
EXERCIsE 1C

15 The pOint P in the Argand diagram rcpresents thc complcx numbcr z and thc point Q

1
reprcscnts thc cOmplcx number w,where ll=z+1,

D Find v when

a)z=— i  b)z=i

cxpressing your answers in thc forⅡ 1仞 +iv
ii) Find z in tcrlms of v.

"D Given that P lies on thc circlc w⒒
h centrc thc Origin and radius1,prOvc that|w|=|ll-1卜

:ˇ)Sketch thc locus rcprcscnted by|w|=|w-1卜   (oCR)

16 a) The point P in thc cOmplcx plane represcnts thc cOmp1cx numbcr z.Dcscribe thc lOcus of P

in each of the foⅡ Owing cascs∶

0口 2=1 ⑴arg(z2)=瞥
On thc samc diagralll Of thc cOmplcx plane,draw cach ofthc loci dcsncd in parts i)and ii)

abOve.

b) i)ThC point A in thc cornplcx planc rcprcscnts the cornplcx nurnber ll,=四 +iD(Where四

and D arc rcd),and^Such that v-2=1Ⅲ d arg⑴—⑷=瞥 DCtCrmine thc vahe
Of ff and thc value of D,giving each answcr in an eⅩ act form.

Ⅱ)WritC dOwn thc valuc of arg(″ ),and hencc丘 nd thc lcast positive intcger9,fOr which
arg(l ll″ )>2,5.  (AEB98)

17 The cOmp1cx numbcrs z1and z2arc such that zI二 =1+缸 and z2=四 +i,for some integcr
△≥ 0

al Given that lI=z1+z2,shoW that|l ll|=(1+四 )√’and write down arg(w),the argumcnt
of ll,

Hcncc snd,in ter1△ s of四 ,the valuc Of the complcx numbcr lll4.

b) In the casc whcn f/=2,the cOmplcx numbcrs z1and z2are rcprcscnted in the complcx planc

by the points P1and P2rcspccuvcly

DctcrΠ1ine a cartesian cquation of thc lOcus of the point P,、 Ⅴhich rcprcsents thc cOmplcx
numb∝ z,匣vcn that z_z1|=z一 奶卜
c) In the casc whcn fr=0,the complex numbcrs zI and z2are rcprcsented in the cOmplex planc

by thc points Ql and Q2rcSpcctively.

Dcsc⒒ be ful灯 ,and skCtch,the locus ofthe pOint Q,wh忆 h rcpresen“ the cOmplex numbcr z,

giⅤcn that arg(量≡∷∶) =号·    。̀E:97)
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2 Furthe'trigonometry with caIcuIus

Jf砀 Br严沏″g助s″召
`召

莎or,a伤肟召伤 Co'r乃q`″ o仞砑 gfv召 屁″留 r乃严召召sj″Vs

MONTESQUIEU

GeneraI soIutions of trigonometric equations

In F九rr@J功‘扔gP仍 r召 Mαr乃召rPTε矽氵Cs(pagc341),we solⅤ ed the tⅡ gonolne仕忆
cquation cos g==:by obtaining thc solution of60° from a calculator and using

thc graphs of y==cosε  and y==告 to Obta山△the othcr sOlutions。 Whcn we have
scvcral solutions to flnd,this Incthod is very thne-consun1ing and tcnds to

1nduce crrors。

Thc usua1rnethOd of nnding Fnore than one solution of such trigonomctric

cquations is to use thc geⅡ eral soIutioⅡ。

General solutions for cosine curves

W扛en COsg=二 告,、ve Ⅵ。ll flnd fronl thc graph of`==cos g(above)that thC
solutions fOr g arc

.。 ”-300° ,-ˉ 60° ,60° ,300° ,420° ,660°,780° , 1020° ,1140° ,。 ..

or360刀
°
± 60° for any intcgcr,刀 。

Hencc,the general solution of cos g=cos α is giⅤ cn by

g=360PJ。
=L 
α for any intcger,刀

where刂~,)and(;x:arc rneasured in dcgrecs。

If g and α arc了nCasured in radians,this gencral solution would be

g=2刀冗士α
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GENERAL s0LVTI0Ns OF TRIG0N0METRIC EQVATI0Ns

薹   ExaFnpIe1 Find the 
Ⅴalues of a frOm o。 t。 720° for、Ⅴhich cos a=T7歹 ,

鎏    sOLVTlON

g   l∶

=5∶

∶lculat。 r giⅤ es cos—
l(T;歹

) as45o·
HCnce,thC Ⅱrst solution,。 rα

,

l Putting α=45° intO thc gcncral solution,g=360刀
°土α,we get the

鲨 folloWing soltltiOns∶
畲     Whcn刀 =o g=45。
硬           When刀 =1  g=315。 。r405°

:     whCn刀 =2 g=675。

蓄   ExampIe2 Find the values Of a fr。 n10° to360° for which cOs5g=仝∠三。
Ⅱ                                                                 2

