DISTANCE OF A PLANE FROM A POINT

Changing this to the form r.n = d, where 1 is a unit vector, we get

-
i 4 | _ 2
1 5v2 5v2
-
5V2
- Therefore, the distance from the origin is A
= 5\/§

Distance of a plane from a point

» Example 20 Find the distance from the point (3, —2, 6) to the plane
s 3x+4y-—5z=21

o SOLUTION

E

®  Method 1 First, we find the equation of the plane parallel to

. 3x + 4y — 5z = 21 which passes through the point (3, —2, 6). Then we find
=  the distance of each plane from the origin. The difference between these
= distances is equal to the distance of the plane 3x + 4y — 5z =21 from
s (3,-2,6).

2 The equation of the plane parallel to 3x + 4y — 5z = 21 through (3, -2, 6) is
Ix 4+ 4y —52=(3x3)— (2 x4 (6% —5)

= 3x+4y—5z=-29

i Changing this to the form r.n = d, we get

n 3

2

| | e

" 5v2 5v2

: 5

5v2

% Therefore, the distance from the point (3, —2, 6) to the plane is

Xf J>21 50

ﬁ 7 = =52

= 52 5V2 0 5V2

g Method 2 Using the form r = a + b, the equation of the line

" perpendicular to 3x + 4y — 5z = 21 through (3, -2, 6) is

. 3 3

. r=| 2|+ 4

. 6 =5

=

= This line meets the plane 3x 4+ 4y — 5z = 21 when

B

o 3343H)+4(—2+41) — 56— 51) =21

" = 506=50 = =1
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Using r = a + b again, we see that the line meets the plane at (6, 2, 1).
The distance between the two points (3, —2, 6) and (6, 2, 1) is

VI + L +52=5/2
Therefore, the distance from the point (3, —2, 6) to the plane is 5v/2.

Exercise 6B

1 Find a x b when

1 2 -3 2
a)a=| —4 b= 3 b) a = 4 b=| -3
3 -1 5 4
4 1 1 3
ca=| —4 b=\ -5 da=|4 b= 2
2 -3 6 =35

2 Find, in vector form, the equation of the plane through
a) A4, 1, —5), B(2, —1, —6), C(-2, 3, 2)
b) P(2, 5, 3), Q4, 1, —2), R4, 3, 5)
C) D(47 1’ '-3)7 E(29 37 2)7 F(_la _3: 1)

3 Find, in cartesian form, the equation of the plane

3 2 -1
ar.| 1] =4 byr.| 4| =8 c) r. 5 +7=0
7 3 3

4 Find the angle between each pair of planes.

a)3x—y—4z=7,2x+3y—z=11
b) 5x —3y+z=10,2x—y—z=28
c) Ix+4y—-2z=5,6x+Ty+z=4
d) x—2y—9z2=1,x4+3y+2z2=0

5 Find the angle between the line

(0

and the plane 2x 44y —z = 1.
6 Find the angle between the line

2 4
r=| =3 |+ 2
1 =5
and the plane 3x — y + 2z = 11.

7 Write the equation of the plane 3x + 4y — 5z = 20 in the form r.f = d, where i is a unit
vector. Hence write down the distance from the plane to the origin.
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EXERCISE 6B

8 The points A, B and C have position vectors a =i+ j + 2k, b = 3i + 2j + 4k and

10

11

¢ = —i + 4j — 4k respectively.

a) Write down the vectors b — a and ¢ — a, and hence determine
i) (b—a).(c—a)
i) (b —a) x (¢ —a).

b) Using the results from part a, or otherwise, find

i) the cosine of the acute angle between the line AB and the line AC, giving your answer in
an exact form

if) the area of triangle ABC, giving your answer in an exact surd form

iii) a vector equation of the plane through A, B and C, giving your answer in the form
r.n=4d. (AEB 98)

The plane II; has vector equation
r=(Si+j)+u( —4i+j+ 3k) +v(j+ 2Kk)

where u and v are parameters.

a) Find a vector n; normal to IT,.

The plane I, has equation 3x + y — z = 3.

b) Write down a vector n, normal to IT.
c¢) Show that 4i + 13j + 25k is normal to both n; and n..

Given that the point (1, 1, 1) lies on both I1; and I1,,
d) write down an equation of the line of intersection of T, and I1, in the form r = a + b,

where ¢ is a parameter. (EDEXCEL)
The points A(24, 6, 0), B(30, 12, 12) and C(18, 6, 36) are referred to cartesian axes, origin O.
a) Find a vector equation for the line passing through the points A and B.
The point P lies on the line passing through A and B.
b) Show that CP can be expressed as
(6 + i+ 1+ (2t —36)k
where [ is a parameter.

¢) Given that CP is perpendicular to HB), find the coordinates of P.
d) Hence, or otherwise, find the area of the triangle ABC, giving your answer to three
significant figures. (EDEXCEL)

The plane 1 passes through the points A(-2, 3, 5), B(1, —3, 1) and C(4, —6, —7).
a) Find A—C> X ﬁ
b) Hence, or otherwise, find the equation of the plane I7 in the form r.n = p.

