
DIsTANCE OF A PLANE FR0M A P0刂 NT

Changing this tO thc forn1r。 n=诱 where n is a unit vector,、 Ⅴc get

r。

3

5√’

4

5√’

5

5√勹

Thcrcfore, the distance frOrn thc Origin is::;歹·

E)istance of a plane from a point

ExampIe20 Find thc distancc f1ˉ om thc point(3,-2,6)tO the plane

3x+4,`-5z=21.

sOLVTION

ⅣIethod1  First,wc△ nd thc cquation ofthc planc para11el to

3J+4`-5z=21which passcs thrOugh thc point(3,-2,6),Then we flnd
the distance Of cach planc froll△ thc Origin Thc differcncc betwecn these

distanccs is cqual tO thc distancc Of thc planc3x+4y-5z=21frOm
(3,-2,6),

Thc cquation ofthe p1ane parallcl tO3x+4y-5z=21through(3,-2,6)is

3x+4丿 -5z=(3× 3)— (2× 4)+(6× -5)

→ 3x+勹 一免=-29
Changing this to the fOrn△ r。 n=饿 we get

3

5、/’

4

5√’

5

5√’

Thcrcfore,the distance f1· om the point(3,-2,6)to thC planc is

∶芎吉+∶斧宦=∶爷吉=5西
Ⅳ℃thod2  Using thc forn△ r=a-← rb,the cquatiOn of the linc
pcrpcndicular tO3豸 +4`-5z=21through(3,-2,6)is

r=(|∶2)+r(∶∶5)
This linc1nects thc plane3△ +4y-5z=21whcn

3(3+3r)+4(-2+4r)-5(6-5r)=21

=>  5or==5o  =>  r==1

21

5√’

29

5√Ξ
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CHAPTER 6 VECTOR GEOMETRΥ

爨 Using r=a+莎 b again,wc see that thc linc meets the p1ane狨 ∞,2,1),

蠹  The distance betwccn the tWo pon“ (3,-2,① and(6,2,1)`

罂     √
′32+42+52=5√,

∶  Therefore,the d`tancc from thc point(3,-2,6)to thC planc is5√ ’.

Exerclse6B

1 Find a× b when

a)a=(|∶4)   b=(∶∶1)          b)a=(l∶
3)   b=(|∶

3)

c)a=(∶⒈)   b==(二::)          d)a=二 (∶ )   bT(∶:5)
2 111∶

∶∶∶∶∶丨i∶茁芑:搭 :∶∶∶planC thr。 ugh
cl D⒁ ,1,—ω,E⑿ ,3,刀 ,F(-1,-3,1)

3 Find,in cartcsian fom,the equation of thc plane

⋯⑶到怔⑶割⋯㈢-T Cl
4 Find the angle bet、veen cach pair of planes.

a13艿 一

`-4z=7,2豸
+3y— z=11

bJ5艿 -3'+z=10,2豸 一
`_z=8cJ7齐 +句`-2z=5,6艿 +7y+z=4

dJ豸 -2`-9z=1,豸 +3`+2z=0

5 Find the angle betllreen the linc

r=(∶
)+r(|∶

3)

and thc plane2艿 +4丿`_z=7·
6 Find thc angle between thc line

r=(Ⅰ∶3)+r(∶:5)
and thc plane3艿 一

`+2z=11,
7Write the equation of the plane3x+4y-5z=20in thc form r。 n=d,whcre n o a unit
VcCtor.Hencc writc down the distancc frolll the planc to the origin.

114

www.as
warp

hy
sic

s.w
ee

bly
.co

m



EXERCIsE 6B

8Thc points A,B and C havc position vectors a=i+j+2k,b=3i+药 +4k and
c=-i+旬 -4k∞ spcctive1y。

a)WritC dO、Ⅴn the vcctOrs b_a and c_a,and hcncc detcrlllinc

i)(b— a)。 (c— a)
Ⅱ)(b— a)× (c— a)

b)USing the results f1· On1part a,or otherwisc,丘 nd
i) the cOSinc of the acutc anglc betwccn the line'`B and the linc'`C,giving your ans、 Ⅴcr in
an exact form

i:) thC arca of trianglc丿令kBC,giving your answcr in an cxact surd form

"i) a vCctOr cquatiOn of thc planc through~A,B and C,giving yOur ans、
Ⅴcr in the fOrm

r。 n=〃.  (AEB99

9 The planc rI1has vectOr cquatiOn

r=(5i+j)+叨(一 纣+j+3k)+vC+2k)

、Ⅴhere伢 and v arc paramctcrs.

a) Find a vector n1noΠ nal to IIl,

Thc plane Ir2has cquation3丌 -卜

`_z=3.b) WritC dOwn a vector n2normaltO Ⅱ2.
c)ShOw that4i+1到 +25k is normalto both n1and n2,

Given tl△at thc point(1,l,1)hes on both Πl and II2,
d) WritC do、Ⅴn an equatiOn Of thc linc OfintcrscctiOn Of IIl and rIi in thc form r=a-← rb,

whcrc ris a paramctcr,  (EDEXCEL)

10Thc points A(24,6,0),B(30,12,12)and C(18,6,36)are referrcd tO cartcsian axcs,origin O。

a) Find a vector cquatiOn fOr the linc passing thrOugh thc pOints A and B,

Thc pOint P hcs on thc linc passing through'`and B,

b) ShO、Ⅴ that CP can bc cxprcsscd as

(6+Oi+刂 +(2r-36)k

、Ⅴhcrc r is a paramctcr

Θ α vCn曲扯 J^pcrpC碱 c漉rω 崩 ,s旧 tllc coOr血 a托sJR
d)HCncC,or Othcrwisc,snd thc arca of thc trianglc/`BC,giⅤ ing your answcr to three
signincant Ⅱgurcs,  (EDEXCEL)

11 Thc planc JⅠ  passes thrOugh the pOints A(-2,3,5),B(l,-3,1)and C(4,-6,-7)

al Find AC× BC
b) HCnCC,Or othcrwisc,snd the cquadOn ofthe planc II in thc form奎 。n=F9,

Thc pcrpend忆 ular f1·Om thc point(25,5,7)to ⅠⅠ1nccts the plane at thc point F,

c)Find the cOordinatcs Of F   (EDEXCEL)
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CHAPTER 6 VECT0R GE0METRΥ

12 The p1ane`has equation

r=i_j+《i+k)+rC_k)

and thc linc`has equation

r=C一 药+k)+尤 (2i— D
i) Find a Ⅴcctor which is noΠualto`。
iD SⅡow that thc acutc anglc bctwccn`and`is sin l(:√ t勐·  (oCR)