殛    sOLVTION

甚  After rcm。访ng the cos term,we app圩 thC gener引 solutiOn,using dffercnt

耋 valtles。 f刀 until we have a ft111rangc of sOltltions,

耋 Tlle cmcdaω
r红veS cOs丬

(仝
。

三

)aS30℃
Henc⒐ tlle nⅢ  s。 ltl【o曳 or%

曩   is30°

鼍  In this case,the general solutiOn is an cquation in5J So,with α=30° ,wc
鲨   have

。              5g=3609f。 ± 30°

ξ    → a=72刀°±6。

鬟  The∞ fore,tl△e solLltions a∞ as follows∶

瑟     Whcn刀 =o ε=6°      When刀 =3 g=210。 or222°
¤     When刀 =l g=66。 。r78°   When刀 =4 a=282G。 r294°
瑟     whCn刀 =2 ε=138° or150°  Whcn刀 =5 g=354。

Note Wccan a1、vays chcck thcsc values on a graphics calculatOr,aftcr having
sclcctcd thc corrcct range or Ⅴiew window.

General solutions for sine curves

雨≡· 氕老侥丁甬-360°钺
≡

舱
虫0。 ⒒0\ 爿豇 厶\ /3森  51。\ /7| |

-1

When sin ε=告,wC WⅡl Ⅱnd⒒om tlle肛 aph of`=sh g(沌 。ve)tll吼 tllC
sOlutiOns for ε are

,。 ”-330° , -210° ,30° , 150° ,390° ,510° ,750° ,。 。。
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CHApTER 2 FuRTHER TRIGONOMETRY WlTH CALCULVs

which can be written as

¨¨ -360° +30° ,-180° -30° ,30° ,I80° -30° ,360° +30° ,540° -30° ,720° +30° ,.¨

Hence,the general solution Of sin g==sin α is given by

g=180刀°+(1)刀α f。r any integcr,刀

whcrc g and α arc1ncasurcd in degrees.

If ε and α arc1ncasurcd in radians,this gcneral solution would be

g=刀冗+(-1)″α

蘖 ExampIe3Find thc values of g betwccn0° and⒎⒛
°
for which⒍ ng=∠ .

镏                                                                    2

攮    sOLVTION

簟 The calcdator匪
ves蚰丬 (喾

)as60℃
He∝%the Ⅱ岫 solL【jon,∝ 叱

。   is60° .

孟  Fr。 m the generd so1ution,g=180刀。+(-1)刀α,we havc

笠        g=180刀
°
+(-1)刀 60°

鏊  ThCref。 re,the⑽lutons arc as follows∶

爨     when刀 =0 g=600
峦     Whcn刀 =l g=180o~60° =120°

蠹     whCn刀 =2g=360° +60° =420°
∶     WhCn刀 =3 g=540。 ~60° =480°
缪      When刀 =4 g=720。 +60° =780°

耋   F茹:号蜃J∵∶」1:芒
t1;∶

芒强J得F∶:11笛芦FC·
Therefore,thcre arc four

晕   ExannpIe4Find the values of a betwccn oo and360° for、Ⅳhich sin3g==T7歹·
蟊   sOLuTlON

曩   ThC calculator gives sinˉ
l(Ι

;歹) as45。
·IΙencc,thc f1rst solution,or α

,

■   is45° 。

∶  In this casc,thc gcneral solutiOn is an equation in3J.So,with α=45°,wc
蘧   haⅤ c

爨       3g=180刀
°+(1)刀 45o

∶     → g=⒍切°+(-1)刀 15°

∶  Therefore,the solutons are Ⅱ follOws∶

罗     When刀 =0 g=15°   when刀 =3 g=165°
蘧     whcn刀 =1 g=45°   when刀 =4 g=255°
钿     When刀 =2 g=135°  when刀 =5 g=285°
∶  That is,thcrc arc six soluuons∶ ε=15° ,45° ,135° ,165° ,255° and285° .

24

www.as
warp

hy
sic

s.w
ee

bly
.co

m



|

∶
二
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:

EXERC】 sE 2A

General soIutions for tangent curves

Whcn tan g=1,wc wi11丘nd frOl11thc graph Of y=tan g(abovC)that the
sOlutions for ε arc

···,ˉ 135° ,45° ,225° ,405° , 。.

Or180″°-← 45° for any intcger,刀 .