The perpendicular from the point (25, 5, 7) to II meets the plane at the point F.
¢) Find the coordinates of F. (EDEXCEL)
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12 The plane p has equation

13

14

r=i—j+si+k)+1j—k)
and the line / has equation
r=>0-2j+k)+ A2i—j)

i) Find a vector which is normal to p.
ii) Show that the acute angle between p and /[ is sin‘l(% V15). (OCR)

The planes P; and P, have equations
r.i—3j+k)=4 and r.({i+2j+3k)=5

respectively. Find, in the form r.n = d, the equation of the plane which is perpendicular to
both P; and P, and which passes through the point with position vector 3i — j + 2Kk. (OCR)

The line / passes through the points with position vectors i — 8j + 7k and 7i + 4j + k. Find an
equation of / in vector form.

The points A, B, C have position vectors 3i + 5j + 8k, 5i + 6j + 7k and 4i + 7j + 5k respectively.
i) Find the vector product AB x AC. Hence or otherwise find the equation of the plane ABC.

ii) Show that the angle between / and the plane ABC is 24.5°, correct to the nearest 0.1°.
iii) Find the position vector of the point of intersection of / and the plane ABC. (OCR)

15 The point A has position vector 2i + 3j + 5k and the line / has equation

r=-51+6j+3k+12i —2j—k)
i) Find the position vector of the point N on / such that AN is perpendicular to /.
ii) Show that the perpendicular distance from A to /is v/26.
The points B and C have position vectors —5i + 6j + 3k and 6i + 13j — 7k respectively, and the
point D is the mid-point of BN.

iii) Show that the plane ANC is perpendicular to /.
iv) Find the acute angle between the planes ANC and ACD. (OCR)

16 The line / has equation

r = 5i+ 8j + k + #(i + 8k)
and the plane P has equation
2x =2y =z—-5=0
Find the position vector of the point at which / and P intersect.

Find also the acute angle between / and P, giving your answer to the nearest degree. (OCR)

17 Consider the plane P, the line L; and the line L, given by the equations,

Pi: x+4+2y—z=>5
x—11 p3+2 248§

Lli

—4 2 5
LQZ x_lz—y+2,Z:7
1 -3

i) Show that L; and L, are coplanar.
ii) Find the equation of the plane, P,, which contains L; and L,.
iii) Find the equation of the line of intersection of the planes P; and P,. (NICCEA)
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18 The points A, B and C have position vectors (j + 2k), (2i + 3j + k) and (i + j + 3k), respectively,

19

20

21

EXERCISE 6B

relative to the origin O. The plane IT contains the points A, B and C.
a) Find a vector which is perpendicular to II.

b) Find the area of AABC.

c¢) Find a vector equation of IT in the form r.n = p.

d) Hence, or otherwise, obtain a cartesian equation of II.

e) Find the distance of the origin O from II.

The point D has position vector (3i + 4j + k). The distance of D from II is L

V17
f) Using this distance, or otherwise, calculate the acute angle between the line AD and 11,
giving your answer in degrees to one decimal place. (EDEXCEL)
Given that
axb=i bxc=j ecxa=k
express

(a+b)x(a+2b+ 3¢)
in terms of i, j and k. (NEAB)

P3x+2y+4z=12

i—j+2k

The figure above represents the line L and the plane P given by
L: r=4i—-j+5k+1—j+2k)
P 3x+2y+4z=12
i) Find the coordinates of B, the point of intersection of the line L and the plane P.

if) Write down a vector n which is perpendicular to the plane P.
iii) Calculate the vector q given by

q=nx({i—j+2k)
and mark it on a copy of the figure starting at B.

iv) Using q, or otherwise, find the vector equation of the line BC which is the projection of the

line L on the plane P. (NICCEA)
Simplify
(a+b) x(a—Db)
Given that a and b are non-zero vectors and that
(a+b)yx(a—b)y=0

write down the possible values of the angle between a and b. (NEAB)
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22

23

24

25

The points A and B have position vectorsa= [ 1 | andb= | 4 | respectively, and the

4
plane IT has equationr.n =1, wheren= | —1
3

a) Show that B lies in IT and that A does not lie in I1.
—
b) Write down the vector AB.

¢) The angle between AB and n is 0. Find the value of 0, giving your answer correct to the
nearest 0.1°. e
d) The point C lies in the plane IT and is such that AC is perpendicular to IT. Explain why

AC = /n for some scalar parameter A. By finding the value of A, or otherwise, determine the
position vector of C.
e) Find the shortest distance of the point A from I1. (AEB 96)
The planes I1, and I1, have cartesian equations
x+2y—z=7 and 2x+y+z=-1
respectively.
a) Find the cartesian equations of the line of intersection of the planes IT;, and II, in the form

x—a y—b z—c

/ m n

b) Find a cartesian equation of the plane 115 which contains the y-axis and which intersects I1,
and 11, to form a prism. (NEAB)

With respect to an origin O, the straight lines /; and /, have equations
L r=pi—2j+2k+ Ai—k)
Ly r=3i—j+ui+j—3k)

where 4 and u are scalar parameters and p is a scalar constant. The lines intersect at the
point A.

a) Find the coordinates of A and show that p = 2.