13 Thc plancs P1and P2haⅤ c cquations

r.(2i一 劝+k)=4 and r。 C+犭 +3k)=5
respcctiⅤe1y。 Find,in thc fonm r。 n=呓 the equation of the plane which is perpcndicular to
both Pl and P2and which passes through the point with po蚯 tion vector3i~j+2k。   (ocθ

14 The Ⅱne J passcs through the poin“ with po蛀tion ⅤectOrs i-8j+7k and7i+句 +k.Find an
cquation of`in vcctor form.

Thc points A,B,C havc position Ⅴectors⒊ +习 +8k,⒌ +甸 +7k and绌 +△ +5k rCspcctivcly。

i) Find thC vcctor product AB× AC.Hence or otherwise Ⅱnd the cquation Ofthc planc ABC.
ii) Show that the ang1e bet△ Jeen`and the plane ABC is24.5° ,corrcct tO the nearcst0,1° .

iii) Find the pOsition Ⅴector of the point ofintersection of`and thc planc ABC.   (ocR)

15 Thc point A has position Ⅴector2i爿卜3jH卜 5k and thc linc`has equation

r=_⒌ +甸 +3k+况 (2i一 药一k)

i) Find the position vcctor of thc point N on`such that AN is perpendicular to`。

iD ShoW that thc pcrpcnd允ular dotancc from A to`o√冗 。

The points B and C have po蛙 tion vectors-5i+甸 +3k and6i+13j-7k respectiⅤ ely,and thc
point D is thc Inid-point of BN。

Ⅱi) Show that the plane ANC is pcrpcndicular to J.

iv)Find the acutc anglc bctwccn the plancs ANC and ACD.  (oCR)

16 Thc line J has cquation

r=⒌ +助 +k+Ki+8k)
and thc planc P has cquation

2豸 -2,`_z-5=0

Find thc pOsitiOn Ⅴector of the p。 int at which`and P intcrscct.

Find also the acutc anglc betwccn J and P,giⅤ ing your answcr to the nearest dcgrcc.  (oCR)

17 Considcr thc plane Pl,thc linc Ιh and thc line L2giⅤ en by the equations,

P1∶  x+勿`_z=5

玎叫些=∵=竿

灯∵=亻'=7
∶;黠 I∶∶∫l∶凫瑟各箔:〓强:which c。ntains Ll and L2.
Ⅱi) Find the equation of the line ofintersection of the plancs P1and P2.   (NIccEA)
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18

EXERCIsE 6B

Thc points A,B and C havc pOsition Ⅴcctors G+2k),(2i+匀 +k)and C+j+3k),respcctively,
relativc to thc Origin O。 Thc plane II contains thc points A,B and C,

a) Find a vector、Ⅴhich is pcrpcndicular to II。

b)Find thC arca of△ ABC。

c) Find a vector equation Of Π in thc fOr1ur。 n=肛
d) Hence,or otherv注 sc,obtain a cartesian cquation Of丿

r]r.

e) Find the distancc of thc Origin O frOm II。

Tk po⒒ D胝 泅 jon Ⅶ⒃ σ +句 +0.Tk d“汕耐 D△om Π怂
丐片T,

f) 1Jsing this distance,Or othcrWisc,calculate thc acutc anglc bcⅡ Ⅳccn the linc zΔ kE〉 and rI,
giving your answer in dcgrccs to onc dcci1nal place    (EDEXCEL)

CⅡvcn that

a× b=i b× c=j c× a=k
eⅩprcss

(a+b)× (a+2b+3c)

in tcrms ofi,jand k   (NEAB)

P3x+2y+4z=12

i— J+2k

The Πgurc abOvc rcprcsents the linc L and the planc P givcn by

L∶  r=⒋ _j+5k+尻(i_j+2k)
P∶  3x+2`+4z=12

i)  Find thC coOrdinatcs of B,thc point ofintcrscction of the linc L and thc plane P.

ii) WritC dOwn a vectOr n、 vhich is pcrpendicular tO thc planc P

Ⅱi) Ca1Culatc thc vcctor q givcn by

q=n× C— j+2k)
and Inark it on a copy of the flgurc starting at B,

∶v)U蚯 ng q,or othcrwisc,flnd thc vector cquation ofthc hnc BC which is the pr句 ecuon。 f the
hne L on thc plane P.  (NIcCEA)

21⒏ mplify

(a+b)× (a_b)

C冫iven that a and b arc non-zcrO vcctOrs and that

(a+b)× (a~b)=0
、Ⅴrite dOwn thc pOssible values of thc angle bc小Ⅳccn a and b.    rNEAB)

19

20

A(4,-1,5)

117

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER 6 VECTOR GEOMETRY

22 The pointS A and:havc position vectors a= (15) and b= (∶∶1) respectivCly,and the
plane Ir has equation r。 n=1,Where Ⅱ= (÷∶)·
∶|鞋:紧燕槲⒒

2∶

,∶∶l∶li∶
l∶

∶∶jlg,giving yOur ans、吖er c。 rrcct to thC
d)嚣
F;!lt∶∶∶∶⒊∶l霏↑。;;;`〗∶∶∶篮:Ⅵ翟扌,背1∶∶∶∶;j;∶哏:∶扌Ⅰ:l1the

position vector of C。

e)Find the sho⒒cst distance of thc point A f1· om Π.  (AEB90

23 Thc plancs IIl and Ⅱ2havc cartcsian equations

豸+2J`_z=7 and 2△ +`+z=-1

rcspectiⅤely。

a) Find the cartesian equations of the line ofintersection of the planes IIl and Ir2in the form

豸一ε `_D z_c

`   
阴   刀

b) Find a cartcsian cquation of thc planc II3、 Ⅴhich contains thc J`-axis and which intersccts JIl

and Ⅱ2to forln a pri⒌ n.  ㈧EAB)

24 讯
`th rcspect to an origin O,the straight hncs Jl and易

haⅤe equations

几: r=`i一 药+2k+尤 (i— k)

砬: r=3i— j+lt(⒉ +j-3k)

whcrc`丿 l'and〃 arc scalar paramcters and,I[· ,is a scalar constant.The lines intcrsect at thc

point A。

a) Find the coordinates of A and show that`=2.

