c

】E) (4r3~3)二 =15刀
4-+14刀3-←

3刀
2-3刀

严=刀 +l

8

Example11 Find∑ O2+2)·
r=1

sOLVTION

Sphtting thc givcn tem,we haⅤ c

8         8     8

ΣE←
2+2)=二
ΣE′ 爿uΣE2

r=1        1     1

Usmg        '

客
r2==÷刀(刀 -+1)(2彳 -+1)

andremembcrhgthatΣ E1=刀,therefore ΣE2=2刀 ,wc obt缸n

■

痴

骧

蟊

鼹

●

歇

掇

癫

爨

谡

茵

鼹

魔

镛

毖

●

B
碾

田

蟊

■

勹

曦

翳

豳

癜

口

■

●

¤

蟊

鑫

■

●

Ⅱ

Ⅱ

●

Ⅱ

■

●

●

■

●

■

■

】E)(r2+-2)==l:刀 (刀 -+1)(2刀 +̄1)-← 2刀
Now,刀 =8,thereforc,

ΣE)(r2+2)==l言 × 8× 9× 17-+16==220

Hcnce,we have
8

ΣE)(r2→-2)==220
严=1

Exerc:se9B

Find ΣD(2′ -2r).
严=1

∏nd∑ (r+D(r一纷
〃=l

2∏nd∑ (2r3+讠
r=1

4∏nd∑⑿r_D← +5),
r=l

a) Sho、vthatΣ
夕
(2r-1)(2r~← 3):=:刀(4刀2-+12刀 -1)∶

b) Hence fInd∑ (2`-ˉ 1)(2r~卜 3)。    (EDExCEL)
严=5

Gv∞ that刀
^a po⒍

jr血 c串e△ Ⅱnd∑ ⑿r一 犭 ,虫讪 g your msw∝ h诋 蚰 plc虻 幻m.
'=l

ShOw that冫
:lr(2r-+I)==l言

刀(刀 -← 1)(4″ ⋯← 5).IICnce evaluate邑 r(2r~←

(EDEXCEL)

1)。   (EDExCEL)
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sUMMATIoN oF sERIEs

8Write down the sum
2Ⅳ

∑
'″=l

in tcrllls of为1and hencc Ⅱnd

13-23+33-43+,¨ _⑿η
3

血t∝ms ofⅠ
``∶

simpli灯ing your answcr, (ocR)

E"fferenciⅡg

Some⒃ ries can bc summcd using p盯 thl fI· actions(∞ er,·frr@dJrcli⒎ iJ犭
:「
P彷 r召

Mα r屁召999△ r's,pagcs280-89)ThC basis Ofths mcthod o th狨 mOst of thc tcrms
canccl Out,

邃 欧ample12∏ nd冫:l社坛·
0

∶    sOLvTION

∶

咖 ,靴 诵 托
湍

咖 m咖 咖 觚

:       1 =⊥ ~ 1
堇      r(r+I) r r+1
∶  Hencc,we havc
0

言  客诂万=芭 (÷ 7÷T)
0

富              =(÷一差)+(苣一启:)+(言一÷)+· +̈(万士T一虏:)+(劳一万寺Ⅱ)
∶ WC noticC tl△ at all tl△c tcrms cxcept tlle k哎 alld tllc last callcd Ollc
∶  anotl· Cr。 Thercfo⒑,wc havc

軎  客社坛=←宀=舟

:   Example13 Find∶Σ0石7石F÷炱7石
=Σ

「·
■

■    sOLuTION
0

∶   FirSt9wC、 Vritc r(r-← 1)(r~← 2) as the surn of partial1VactiOns∶
景  灭△←万=÷ 击+亠
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CHAPTER 9 PR0oF, sEQuENCEs AND sERIEs

娥

:
口

豳

痴

瑟

N

Hence,we have

喜石△←两=

+伊茗噶⋯+(滋一≠噶+

《≠舅+击)+伊并矿淘
滑:anΙl;l脱黯 扌豁 撬扩

ir1° West tcrms,sincc this obscures

We noticc that allmost a11thc terms cancc1one another。 We are left with

客 石歹T巧;F石死万
=1:+:+击 一

羔
+走

1  1   1
2 刀+Γ

+〃
+2

ExampIe14Usc the identity r≡
ΞP(r+1)_←

1̄)闪 to flnd the

sum∑厶
严=1

sOLVtIoⅡ

]!、/1[aking the given substitution,we obtain

Σ》r=Σ》:P(r+D—←—D闪
=:(1× 2-0× 1)+:(2× 3-1× 2)+:(3× 4-2× 3)+。 ¨

+万 [(刀
ˉ 1)刀 ^lP:-2)(刀 -1)]+Ξ D(刀 +1)— ⒄ -1)刀 ]

Wc notice that allmost aⅡ the terms cancel one another.We are left with

泛》r=:lO× 1+″@+瑚
=:刀⒄+D

ote  This rcsult、 vas also found on pagcs159-60,using a different1ncthod.
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