The plane IT passes through A and is perpendicular to /,.

b) Find a cartesian equation of I1.
c) Find the acute angle between the plane IT and the line /;, giving your answer in degrees to
one decimal place. (EDEXCEL)

The point P has coordinates (4, k, 5), where k is a constant. The line L has equation
1 1 4 7
r=1| 0 | +¢[ 2 |].Theline M hasequationr= | k& | +1[ 3
—4 -2 5 —4

i) Show that the shortest distance from the point P to the line L is %\/ 5(k? + 12k + 117).

ii) Find (in terms of k) the shortest distance between lines L and M.

iii) Find the value of k for which the lines L and M intersect.

iv) When k& = 12, show that the distances in parts i and ii are equal. In this case, find the
equation of the line which is perpendicular to, and intersects, both L and M. (MEI)
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26

27

28

29

EXERCISE 6B

The planes I, and II, have equations
x+2y—z=3 and 3x+4y—z=1

respectively. Find

i) a vector which is parallel to both IT; and I,

ii) the equation of the plane which is perpendicular to both IT, and IT, and passes through the
point (3, —4, —5). (NEAB)

The lines /; and /, have vector equations
r=22-3i+4+(0 -2k and r=2+5wi+ 1+ wj+G+2wk
respectively, where A and u are scalar parameters.
a) Show that /, and /; intersect, stating the position vector of the point of intersection.
b) The vector i + aj + bk is perpendicular to both lines. Determine the value of the constants

a and b.
c) Find a cartesian equation of the plane which contains /; and /,. (AEB 98)

The lines L, and L, have equations

-3 0
T — 0 +s| 2
—15 1

4 2
and r=| —1])+1¢] 3
9 1

respectively. Find direction ratios of a line which is perpendicular to both L, and L,.
Verify that the plane I1, through the origin O, whose equation is
10x+y—-2z=0

contains L;. Find the equation of the plane I, containing O and L,. Show that the cartesian
equations of the line L in which IT; and II, intersect are

X = —=—=—
2 4
Explain why L must be the common perpendicular of L; and L,. (NEAB)

A plane IT contains the points A(1, —2, 1), B(4, 0, 1) and C(1, 0, 2).
—_— —
a) i) Calculate the vector n = AB x AC.
ii) Explain why n is perpendicular to I1.
iii) Express the equation of IT in the form
F.n=p
where p is a constant.
iv) The plane IT divides three-dimensional space into two regions. Show, with the aid of a
diagram, that the region into which n is directed does not contain the origin.

b) A straight line L passes through the point D(3, —1, 2) and has direction ratios 2 : 1 : 1.
i) Write down a vector equation for L and verify that L passes through A.
ii) Show that the resolved part of the vector DA in the direction of nis —1.
iii) Write down two conclusions that can be drawn from this result about the position of D
with respect to the plane II. (NEAB)
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30

31

32

33

34

The planes IT; and [T, with equations
x+2y+z+2=0 and 2x+4+3y+2z—1=0
respectively, meet in a line L. The point A has coordinates (2, —2, 1).

a) i) Explain why the vector

| 2
21 x13
1 2

is in the direction of L.
ii) Hence find in the form r.n = a the equation of the plane which is perpendicular to L
and contains A.

b) i) Explain why, for any constant A, the plane I1; with equation
(x+2y+z4+2)+A2x+3y+22—1)=0

contains L.
ii) Hence, or otherwise, find the cartesian equation of the plane which contains L and the
point A. (NEAB)

The plane I has equation 2x 4+ y 4+ 3z = 21 and the origin is O. The line / passes through the
point P(1, 2, 1) and is perpendicular to I1.
a) Find a vector equation of /.
The line / meets the plane IT at the point M.
b) Find the coordinates of M.
—_— —
c) Find OP x OM.
d) Hence, or otherwise, find the distance from P to the line OM, giving your answer in surd
form,

The point Q is in the reflection of P in /1.
e) Find the coordinates of Q. (EDEXCEL)

With respect to an origin O, the points A, B, C have position vectors 2i, 4j, 6k respectively.
The points P and Q are the mid-points of AB and BC respectively, and the point N has
position vector 5i + 6j — 2k. The line / passes through P and N.

i) Find a vector equation of / and find the perpendicular distance from the point Q to /.

ii) Find a vector equation of the line of intersection of the planes ABC and OPQ, and find the
acute angle between these two planes.

iii) Find the shortest distance between the lines OB and PQ. (OCR)

The line /, passes through the point A, whose position vector is i — j — 5k. and is parallel to the
vector i — j —4k. The line /; passes through the point B, whose position vector is 2i — 9j — 14Kk,
and is parallel to the vector 2i + 5j 4 6k. The point P on /; and the point Q on /, are such that

PQ is perpendicular to both /; and /.

i) Find the length of PQ.
if) Find a vector perpendicular to the plane IT which contains PQ and /,.
iii) Find the perpendicular distance from A to IT. (OCR)

Let A, B, C, be the points (2, 1, 0), (3, 3, —1), (5, 0, 2) respectively. Find AB x AC.
Hence or otherwise obtain an equation for the plane containing A, B and C. (SQA/CSYS)
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35 The plane 7 has equation r. (2i — 3j + 6k) = 0, and P and Q are the points with position
vectors 7i + 6j + Sk and i + 3j — k respectively. Find the position vector of the point in which
the line passing through P and Q meets the plane .