The plane II passes through A and is perpcndicular to il∶∶1。

b) Find a cartcsian cquation of Π。
c) Find thC acutc anglc bctwccn thc plane rI and the line Jl,giving your an驴 Ⅳcr in degrees to
onc dcomal placc.  (EDEXCEL)

25 Thc point P has coordinates(4,庀 ,5),where庀 is a constant.Thc Ⅱnc L has equauon

r=(Jj)+r(」∶)· ThC Ⅱne彐'has cquation r=(∶ )+莎 (∶∶)。
i) Show th狨 tl△e血ortcst distance from thc pol△t P to tl△eⅡnc L k昔 /̌5C2+12庀 +117)
ii) Find(in terms of`古 )thC shOrtcst distance bctwccn1incs L and″ 。

"i) Find thc value Of庀
for which thc lines L and3r intcrscct.

iˇ)WhCn庀 ==12,show that thc distances in parts i and ii are equa1,In this casc,flnd the
cquation of thc line、 vhich is perpendicular to,and intcrsects,both L and3r。    (ˇΙED
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EXERClsE 6B

26 Thc planes IIl and I2haⅤ e equations

J+2`_z=3 and 3艿 +4`_z=1

rcspcctiⅤely。 Find

i) a veCtor which is para11e1to both IIl and II2

Ⅱ) the Cquation ofthe p1anc which is perpcndicular to both Ir1and II2and passes through thc
point(3,-4,-5).  (NEAB)

27 Thc Ⅱnes Jl and圪 haⅤc vcctor equajons

r=(2屁 -3)i+衔 +(1一 凡)k and r=(2+5u)i+(1+〃、+0+2〃)k
rcspectiⅤe1y,where况 and/t arc scalar paramctcrs.

a) ShoW that`l and`2intcrscct,stating thc pOsition vcctor of the point ofinterscction.

b)ThC vCctOr i+丬 +Dk is pcrpcndicu1ar to bOth Ⅱnes.Dcter1△ ine thc Ⅴalue of the constants

ε andt!;,。

c) Find a cartesian equation ofthe p1anc which contains`l and圪 .   (AEB98)

28 The lines L1and E2have equations

r=(15)+s(:)

and      r=(|:1)+r(:)

respcctivcly。 Find direction ratiQs of a linc which is perpcndicular to both丿 Ll and丿 L2.

ⅤeriJ:∶
,严
that the plane rIl,through the ori虫 nO,whose equation^

10艿 +y-2z=0

contains L1.Find the equation ofthe p1anc石 △cOntaining O and L⒉ Show that thc cartesian
cquations of thc linc丿 Lin which IIl and Ir2intersect are

x=_Z=三
2  4

Explain why L must be the common perpend允 ular Of L1and L⒉    (NEAB)

⒛ A plane ⅠⅠ contains the points A(1,-2,1),B(4,0,1)and C(1,0,2).

a)D Calculate thc vcctor n=AB× AC。
ii) Explain why Ⅱ is pcrpendicular to Π.
Ⅱi) Exprcss thc equation of Ir in thc form

r。 n=`

where`is a cOnstant。

iv)The planc Ir dividcs three-di1nensional space into two rcgions。 Show,with thc aid of a
diagran1,that thc region into、汀hich n is dircctcd docs not contain thc Origin。

b)'′ straight hnc L passcs through thc point D(3,-1,2)and has direction ratios2∶ 1∶ 1.

0 Writ0doWn a vector equation for L and vcrif,,that L passcs through A.

I:) Show that thc resolved part of the Ⅴcctor lDA in the dircction of n is-1。
iii)Writc dOwn twO cOnclusions that can be drawn from this result abo讧 t the position of D
with rcspcct to thc planc Ⅱ。  (1、丁EAB)
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CHAPTER 6 VECT0R GEOMETRΥ

30 Thc planes rIl and Ir2、 Ⅴith cquatiOns

x+2`+z+2=0 and 2x+3`+2z_l=0

rcspectiⅤely,mectin a line L Thc point A has cOOrdinates(2,-2,1)。

a) i) Explain why the vcctor

(0)× (:)

is in the dircction of L,

:i) IIence nnd in thc fO∏ nr。 Ⅱ=围 thc cquation Of thc plane which is pcrpcndicular to L

and contains'`.

b) i) Explain、Ⅴhy,for any constant尤 ,the plane II3with cquatiOn

(x+2`+z+⑷ +1(2x+3`+2z-1)=0
cOntains Zj,

Ⅱ) IICnce,or other、 Ⅴise,f1nd the cartcsian cquauon。fthc planc which contains L and thc

point A,  (NEAB)

31 Thc planc II has cquation2J+`+3z二 =21and thc Origin is O,Thc linc`passcs through thc
pOint P(l,2,1)and is pcrpcndicular to II.

a)Find a vcctOr cquatiOn Of`.

The line J1neets thc plane II at thc pointˇ 【.

b)Find the coordinates Of l\/Ι ,

c)Find OP× O⒈淫,
d)HCncC,or Otherwise,ind thc distancc froⅡ 1P to thc line Ol√Ι,giving your ans、Ⅴer in surd

fOrm,

Thc pOint Q is in the reflec位 on of P in rr.

e)Find thC coOrdinatcs of Q,  (EDExCEL)

32With rcspcct tO an Origin O,thc pOints A,B,C havc position vcctOrs2i,衔 ,6k rCSpcctivcly.
Thc points P and Q arC thC mid-points of AB and BC rcspcctivcly,and the point N has

positiOn vector5i+刨 -2k The hne`passcs through P and N。

i) FⅠ nd a ⅤcctOr equation of`and Ⅱnd thc pcrpcndicular distancc from the point Q tO`,

i∶) Find a vcctor equatiOn Of the hne ofintcrscctiOn of the p1ancs ABC and OPQ,and Ⅱnd thc

acutc ang1c bc小Ⅳccn thcsc t、Ⅴo plancs,

Ⅲ)Find the shortest distance between the hncs OB and PQ。   (oCR)

33 Thc linc`1passcs through thc pOint A,whosc pOsition vcctor is i_j-5k,and is para11cl tO thc

VcCtor i— j-4k。 Thc Ⅱnc b passcs through thc point B,whosc position vectOr is2i-9j_14k,
and is paral1cl to thc vcctOr2i+5j+6k Thc pOint P on`l and the point Q on Fn are such that

PQ is pCrpcndicu1ar to both`1and几 .

i) Find thC lcngth of PQ,

ii) Find a vcctOr pcrpcndicular to thc planc丿 7、Ⅳhich contains PQ and几。
ⅡD Find thC pcrpcndi()ular distancc frolll A tO Π.  (ocR)

34Lct A,B,C,be the points(2,1,0),(3,3,-1),(5,0,2)rcspCctivcly,Find AB× AC.