Find, in the form ax + by + ¢z = d, the equation of the plane which contains the line PQ and
which is perpendicular to . (OCR)

36 a) With the help of Fig. 1 below and using, where appropriate, the notation in the figure, show
that the volume of the tetrahedron OABC is

1
—In.c|
6

wheren = a x b.

Fig. 1 Fig. 2

b) In the tetrahedron OABC, shown in Fig. 2 above, the equation of the plane ABC is

12x + 4y + 5z =48

i) Given that A is on the x-axis, find its coordinates.
The equation of the plane OBC is —4x +4y +z = 0.
ii) Show that the equation of BC is

0 1
r= _3 +/1 2
12 —4

iii) Given that B is in the xy-plane show that it is the point (3, 3, 0).

The cartesian equation of AC is % el %

iv) Find the coordinates of C.
v) Find the volume of this tetrahedron. (NICCEA)

Scalar triple product and its applications

The scalar triple product of a, b and ¢ is defined as a.b x c.

Note We must calculate a.b x ¢ as a. (b x ¢). If we tried to calculate it as
(a.b) x ¢, we would have the vector product of a scalar and a vector, which,
by definition, cannot exist.
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. 3 2 7
. Example 21 Calculate [ 4 | .| 3 | x [ 4 |.
7 ] 2

SOLUTION

We must calculate the vector product first:
3 2 7
41.1 3 x | 4
7 -1 2

*  Then we calculate the scalar product:

3 10
4 1.1 -11 ] =30—-44-91 = —-105
7 —13

Therefore, we have

()0

A quicker way to find a.b x ¢ is as follows.

B

O RS

Il Il
E R
9%}
N~ —
Y
R
Lwao
N~

X
Y
N B
S e
N

BB W R B E WS

The vector product b x ¢ is given by (see page 104)

i i k
bxe= bl bz b3
1 € (3

= i(byc3 — bycy) — j(bics bac Ot k(b1cr — bicy)

Therefore, the scalar triple product a.b x ¢ is given by (see Introducing Pure
Mathematics, page 503)

a.b x ¢ =a(bycs —b3c3) — ay(bics — bscy) + az(bicy, — byey)
That s,

a, dp, as
a.bxc= b1 b2 b3
€ € G

Applying this result to Example 21, we would have

3 2 7 3 4 7
4 1.1 3 | x|{4)=]2 3 -1
7 =1l 2 T A )

=3x10—-4x11+7x-13
= —105
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Coplanar vectors

We have

a.bxc=a.(bcsinfn)
= abcsin O cos ¢

where 0 1s the angle between b and ¢, and ¢ is the angle between a and n,
which is perpendicular to the plane containing b and c¢. Therefore, we get

a.b xc=abcsinfsiny
where y = (90° — ¢) is the angle between a and the plane containing b and c.

Hence, when a, b and ¢ are coplanar (a, b and c lie in the same plane), we have

a.bxe=0

Volume of a cuboid

S R
Consider cuboid OBDCAQRS, which has adjacent '
- — — :
edges OA = a, OB =b and OC =c. ' Q
A 1
The volume of a cuboid is given by :
Volume = Area of base x Perpendicular height as . ___.—"g """"""""""""" D
Therefore, the volume, V, of OBDCAQRS is . -7 R
b B

V=(bxc)xa=abc

Now, b and ¢ are perpendicular to each other, and a is perpendicular to the
plane containing them. Hence, we have

a.b x ¢ = abcsin90°sin 90° = abc

Therefore, the volume of a cuboid is given by
V=a.bxc

where the vectors a, b and ¢ represent three adjacent edges of the cuboid.

Note Since the volume of any shape must be positive, we always use the
magnitude of a.b x ¢ in volume calculations.

Volume of a parallelepiped

A parallelepiped is a polyhedron
with six faces, each of which
is a parallelogram.
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Consider the parallelepiped OBDCAQRS, which has adjacent edges OA = a,
OB =band OC =c.
The volume of a parallelepiped is given by
Volume = Area of base x Perpendicular height
Therefore, the volume, V, of OBDCAQRS is
V' = |b x ¢| x Perpendicular height
Now, the perpendicular height, AP, is |a| cos §. Therefore, we have
V=|bxc|x|a|cosl
= |a| [b x ¢|cos O

We note that this is identical to the scalar product x.y = |x||y| cos 0, with
|x| = |a|, ly] = |b % ¢| and b x ¢ having the same sense as PA. Therefore, the
volume of a parallelepiped is given by

V=a.bxc

where the vectors a, b and ¢ represent three adjacent edges of the
parallelepiped.