Hcnce or otherwisc Obtain an equation for the planc cOntaining2`,B and C    (sQA/csYs)
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35

36

sCALAR TRIPLE PRODuCT AND ITs APPLICATI0Ns

Thc plane冗 has equatiOn r。 (2i-3j+6k)=0,and P and Q are the points with pO⒍ tion
VcCtors7i+刨 +5k andi+3j~k rcspcctivcly,Find the positiOn vcctOr of thc pOint in which
thc hnc passing through P and Q Inccts thc plane冗 .

Find,in the fOrm围 J+3`+cz=〃,thc cquation ofthc planc which cOntains thc hnc PQ and
which is pcrpcndicular tO冗 .  (oCR)

a)氓′th the help of Fig。 1belOw and using,where apprOpriate,the notation in the△gurc,sho、 v
that thc Ⅴolumc ofthe tctrahcdron OABC is

:M
、Ⅴhcrc n==a× b,

Fig,1                              Fig.2

b) In the tetrahedron OABC,shown in Fig。 2above,the cquation of thc plane/廴 BC is

12x-+4`-+5z=48

i) C冫iven that A is on thc氵 ‘-axis,find its cOordinatcs。

Thc cquation ofthe plane OBC is-4J+4`+z=0

ii) ShoW that thc equation of BC is

r=(老
)+尤
(j4)

iii) ClivCn that B is in thc xy-plane shOw that⒒ is the pOint(3,3,0)

Thc cartcsian cquation of AC is营 =

Iˇ) Find the coordinatcs of C,

)̌ Find thC volume Of this tctrahcdron,  tNIcCEA)

8
_
z
~
4

〓
~
~
ˉ

scalar triple product and its appⅡ cations

Thc scalar triplc product of a,b and cis desncd as a。 b× c

Note We must calcL11狨 ea。 b× c as a。 lb× c).If we“⒗d tO cdctllatc it as
(a.b)× c,、Ⅴe WOuld havc thc vcctor product Of a scalar and a vector,which,
by de1:丨initiOn,cannot cxist。

Fig.2
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CHAPTER 6 VECTOR GE0METRΥ

ExampIe21 Calculatc

\
丶

丨

`
/

7
4
2

/
f
ˉ

ι

\

×

\
丶

ˉ
ˉ
Ⅰ
`
/

2
3
 
_

/
∫

ˉ

ι

\

\
丶

ˉ

`
/

3
4
7

/
∫

ˉ

ι

\

¤

罄

●

口

饕

豳

攮

攮

■

●

●

口

●

动

镏

■

诬

●

亩

缪

鬟

爨

●

■

●

Ⅱ

●

龟

齑

鏖

●

■

獯

簸

蘧

■

■

●

■

蟊

窈

■

sOLVTION

We must calculate thc Ⅴector product flrst∶

(∶
)·
(∶:1)× (:)=(∶

)·

=(;)·

Thcn`氵、/c calCulatc thc scalar prOduct∶

(;)· (∶∶:) =30-44-91=-105
Thcrcforc,wc havc

\
丶

ˉ
`
/

\
丶

ˉ
`
/

7
4
2

/
f
ˉ

丶

\

×

ˉ

)
)

2
3
_
 
0
H
⒙

/
丨

\
1
 
_
 
_

(
(

(;)· (∶i)

2⒋ quickcr way tO Ⅱnd a。 b× c is as fo11Ows.

Thc vector product b× c is giⅤcn by(see page104)

b× c=
i  j  k
D1  32  D3

c1  c2  c3

=i(D2c3— D3c2)_j(Dl句 一 D3c1)+k(D1o— D2c1)

Thereforc,thc scalar triplc product a。 b× c is giⅤen by(see JPJrr@JJrc扔 gP叨 r召
Mαr屁召阴crjcs,pagc503)

a。 b× c=四 I(D2c3— D3c2)一 四2(Dlc3-33cl)+曰 3(Dlc2— D2cl)

That is,

<
υ∩
υ

_〓

\
丶

ˉ
`
/

7
4
2

/
∫

ˉ

丶

\

×

硎
冖h
l
I
v

x
a
 
 
 
 

×

E
\
丶

I
`
/

t
t
o
2
3
_
1

u
ˉ
/
r
l
ι

\

C
 
 
 
 
.

s
r
)

t
h
i
⌒

Γ
μ
ι
∨

gnyppA

甾
鬟
爨
爨
锺

a。 b× c=
四2  曰3

D2  D3

c2   c3

围
I

DI

C1

21,wc wOuld haⅤ e

=|∶
:∶

1

=3× 10-4×

=-105

11+7× -13
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sCALAR TRIPLE PR0DUCT AND ITs ApPLICATI0Ns

Coplanar vectors

We have

a。 b× c=a。 (Dcsin g n)

=四乙c⒍ngc。s,

whcrc g is the angle beⅡ Ⅳccn b and c,and φ is the angle betwecn a and n,
which is perpendicular to the plane containing b and c.Thcreforc,、 vc gct

a。 b× c=砑3c sin g sin l/

where ψ==(90° —￠)is the anglc bctuJccn a and the plane cOntaining b and c,

Hencc,whcn a,b and c are copIanar(a,b and c Ⅱein the samc p1anc,,wC have

a。 b× c=0

Volume of a cuboid

鞋F摄1∵姿鹫E:按岁
h脉硒咖

Thc volumc of a cubOid is givcn by

Volumc=Arca of basc× Pcrpcndicular hcight

ThcⅡ fo∞,tllc vOlumc,l·
/'∶ of OBDCAQRSis

/=(3× c)× 四=△Dc

Now,b and c are perpendicu1ar to cach othcr,and a is pcrpcndicular tO the

plane cOntaining thcm,Hcncc,wc havc

a。 b× c==rrDc s1n90° s1n90° =围Dc

Thercforc,thc Ⅴolume Of a cubOid is givcn by

/=a。 b× c

、Ⅴhere thc vcctors a,b and c rcprcscnt thrcc a内 acent edges Of thc cuboid

Note  Sincc the ⅤOlumc of any shape1nust bc positiⅤ e,、Ⅴc always use the

magnitude Of a。 b× c in volumc calcu1ations,

、厂olume of a paraIIelepiped

A para11elepiped is a pOlyhedrOn

Ⅵ砬th six faccs,cach Of which

is a parallclogram,
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c×ba〓/
鎏
鲞
髑

CHApTER 6 VECTOR GEOMETRY

Con⒍der the parallclcpipcd OBDCAQRS,which has a苟 acCnt edgcs OA=a,

OB=b and OC=c。

The Ⅴolume of a para11elepiped is givcn by

Volumc==Area of base× Pcrpcndicu1ar height

Therefore,tl△ e volume,l9/冫:。fOBDCAQRS^
/=|b× c× Perpendicular height

Now,the perpcndcular h⒍ ght,AP,o|a|COs ε.Therefo∞ ,wc have

/=|b× c|× |a|cos ε

=a|b× c|cos g

We note that this is ident妃al to thc scalar product x。 y=|xHy|cos g,w⒒ h

|x|=|a|,|y|=|b× c|and b× c ha说ng the same sensc as PA.Thcrcfore,the

Ⅴolume of a para11clcpiped is giⅤ cn by

wherc thc vcctors a,b and c represcnt three a内 acent edges of t纽 e

parallclcpipcd.