» Example 22 Find the area of parallelogram ABCD, where A is (3, 1,7),
® Bis(2,0,4)and Dis (7,2, -1).

28

% SOLUTION

S We have the adjacent sides

. 2 3 ~1

- AB=b—-a=|0|—-|1]=[ —1

= 4 7 =3

L |

. 7 3 4

= AD=d—-a=| 2 |—-1]=]1

. -1 7 -8

= - _% =¥ . .
®  The area of parallelogram ABCD is |AB x AD|, which gives
= i j ok

. Area=|—-1 =1 -3

. 4 1 -8

=

. = [I1i — 20j + 3K]|

L ]

. = VT2 1202 + 32 = /530

Example 23 Find the volume of parallelepiped ABCDPQRS, where A is
(3,1,7), Bis (2,0,4), D is (7,2, —1) and P is (8, 3, 11).
SOLUTION

The volume, V, of parallelepiped ABCDPQRS is given by
— —  ——
V=AP.AB x AD

B OGN O OB MMM S EER
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We have
8 3 5
—
AP=p—a=[ 3 |—-(1]|=1]2
11 7 4
11
—_—  ——
Using AB x AD = | —20 | from Example 22, we get
3

—_— — ——
V=AP.AB x AD

5 11
=12].1 -20 | =55-40+12=27
4 3
Or we can use (see pages 122 and 124)
5 2 4
V=|-1 -1 =-3|=58+3)—-28+12)+4(—1+4)=27
4 1 =8

IS EE R RS R ESEEEEEEEE R R ERESERERRERERRDE]

Note AB.AD x AP could be used, since the order in which we select the
three adjacent edges is not relevant, but each vector must be away from, or
towards, the same point of the parallelepiped.

Volume of a tetrahedron

A tetrahedron is a polyhedron with four faces, each of which
is a triangle. That is, it is a pyramid with a triangular base.

Consider the adjacent edges AD, AB and AC, represented by
the vectors a, b and ¢ respectively.

The volume of a tetrahedron is given by

Volume = % x Area of base x Perpendicular height

Therefore, the volume, V, of tetrahedron ABCD is
V= % X -;—|b x ¢| x Perpendicular height

Now, the perpendicular height, DP, is |a|cos 6. Therefore,
V:%]b X ¢| x |a|cosf :é]a[ |b x ¢|cosf

Because b x ¢ has the same sense as PD, this gives
1
V=-a.bxe
6

where a, b and ¢ are the vectors representing three adjacent edges of the
tetrahedron.

Therefore, the volume of a tetrahedron is one sixth of the volume of a
parallelepiped.
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Example 24 Find the volume of tetrahedron PQRS, where P is (3,4, 7),
Qis(—2,1,5), Ris (1,3, —1) and Sis (-3, 6,8).

SOLUTION
We have
iy Y i 4

1 —_ — —

V=2 xPQ.PR x PS
1 -5 -3 =2
=—|-2 -1 =8
Gl.g 2 1

:é@wa+3x—%—2x—m)

_ 205
6
. 205
Therefore, the volume of tetrahedron PQRS is T

Volume of a triangular prism

The volume of a triangular prism is given by
Volume = Area of base x Perpendicular height

By definition, the base is a triangle. So, we have
Area of base = % |b x ¢
Therefore, the volume, V, of the prism is

V= % Ib x ¢| x Perpendicular height

— L jaffb e
2
which gives
V:la.b X ¢
2

where a is the vector representing an edge of the prism, and b and ¢ are the
vectors representing two sides of its triangular base, adjacent to a.
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Volume of a pyramid
The volume of a pyramid is given by
V= % x Area of base x Perpendicular height
Taking the case of a rectangular (or parallelogram) base, we have V
I = ;|b x ¢| x Perpendicular height

where b and ¢ represent adjacent sides of the base,
as shown in the diagram on the right.

From the diagram, we see that the perpendicular
height is |a| cos 0. Therefore, we have

V:%]al |b x ¢|cos @

Because b x ¢ has the same sense as PV, this gives

V:la.bxc
3

Therefore, the volume of a pyramid with a rectangular (or parallelogram) base
1s one third of the volume of a parallelepiped.

= Example 25 Find the volume of pyramid ABCDYV, where ABCD is a
= parallelogram, and V is the vertex. A'is (2, 1,5), Bis (3,4, -2), D is
z (5,2,3) and V is (0,6, 4).

= SOLUTION

We have

y 1 3 -2
ud AB=b-a= 3 AD=d—-a= 1 AV=v—a= 5
¢ = @
> Therefore, the volume of pyramid ABCDV is

-2 1

= 1]— — s 1

—AV.ABxAD=—[ 5 |. 3 X 1

+ 5 ] 7 9

=25 -

. =<=| 1 3 =7

3B -3

= %[—2(*6 +7) = 5(=2421) — 1(1 = 9)]

- :l(—2><1+—5><19*1><—8)

- 3

® 1

:5(—2~95+8)

Therefore, the volume of pyramid ABCDV is %
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CHAPTER 6 VECTOR GEOMETRY

Exercise 6C

3 2 1
1 Find the value of | =2 1| x 5 1.
1 4 —2
2 3 2
2 Find the value of 4 8 | x| =3
-5 2 6
—1 2 3
3 Find the value of | 2 3l x| 8].
5 1 4

4 Find the volume of a parallelepiped ABCDEFGH,

e 1 R —2 Ll 5
AB = | 3 AD = 1 AE=| 2
2 -3 7

5 The figure on the right represents a cube with side
of unit length.

. —_— —

i) Find AB.AC.

ii) Find a vector, using the letters in the diagram,
e

which 1s equal to EA x EH.
iii) Find the value of 4 in the following equation

— — —_—
EA x EC = ABD (NICCEA)

X

6 The points A, B, C and D have coordinates (3, 1, 2), (5,2, —1), (6,4,5) and (-7, 6, —3)
respectively.
—_ —
a) Find AC x AD. Ly S
b) Find a vector equation of the line through A which is perpendicular to AC and AD.

c) Verify that B lies on this line.
d) Find the volume of the tetrahedron ABCD. (EDEXCEL)

7 The figure on the right shows a right prism with triangular
ends ABC and DEF, and parallel edges AD, BE, CF. Given
that Ais (2,7, —1), Bis (5,8,2), Cis (6,7,4) and D is (12, 1, —-9), D =
—_—  —
a) find AB x AC
. _— —  ——
b) find AD.(AB x AC).
c¢) Calculate the volume of the prism. (EDEXCEL)
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EXERCISE 6C

8 The points A, B and C have position vectors am, bm and ¢m respectively, relative to an
origin O, where
a=3i+4+5k b=4i+6j+7k c=i+S5j+3k

a) Find (b — a) x (¢ — a).
b) Hence, or otherwise, find the area of AABC and the volume of tetrahedron OABC.
¢) Find an equation of the plane ABC in the form r.n = p.

Given that the point D has position vector (2i + j + 2k) m,

d) find the coordinates of the point of intersection, E, of the OD with the plane ABC
e) find the acute angle between ED and the plane ABC. (EDEXCEL)

W05 0eq0e) 013500940US///dNY :Jhfe <WI0A = TJHTH



7 Curve sketching and inequalities

And of the curveship lend a myth to God.
HART CRANE

Curve sketching

On page 306 of Introducing Pure Mathematics, there is a brief introduction to
the use of asymptotes in curve sketching. We are now going to extend the
procedure to more complex curves.

Remember An asymptote is a line which becomes a tangent to a curve as x or
y tends to infinity.

We need to be able to find asymptotes if we want to sketch functions which
are not trigonometric or polynomial.

Consider, for example, the curve

 4x -8
x4+ 3
As y — +o0, the denominator of this function must tend to zero. That is, as
x+3— 0, x — —3. Hence, x = —3 is an asymptote.

To find the asymptote as x — +oo, we express the function as

42
y=—2=
3

1 4=

As x — Foo, 3 — 0, and § — 0. Therefore, y — % = 4. Hence, y = 4 is also
x X

an asymptote.

Notice that, as x — +00, the largest terms in the numerator and the
denominator are 4x and x respectively, and so y ~ 4x + x = 4.

x = —3 is a vertical asymptote, as it is parallel to the y-axis, and y =4 is a
horizontal asymptote, as it is parallel to the x-axis.

To be able to sketch y = - 8, we also need to find where it crosses the

X+

x- and y-axes:
When x=0: y= —%
Wheny=0: 4x-8=0 = x=2
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To sketch the curve, we proceed as follows (see the diagram
on the right):

I E S S EREFESREERERSE]

First, draw the asymptotes, using dashed lines.
Next, mark the points where the curve crosses the axes.

As the numerator and the denominator of the function
each contain only a linear term in x, the curve cannot
cross either asymptote.

Considering the curve for x > —3, we see that it tends

to —oo as x approaches —3 from values of x greater than
—3. Hence, the curve tends to +oo as x approaches —3
from values of x less than —3.

4dx — 8
x+3

We can now complete the curve of y =

CURVE

SKETCHING

2x —6

Example 1 Sketch y =

x—35
SOLUTION

First, we find the asymptotes.

As x — +o00, y — 2. That is, the horizontal asymptote is y = 2.

As y — 00, x — 5 — 0. Hence, x = 5 is the vertical asymptote.
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CHAPTER 7 CURVE SKETCHING AND INEQUALITIES

Next, we find where the curve crosses the axes:

When x = 0: )/:_—6:é
—§F 5
Wheny=0: 2x—-6=0 = x=3

& _56, which is shown below.

We now complete the sketch of y =

X —

IS B ERESEREREERERESEER R R R R RN RERRERENRERERRHN:

Curves with an oblique asymptote

For most curves, the value of y as x — oo will not be finite.