: ExampIe22Find thc arca of parallelogram ABCD,wherc A跽 r
s̄,1,D,

箧  B怂 @,0,θ and D恕 臼,2,-1).

罂    sOLvTlON

∶ wC h吼 the a苟 acCnt sides

量      灭宝=b— a=(i)— (∶ )=(三 :)
营       灭:=d— a=(I1)-(;)=(∶ 1)
瑟 The area。 f para⒒ elogram ABCD o|A宝 ×AD|,which虫 vcs

镫              Area=

i   j   k
-1 -1 -3
4  1  -8

=uⅡ -2q+3k

=√
′112+202+32=√ 骊

:  ExampIe23Find the volume of par狃 lelc∮pCd ABCDPQRS,where A`

:  (3,1,D,B必 ⑿,0,θ,D^σ ,2,-1)and P。 ⒅,3,11).

:    sOLvTION
0

:  The v°

lu;L筝

::(;;a∶丨::l:;ped A:CDPQRS。

gi1en by
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sCALAR TRIPLE PR0DUCT AND ITs APPLICATIONs

VoIume of a tetrahedron

A tctrahedron is a polyhedron with fOur faces,each of which

is a triangle.That is,it is a pyraⅡ lid with a triangular base。

Consider the a哟acent cdgcs AD,AB and AC,rcprescntcd by
the vectors a,b and c respcctivcly.

Thc volume of a tetrahedron is givcn by

Ⅴolume=丁 ×Area。f base× Pcrpcndicular height  A

Thcrcfore,the Ⅴolume,l9/冫 ,。ftetrahcdron ABCD o

/=÷ ×
:|b×
c|× Perpcndicular height

NOw,thc pcrpcn山 cular hoght,DP,o|a}cos g.Therefore,

/=:u×叫硎cos g=:凵阳×叫cos g
Because b× c has the same scnsc as PI),this gives

/=⊥ a。 b× c
6

where a,b and c are the vectors rcpresenting thrcc a曲 acent cdges of thc

tetrahcdron.

Thcrefore,the volume of a tctrahedron is onc sixth ofthe volume of a

paraⅡ elepipcd。
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CHAPTER 6 VECT0R GE0METRY

:  ExampIe24Find thc Ⅴolumc oftc“ahedron PQRS,where P is(3,4,D,

:  Q iS(-2,1,5),R iS(1,3,-1)and S is(-3,6,8).

:    sOLuTION

■   We have

膏      F面 =q— p=(三:)  丁文=r— p=(:∶ )  下ζ=s— p=(16)
餍  The犯

f° rc,tllc Ⅴolume,匕 of tCtrahcd∞ n PQRS o ghCn by

獒    /=:× Fδ·F贯×币ζ

1
一

6
 
1
_
6

~

 

~

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

~

 

~

篝

纛

●

磁

蟊

裰

囊

篝

△

I
●

●

鐾

鐾

鬟

●

囗

-5 -3 -2
-2 -1 -8
-6  2  1

(-5× 15+3× -50-2× -10)

205

6

鼍   ThCrCforc,thc 
Ⅴolume of tetrahcdron PQRS is∶ 望⒉三.

、厂olume of a triangular prism

The volume of a triangular prism is giⅤ en by

、厂olume==义
`rca of basc×

Perpendicular hcight

By dcfinitiOn,thc base is a triang1e,So,、 ve have

Arca of base=:|b× c|

Thcrcfo⒑,tllc vOlume,乙 of tl△ C pⅡsm1s

/=:b× c|× Perpendicular hcight

=:i aHb× c|

、Ⅴhich givcs

/=⊥ a。 b× c
2

whcrc a is thc vector rcpresenting an edge Of the pris1Ⅱ ,and b and c arc thc
VcCtors representing two⒍des ofits trhngular basc,a内 accnt to a
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sCALAR TRlPLE PR0DVCT AND lTs APPL1CATI0Ns

Volume of a pyraⅡ 1id

Thc volumc of a pyralllid is giⅤ cn by

/=:× Area。f basc× Pcrpcndicular hcight

Taking the case of a rectangular(or parallclogram)base,we havc

/=÷ b× c|× PCrpCndicu1ar hcight

where b and c rcprcscnt a呐 accnt SidCs of thc basc,

as sho、 vn in the diagral11on thc right。

From the diagran1,wc see that the perpendicular

hC尥ht^ac° s9.Themfo∞ ,we haⅤc

/=:凵阳×叫tiOs g
Bccausc b× c has the samc scnsc as PV,this givcs

b

/=⊥ a。 b× c
3

Thc￡foⅡ,the volume of a pyramid witll a￡ ∝angLll盯 ror panllelogram)baSC
is one third ofthc vo1umc of a para11clcpiped.

ExampIe25Find the volume of pyramd ABCDⅤ ,wh∝e ABCp isa
paraⅡclOgram,and Ⅴ悠thc vcrteX。 A^⑿ ,1,5),B。 (3,4,—⑷,D is
(5,2,3)and V is⑩ ,6,⑶ .

sOLVTION

Wc havc
\
丶

ˉ

`
/

_
2
5
_
ˉ

/
r
ˉ

ι

\

〓a_
Ⅴ〓→ΑⅤ

\
丶

ˉ

`
/

3
1
_
2

/
f
ˉ

ι

\

〓a_
d
〓→ΑD

\
丶

丨

∫

/7

1
3
 
_

/
∫

ˉ

ι

\

〓a_
b〓→A

Β

ThercfOre,thc ⅤOluⅡlc of pyra1mid ABCDⅤ  is

:莳
·崩×瓦:=:(f)· ((j7)× (

\
丶

ˉ

`
/

\
丶

ˉ

`
/

3
1
_
2

1

3

-2 5 -1
1  3 -7
3  1 -2

=:H-6+D一聒2+η—u绷
=:㈠×1+犭×19-1×凋
=:(-2-95+:)