Consider, for example, the curve

1
y=x+—
X
As x — Fo0, 1 — 0 and thus y — x. Therefore, y = x is an asymptote to the
curve. %

This is called an oblique asymptote (sometimes an inclined asymptote), as y = x
is not parallel to either axis.

The other asymptote is x = 0 (the y-axis), as 1 — 00, when x — 0.
%

When x = 0, y is not defined, thus the curve does not cross
the y-axis. Thus, the y-axis is a vertical asymptote, as
already shown.

We can now sketch the curve of y = x + l, as shown on
the right. *
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SKETCHING RATIONAL FUNCTIONS WITH A QUADRATIC DENOMINATOR

- 2

« Example 2 Sketch V= s 3x.

. x+1

% SOLUTION

= Dividing x* 4+ 3x by x + 1, we obtain

2

. Y x+1

= which gives the asymptotes as x = —1 and y = x + 2.

We now find where the curve crosses the axes:
Wheny=0: x*+3x=0 = x=0 and -3
When x=0: y=0
* 3
x+1

We now complete the sketch of y =

IE S EEEEEEEEES SRR SRS RS E SRR EEEE R EREE S EEEE R ER R

Sketching rational functions with a quadratic denominator
Curves with two vertical asymptotes

(x—=3)2x-Y95)
(x+-Diei2).
When the denominator is a quadratic expression,

Take, for example, the curve y =

o_there are always two vertical asymptotes, and
e the curve will normally cross the horizontal asymptote.

Hence, in addition to finding the asymptotes and the points where the curve
crosses the axes, we need to establish where the curve crosses the horizontal
asymptote.

Note The two vertical asymptotes could coincide, as in Example 4, on
page 135.
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CHAPTER 7 CURVE SKETCHING AND INEQUALITIES

Hence, there are four stages to sketching the given function.
(x—-3)(2x-95)

1 To find the horizontal asymptote of y = ,
(x+ )Mx+2)

we express the

function as

(-30+

As x — Fo0, L — 0, and y — 2. Therefore, the horizontal asymptote is
y=2. ¥
2 To find the vertical asymptotes, we equate the denominator to zero, which
gives
x+1D)x+2)=0

Hence, the vertical asymptotes are x = —1 and x = —2.

3 To find where the curve cuts the axes, we have

When x = 0: yz%

When y=0: x=3 and x:—i—

4 To find where the curve crosses the horizontal asymptote, y = 2, we have

) (x—=3)2x-5)

(x+ D(x+2)

202 +3x+2) = 2x* — 11x4l5
11
xX=-—
17

To sketch the curve, we need to insert all four points, as
well as the three asymptotes.

=

Note

e The curve can cross an axis or an asymptote only at ~ ____._
the points found.

e If one branch of the curve goes to +oco, the next branch -2
must return from —oo. The exception to this is when the
two vertical asymptotes coincide as the result of a squared
factor in the denominator. See Example 4 on page 135.
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I EE SR EESEEE SRR RS R ERE RN EEREDN!

SKETCHING RATIONAL FUNCTIONS WITH A QUADRATIC DENOMINATOR

Example 3 Sketch y = gfg%

SOLUTION

The horizontal asymptote is y = 1.

The vertical asymptotes are x = 2 and x = 5.

The curve crosses the axes at x =0, y = —lio, and at y =0, x = —1, 4.
The curve crosses the horizontal asymptote when y = 1, which gives

Tt 0= —3r—4
7
> x==
2

We can now sketch the curve.

Example 4 Sketch the curve y = o 1ONral)

ol
SOLUTION
The horizontal asymptote is y = 3.
The vertical asymptotes are x = —1 (twice).
The curve crosses the axesat x =0, y = -2, and at y =0, x = 1, —%.

The curve crosses the horizontal asymptote when y = 3, which gives
3P —x-2
B
2 =3 —x— 2

5
= x=-=
7
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CHAPTER 7 CURVE SKETCHING AND INEQUALITIES

I E S EE S EERESREEEEEERE RN R EEE R R R E R E R R R R R EE R RN ERE]

Note Since x = —1 is a repeat asymptote, and the curve tends to +oco as
x approaches the value of —1 from the right (that is, x tends to —1 from
above), it also tends to +oo as x approaches the value of —1 from the left
(that is, from below).

Curves without vertical asymptotes

As x — 00, y — 1. Therefore, y = 1 is the horizontal asymptote.