Thc∞fore,tlle volume ofpyramid ABCDⅤ  k Ⅰ⒓。
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CHAPTER 6 VECT0R GE0METRΥ

Exerclse6C

1 Find thC valuc。 f( ∶
=)·

(∶
) 

×
 (」∶)·

2 Find the Ⅴalue。f(∶∴5)· (∶ ) × ({})·
3 Find thC valuc。 f(∶扌) · (:) × (i)·
4Find the ⅤoluⅡ1e of a parallc1cpipcd ABCDEFGH,

疣 =(∶
) 

疝 =(I∶
) 

砣 =(∶
)

5 Thc Ⅱgurc On the right rcprcscnts a cubc、 vith sidc
Of unit lcngth.

D Find AB.AC.
⑷靴扌ir秫如扌簧T昔苔T血

屺浼罗am,
i") IFind thc valuc Of尤 in the fo1lOwing cquation

EA× EC=尤BD   (NICCEA)

Thc pOints2、 ,B,C and]D have coOrdinatcs(3,1,2),(5,2,-1),(6,4,5)and(-7,6,-3)
rcspectiⅤely,

al Find AC× AD,
b) Find a vectOr cquation Of the line thrOugh义

`、

vhich is pcrpendicular tO

c)Veri灯 that B hCs On th`hne.

d)Find the vOlume Ofthc tc“ ahedron ABCD。   (EDEXCEL)

Thc flgurc On thc right shows a right prism with triangular

ends ABC and DEF,and parallcl cdges AD,BE,CF。 Givcn
that A is⑿,7,-1),B is(5,8,⑷ ,C。 6,7,⑶ and D is(12,1,—㈥,

a)Ⅱnd AB× AC
⑴n侧崩 。(7函苣×7口已)。
c)Ca1culatc thc vOlumc of the p⒒ sln。   (EDEXCEL)

AC and AD.

128

www.as
warp

hy
sic

s.w
ee

bly
.co

m



EXERCIsE 6C

8 Thc pOints A,B and C haⅤ e position vcctors arn,b rn and crn respcctively,rclatiⅤ c to an
o⒒匪n0,where

a=3i+句 +5k b=缁 +甸 +7k c=i+习 +3k
a,F血d lb— a)× 0— a)。
b)Hence,or otherwzise,flnd thc arca of∠ ⒋̌BC and the volume oftetrahedron OABC.
c) Find an cquation ofthe plane ABC in the form F。 n=P
Given thatthe pont D has po⒍ tion vector(2i+j+2k)m,

d)flnd the coordinates of the point ofinterscction,E,ofthe OD with thc plane ABC

e)flnd the acute angle between ED and the p1anc ABC。   (EDEXCEL)

:∶
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7 Curˇe sketching and inequaⅡties

Ⅱ″〃犭 r乃召c〃严v召 s乃 lf9/c,刀〃日/ll〃乃r@C@〃

HART CRANE

Curve sketching

On pagc306of rrFrr@Jjrc氵 r,g PIrrε 3r曰 r/·fc″1ε r氵Cs,there is a bricf introduction to

the use of asymptotcs in curve skctching。 Wc arc now going tO eⅩ tend thc
procedurc to morc cOmpleⅩ  curvcs。

Remember An asymptotc is a line which bccomes a tangent to a curvc asyv or

`tends to inJ[∶

ilnity.

V1厂c neCd tO bc able to find asymptotcs if we want tO sketCh functions、 Ⅴhich

arc nOt trigonomctric or polynoⅡ 1ia1.

COnsider,fOr cxamplc,the curve

4△ -8

^  
ˇ  x+3

z`s`→ 土∞ ,the denoⅡ 1inatOr Of this function must tend to zcrO,That is,as
兀+3→ 0,丌 → -3,Hencc,x=-3iS an asylllptotc。

TO flnd thc asymptotc as x→ 土OO,wc CⅩ press thc function as

4一里
Jy=T石
1≡

As I-→ 土∞ ,号 -0,and∶
:-→

0· ThCrcforc,`-→
羊
=4 Hence,`=4is also

an asymptotc。

Noticc that,as J→ 土∞ ,the largcst tcrms in thc numcratOr and thc
dcnoΠinator are4x and豸 respectiⅤc1y,and so`≈ 4x÷ J=4,

x=-3is a Ⅴertical asymptote,as it is paral1el to thc`-aⅩ is,and`=4is a
horizontal asymptote,as it is parallel tO thc Γf-aⅩis

To bc able tO skctch`=÷
:1F1:,we alsO nced to丘

nd whcre it crOsscs thc

,f-and J`-aⅩ cs∶

When丌 =0∶  `=_:

Whcn y=0∶  4x-8=0 →  ~l=2
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CuRvE sKETcHING

To skctch thc curⅤ c,wc proceed as follows6cc the dhgram

on the right)∶

● First,draw the asymptotes,using dashcd lincs.

● Ne火 t,mark the pOints、 〃here thc curve crosses the aⅩ cs.

● As the numerator and the dcnoⅡ 1inator of the fLlnction

cach contain only a linear tcrm in x,thc curⅤ e cannot

cross eithcr asymptote.

● Considering thc curvc for苋 )-3,、Ⅴc scc that it tcnds
to—∞ as豸 approachcs-3f1。 oⅡ1ⅤaluCs of x greatcr than

-3。 Hence,the CurⅤ c tcnds to+o0as Ⅹ approachcs-3
from va1ues of艿 lcss than-3.

● We can now completc tl△ e ct】n钅 of`=4xˉ
:.

ExampIe刂  sketch`=钶 .

sOLUTION

First,wc flnd the asymptotcs。

As x→ 土∞ ,`→ 2。 That is,the horizOnta1asymptote is`=2。

As`→ 土∞ ,艿 -5→ 0.Hcnce,x=5is the vcrtioal asyll△ ptotc,
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CHAPTER 7 CVRVE sKETCHING AND lNEQuALlTIEs

Ncxt,wc Ⅱnd where thc curvc crosses the axcs∶

When x=0∶  y==∶三:=:
When y=0∶  2豸 -6=0 => 豸=3

We now complete the skctch of`=钌 ,which is shown bclow。

Curves with an obⅡ que asymptote

For rnost curvcs,thc valuc of`as x→ 土∞ wⅡ l nOt bc flnite。

COnsider,for eⅩ ample,thc curvc

y=x+⊥
艿

As艿 →土∞,⊥→0and thus y→ 苋。Therefore,`=豸 恕an asymptote to thc
Curvc。      J

This is called an oblique asymptote(sometillles an incⅡ ned asymptotΘ ,as`=艿
is not para11el to either aⅩ is。