For the vertical asymptotes, we have 4x? + 5x + 3 = 0, which gives

L _3EVD3

2
Not all functions of the form y = ax” +bxdic have vertical asymptotes. If the
px2+gx+r
roots of px? + gx + r = 0 are not real, the curve will not have a vertical
asymptote.
] 2
+ Example 5 Sketch the curve y = M, and find the range of
» 4x? + 5x +3
= possible values for y.
2
S soLuTioN
2
= To find the horizontal asymptote of y = 2ii5x—+§, we express the
n 4x% +5x +3
s function as
B
. 5 3
% 2+ " + =
y=

= 5 3
- 4+—+ -

X x
2
B
2
=
2
2
B
B
B
L |

8
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SKETCHING RATIONAL FUNCTIONS WITH A QUADRATIC DENOMINATOR

These are not real. Therefore, the curve does not have a vertical asymptote.
To find where the curve cuts the axes, we have
When y = 0: 2x2+5x4+3=0
Cx+3)x+1)=0
= x=-1 and —;—

When x=0: y=1

The curve crosses the horizontal asymptote y = % when

1 2x*4+5x+3

2 4x245x+3
which gives

4x* +5x+3=4x>+ 10x+ 6

3
= x=-=
5
We can now sketch the curve. 57

D &
vl

To find the range of values of y, we need to find the values for which
e 25 5w 3

=3 oy has real roots for x.
X X

e 2x? 4+ 5%+ 3 :
Cross-multiplying y = PN O, 2 we obtain
Byx? + Syx + 3y =2x%> + 5x + 3
= Ay =X+ Gy —-5x+3y—-3=0
From the quadratic formula, we know that »*> — 4ac > 0 for the roots of x
to be real. Therefore, we have

5y =5 —4(4y —2)3y —3)=0
X AL, VR
= y+Dr-1D<0
1
gy
23 =7

Therefore, the range of possible values of y is — % <y< 1.

Hence, the maximum value of y is 1, and the minimum value is — 2%

Note We could have used calculus to find these two stationary points.
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CHAPTER 7 CURVE SKETCHING AND INEQUALITIES

Exercise 7A

Sketch the graph of each of the following functions.

(=3 -1 2 )= Q2x —1)(x+4)
(x+2)(x—2) (x — D{x—2)
3 :(x—|—4)(x—5) 4 :(x+1)(2x+5)
(x —2)Xx—3) (x+2)(x—9)
5 2xr+3x-—5 6 7:3x2+4x+4
F= x2—x-—2 , x2—2x-3
7 Find the range of values of
Ax? —x—3 x4+ x—1
J— e e b o e s g =
SR ey R A e

8 Find the equations of the three asymptotes of the curve

 A4AxP—5x+47

S T e OCR
A a—— R

9 Find the equations of the asymptotes of the curve
- x* — %=1

(OCR)
x+1

10 One of the two asymptotes of the curve
o xXP+x+1

B x4 2

where A is a constant, is y = x + 3.

)

i) State the equation of the other asymptote.
ii) Find the value of 4. (OCR)

11 The curve C has equation

8 27
¢ X 20X 1+ 2
i) Write down the equations of the asymptotes of C.
2 )
ii) Find d—{
o2

iii) Show that C has one point of inflexion, and find the coordinates of this point. (OCR)

w2 5
12 A curve has equation y = S i
x2+2x—11
a) Determine the equations of the three asymptotes to the curve, giving each answer in an

exact form.
b) Prove algebraically that there are no values of x for which % <y< %

Hence, or otherwise, calculate the coordinates of the turning points on the curve. (AEB 98)
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EXERCISE 7A

2

13 A curve has equation y = .
2x+ 1

a) i) Write down the equation of the vertical asymptote to the curve, and determine the
equation of the oblique asymptote.
ii) Use differentiation to determine the coordinates of the stationary points on the curve.
b) The region bounded by the curve, the x-axis between x = 0 and x = 1, and the line x = 1 is
rotated through one revolution about the x-axis to form a solid with volume V.

Using the substitution u# = 2x + 1, or otherwise, show that

T
V=—(4—-3In3 AEB 98
TR n3) )

14 Let the function f be given by

3 7.2
() = 2x Tx“+4x-+ 5

2 X £ 2

a) The graph of y = f(x) crosses the y-axis at (0, ). State the value of a.

b) For the graph of f(x)
i) write down the equation of the vertical asymptote,
ii) show algebraically that there is a non-vertical asymptote and state its equation.

c¢) Find the coordinates and nature of the stationary point of f(x).

d) Show that f(x) = 0 has a root in the interval —2 < x < 0.

e) Sketch the graph of y = f(x). (You must include on your sketch the results obtained in the
first four parts of this question.) (SQA/CSYYS)

15 The curve C has equation

2 +6x+1
P E = DEeD
i) Express y in partial fractions.
ii) Deduce that
a) at every point of C, the gradient is negative
b) y > 2 for all x > 1.
iii) Write down the equations of the asymptotes of C.
iv) One of the asymptotes has a point in common with C. Determine the coordinates of this

point. (OCR)
16 A curve C is defined by the equations

oLt 147
Sl (7 » A

where ¢ is a real parameter, ¢ # +1.

dy

a) Find an expression for d_ in terms of 7, simplifying your answer as much as possible.
X
2
b) By eliminating ¢, prove that C has cartesian equation y = = 2+ 1.
X

c) Write down the equations of the two asymptotes of C.
d) i) Prove algebraically that there are no values of x for which —1 < y < 1.
ii) Hence, or otherwise, determine the coordinates of the turning points of C. (AEB 96)
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