The othcr asymptotc^艿 =0(the严 aⅩis),as⊥ →∞,when犭 →0.
X

Whcn艿 =0,`is not deflncd,thus the curve docs not cross
the J`-aⅩ is.Thus,the`-axis is a vcrtical asymptote,as

already shown。

We can now sketch the curvc of y=豸 +⊥ ,as sh。wn on
thc right.
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sKETCHlNG RATlONAL FVNCTI0Ns WITH A QUADRATIC DENOMINAT0R

x2+3J
ExampIe2 Skctch y=

sOLVTION

Dividing艿 2+3x by x+1,wc obtain

`=x+2_yY+1
which gives thc asymptOtcs as x=-1and`=I+2,

We nOwJ{∶ ∶iind、vhere thc curvc crOsscs thc aⅩ es∶

Whcn`=0∶  x2+3x=0 => △=0 and
VVhen x· =0∶  `==0

We no、Ⅴ complete thc skctch of`=
J2+3x
J+I

丌+1

-3

Sketching rationaI functi。 ns with a quadratic denoⅡⅡnator

Curves l叩ith two vertical asymptotes

Takc,for cxamplc,the curve`=              ,

Whcn the dcnoⅡ 1inator is a quadratic eⅩ prcssiOn,

● therc are always twO vcrtical asymptotcs,and

● the curve、ⅤⅡl nonma11y cross the horizOntal asymptotc,

Hencc,in addition to inding the asymptotcs and thc pOints whcrc the curve

Crosscs thc axes,we nccd tO cstabhsh where thc curvc crosses the horizOntal

asylllptote.

Note  Thet、vo vcrtical asymptotcs could Coincide,asin Examplc4,on
pagc135,

133

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER 7 CVRVE sκ ETCHING AND INEQVALltIEs

Hence,there are four stages to sketching thc givcn ftlnction。

1 To flnd thc horizOntal asymptotc of y=午
←干号+钅℃乙弄

L,we Cxprcss thc

ft1nctiOn as

y=

丶
l
丿

/

5
~
χ

_
0
∠

/
r
ˉ

丶

\

\
丶

ˉ
`
/

3
~
丌

_

/
f
ι

`

(1+;)(1+钅
)

As豸 →土∞,⊥→0,and、 →2。 The∞fore,the horizOntal Ⅱymptote is
豸

`=2.
2 To flnd the vertical asylllptotcs,We cquatc the dcnon1inator to zcro,which

g1ves

(艿 +1)(x+2)=0

Hence,the Ⅴertical asymptotes are豸 =-1and苋 =-2。

3 To flnd whcrc thc curvc cuts thc aXcs,wc havc

When J=0∶
`=丁

′   When y=0∶  x=3 and 豸=至
2

4 T。 nnd、vhere the curve crosses thc horizontal asymptotc,`=2,WC havc

2=(J— ω
(2豸 一匀

(艿 +1)(x+2)

2(豸
2+3x+2)=2艿2-11兀 +15

11
→  X=—

17

To skctch the cuⅣ c,wc nced to inscrt aⅡ four points,as

、vell as thc three asymptotes.

Note

● Thc curⅤ e can cross an axis Or an asymptote onˇ at

thc points found。

● If one branch ofthe curvc goes to+OO,thC ncxt branch

must rcturn from_oO.Thc cxccption to this is when the

t、VO ⅤertiCal asymptOtes coincidc as the result of a squared

factor in thc dcnoⅡ Ιnator.See EⅩ amp1e4on page135。
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sKETCHlNG RATIONAL FuNcTlONs WITH A QuADRATIC DEN0MINAT0R

ExampIe3 Sketch y=

sOLUTION

(艿 +1)(豸 -4)
(苋 一2X艿 -5)

■

媲

蟊

¤

簸

■

癜

蟓

豳

■

钿

■

■

曰

璩

癜

霭

田

●

肛

灞

鑫

攘

田

●

口

妯

Ⅰ

The horizOntal asylmptotc is`=1.

The vertiGal asylmptotcs are豸 =2and艿 =5。

Thc curve crosses thc aⅩes at x=0,`=-斋 ,and at、 =0,艿 =-1,4,

The curve crosscs thC horizOntal asyn△ ptote whcn y=1,whch giⅤ ∞

J2-7x+10=豸 2-3豸 -4

7
→  豸 =—

2

Wc can nOw sketch thc curve.

Example4 Sketch thc curve`=

sOLVTlON

(J-1X3豸 +2)
(豸 +1沪

The horizOntal asymptote is y=3.

The Ⅴert忆al asymptotcs are J=-1Cw忆 Cl.

Thc curⅤ c crOsscs thc aXcs at x==0,`≡ -2,and at

Thc curⅤe crosscs thC horizOntal asylnptote whcn y

3=
3艿
2一
艿-2

艿2+2艿 +1
3(艿
2+2艿 +1)=3艿 2一 豸-2

5
→  艿 =— —

7

y=0,豸 =1,-号。

=3,which givcs
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CHAPTER 7 CVRVE sKEtCHING AND 】NEQUALlTIEs

Note  Since x==-1is a repeat asymptotc,and the curvc tcnds to+oo as

豸approaches the valuc of-1f1· om the right lthat is,豸 tcnds to-1from
abOⅤc),it also tCnds tO+OO as苋 approaches thc value of-1from thc lcft

lthat is,f1ˉom bclow)。

Curves with①ut verticaI asymptotes

Not aⅡ fLlnctioIls of thc form y=·
′ +3x+c havc v∝

tiCal awmptOtcs。 If the

roots of``+fyx-← r=0are not real,thc curvc wi11not have a vcrtical
asymptote。

ExampIe5 Sketch thc GurⅤ e`=子钅|::午寺∶卜and fInd thc range of
possible va1ues for J`.

sOLVTION

To flnd thc hOrizOntal asyn△ptotc of`=解 ,we eⅩ prcss thc

function as

′=4+旱
+嘉

As x→ ∞,y→去ThCrcfore,`=告 is thC horizOntal asymptote.

For thc vertical asymptotes,we havc4豸 2+5豸 -+3=0,which gives

-5土 √
′
-23

3
~
`+

5
~
豸

+
0
∠
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鼹

攮

鑫

鼷

蘩

啜

●

涵

●

嬷

饔

鑫

Ⅱ

茹

●

镳

豳

啜

口

痴

鑫

鑫

蠡

●

蟊

镶

鼹

鼹

¤

嚷

该

鼙

犟

铍

霭

●

攮

■

■

鑫

●

礓

■

蟊

爵

翳

●

辍

埤

饔

爨

■

蟓

鼙

■

■

目

曦

■

●

■

●

●

■

■

●

●

豢

●

■

●

蘧

攮

饔

唧

Q
翳

嚷

翳

鼹

曝

缓

蠡

翳

鍪

宓

●

涕

攮

鼹

●

sKETCHING RATIONAL FVNCTIONs W】 TH A QVADRATIC DENoMINAT0R

Thcsc are not rcal Thcrcfore,thc curve docs not haⅤ c a vcrtical asymptote

To Ⅱnd whcre the curve cuts thc aⅩ cs,wc havc

Whcn y=0∶    2J2-卜 5x+3=0

⑿艿+3)(豸 +1)=0
→  豸=-1 and

Whcn J==0∶  `==1

Thc curvc crOsses thc horizOntal asy111ptote`=告 when

1 2x2+5x+3
2  4x2+5Ⅰ +3

which giⅤ es

4J2+5x+3=4x2+10x+6

3
→  X=— —

5

To flnd the rangc of Ⅴalucs of y,、Ⅴc nccd to f1nd thc valucs for which

′=4J2:卜
5x-卜 3has real roOts for J.

α 蝴 碰 帅 甥

`=黯
尸吖⒐o执函h

4yx2+5y丌 -+3y=二 2x2+5x-+3
→ (4`-2)J2+(5`-5)△ +3y-3=0

From the quadratic formula,wc knOw that32-4四 c≥ 0for the rOots of豸
to bc rcal。 Thcreforc,wc haVc

(5`-5)2-4(4,`-2)(3`-3)≥ 0

→  2勿2-2幻 -1≤ 0

→ ⑿3`+l)o-1)≤ 0

→ —
J∶
≤y≤ 1

Thcrcfom,tl△ e nnge ofposs此le Ⅴalues of`is一去≤v≤ 1.

Hence,thc ma对 mum value ofy恕 1,and tlle minimum vahc is一 击.

Note Wc cOuld have uscd calcu1us to flnd thcse twO stationary points,

3
一

2_

no、Ⅴ sketch the curⅤ c.
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CHAPTER 7 CURVE sKETCHING AND lNEQUALITIEs

ExercIse7A

Skctch thc graph Of cach ofthe fo11O、 Ⅴing functions

1`=              2`=f争
云
社争圭舁

3y=(J+4)(x-5)         4、 =(△ +1)(2x+5)

5 、=2x2-← 3J-5                6 y=:氵 ;i|f÷1苎1÷
7 Find thc range of valucs of

屮=”   叻=专争∶《∷三:
8 Find thc cquatiOns ofthe threc asymptotcs Of thc curⅤ e

`=   
⒅

9 Find thc cquations of thc asymptOtcs Of thc curvc

y=⊥∴亍礻
`|⊥

⒅
10 0nc ofthc two asymptotcs Ofthc curvc

x2+加 +1

`= x+2
wherc尤 is a constant,is`=丌 +5,

i) statC thC cquation of thc Othcr asymptotc,

")Find thC va1uc of尻
   (oCR)

11 The curvc(]has equation

`=1O+宀
一韦

i) WritC doWn the equations of thc asymptOtcs Of([:,

⑴№d軎·
Ⅱi) ShoW that C has Onc pOint ofinflexion,and Ⅱnd the cOordinatcs of this pOint。    (ocR)

12A curvc has cquatiOn`=x2+2J-11·

a) DCtCrⅡⅡne the equations Of the thrcc asymptotcs to thc CurⅤ e,giving cach ansⅣ er in an

cxact form.

bl PrOvC algcbraically tllat tllcrc arc nO valucs Of Ⅰ fOr which告 <`<昙 ·

Hcncc,or Othcrwisc,calculatc thc cOOrdinatcs of thc turning pOints On thc curⅤ c,   (AEB98)
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EXERCIsE 7A

13 ~A Gurvc has cquatiOn`=2x~+1·

a) i) Writc dOwn thc cquatiOn Of thc vcrtical asymptotc tO thc curvc,and dctc∏ninc the

equau。n。fthc ObⅡ quc asymptote,

ii)UsC differcntiauon t。 dctern1ine the coordinates Of the stationary points On thc curve

b) The region bOundcd by thc curⅤ e,the x-axis bctwecn△ =0and x=1,and thc1inc x=1is
rotated thrOugh one revolution about the x-aⅩ is to forⅡ 1a sOⅡ d、vith volumc9-

L1sing thc subsututi。 n Jf=2x-← 1,or Othc「Ⅳisc,show that

/=蚤←-3h⑴  lAEB⒃

14 Lct thc functiOn f bc givcn by

fl丌)=2王L二
÷罕≡咭洋护

LL旦   J≠ 2

a)ThC graph of`=ftx)crosSCs thC y~axis at(0,曰 )statC thC valuc of曰
b)FOr thC graph of R)f)

∶) write do、vn thc equation of the vertical asymptote,
:i)shOw algcbraically that thcrc is a non-Ⅴ ertical asymptote and state its equation.

c) I氵ind the cOordinates and nature of the stationary point of※ J).

d)ShOw that Rx)=0has a rOot in the intcrval-2<x(0,
e) SkCtch thc graph of y=flx)(YOu must includc On yOur skctch thc rcsults Obtaincd in thc

first fOur parts of this qucstiOn,)   (SQA/CSYS)

15 Thc curvc C has cquation

2x2+6x+1
′=(△ —l)(x+⑷

i) EⅩpress丿 in partial fractions

ii) DCducc that

a) at every point of(飞 the gradient is negat1vc

bl`>2for all x>1.
iⅡ )WritC do、vn the cquatiOns Of thc asymptOtcs of C.

iv)OnC ofthe as卩△ptOtes has a point in comlllon with C,Detcrr匝nc thc coordinatcs Of this
pOint。   (oCR)

16 A curvc C is dc△ncd by thc cquations

1+r   1+`x=1_r ′=1_`

wh∝c ris a∞ al p盯 amct∝ ,r≠ ±1,

㈤ 岫 唧 酾 mh扣 邮 dⅡ

∷ Ⅰ贳Ⅰ茌 Ⅲ

田 m山 啷 龇

b) By eⅡⅡⅡnating r,prOvc that([∶ has cartcsia]

c)Write dOwn the equatiOns Ofthc twO asymptOtcs Of([:.

d) i) PrOve algebraica11y that thcrc arc nO values of x for which-1<`<1,

ii)HCncc,or othcr、 Ⅴise,dctcrluine the cOordinatcs of the turning pOints of C    (AEB96)
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