Hcncc,thc gcncral sOlution Of tan g=tan α is givcn by

g=180Pr° +α  for any intcgcr,刀

wherc g and α are1△easurcd in degrees,

If g and O/are rncasured in radians,this gcncral solution would be

a=刀冗+α

Example5Find the valucs bctween0° and360° fOr wh忆h tan4ε =_√3

Thc calctlla∞ r虫rs tall l(_√匆 as-6σ .Hcllcc,the"蛀 sOlution,or α,
is-60° .

In this case,the gcncral solution is an equauon in4J,So,、vith α=-60° ,

wc havc

4g=180刀。~60°

→  g=45刀。~15°

Thercforc,thc sOlutions are30° ,75° , 120° , 165° ,210° ,255° ,300° ,345° ,

Exerc:se2A

In Questions1to4and8tO15,Ⅱ nd thc general solution of each equation in a)radians,and
b)degrccs.In QuestiOns5to7,Ⅱ nd thc gcncral solutiOn of cach cquatiOn in radians only。

1 sin ε=二
召右

3 sin2ε =古2 c。sa==~告

25
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CHAPTER 2 FURTHER TRIG0N0METRΥ  WITH CALCVLUs

4 tan3ε =1                  5 sin(2豸 +毋
) =1          6 cos(3豸

一号) =:
7 s1n(2x+詈

) =cos(2艿
+晋
)  : s1n24g=告

9 sin23a-+c。 s3g~+1=二 0       10 cos2g=c。 sε ~1          11 tan g二 =2c。 scc2g

12sin5ε _sin g=sin2g      133cos29+cos22ε =4     142cos2g=sin ε-1

15sin7ε +cos3g=0

日6 Sho、v that sin3豸 ≡ 3sin x-ˉ 4sin3芳 .Find,in radians,the general solution of the equation

蛀n3豸 =2⒍ n豸.  (EDEXCEL)

17 Find,in radians in teΠ ns of冗 ,the general solution of thc equation cos ε==sin2ε .

(EDEXCEL)

18 Find the general solution of thc cquation cOs2x==cos(艿 +晋
),giving your anm吖

er in tcrms

of冗。  (EDEXCEL)

19 ChⅤcn that r==tan艿,writc down an eⅩpressiOn fOr tan2艿 in tcΠ ns of莎.HenCc,Or otherwise,
Ⅱnd the general solution,in radians,of the cquation tan x+tan2豸 =0.   (AEB97)

20 Show that the genera1so1ution of the equation tan(3犭 一
晋) =tan x is兀

=-±丝△≡IE亘℃whcr° 刀

is an integer.  (NICCEA)

Harmonlc fOrm

As expl缸ncd on pagc374of Jrf莎 r@歹功cf刀gP伢rc Mα莎屁ε昭εr氵cs,thc harmonic fom
1s

R Cos(g土 α) or R⒍n(g土 α)
where R)0is a constant.

TurniⅡg四 cos e+J⒍ n JiⅡto R cos(J± ω  or丑⒍n(J± Θ

This is uscd whcn solving trigonomctric equations,whcn ftnding thc1naⅩ hnum
and Ⅱ1inhnulll of trigonomctric cxpressions,and somct⒒ ncs、vhcn solving
problcⅡ1sin shnp1e har1nonic Inotion,、 vhere R is the amphtudc Ofthe1notion。

●仍Cos J+3⒍ nJ〓 R cos(J-⑺

Expanding R cos(a~⑻ ,we obtain

伤c。sg+3蛀ng=R cosgcosα +R蚯ng⒍ nα

Equajng thc cocfflcicnts of cOs g gives∶ 伤==R cosα

Equating thc cocfflcicnts of sin g givcs∶  3=R sin α

26
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HARM0NlC FoRM

ThcrefOrc,we haⅤ c

曰2+D2=R2cos2α +R2sin2α

=R2(cos2α +Sin2α )

=R2
→ R=√ ′砑2+′

NOtc that jR is always taken to bc positive.

To ind α,wc usc

COS α=旦 and Sinα =垒

which givc

tan α=垒
四

but wc need to takc carc、 Ⅴhen cithcr r/or D is negative.

Whcn using f/cOs‘9or D sin‘9,if either r/Or z)is ncgative,all1· ays usc

cos α=贵
  and  s1nα

=钅
:,

and ensurc that both give the samc value for α。Ifthey do not,usc the valuc of

α、Ⅴhich is not bct、vccn0° and90° .

耋 ExampIe6Turn3cos ε-4⒍n g intO R cos(ε _α),

馏    sOLVTION

麈  we havC

覃     R=√·2+D2=√
′32+42=5

霉  which givCs

[        cOS 
α=:    s1nα ==一营

囔      α=53,1°    α=-53,1°  (from thC calculator)
癯  Note -53,l° 心also a soluti♂ n ofcOsα =:,but a cmculator always虫vCs
鲨  the anglC bctwccn0° and90° whcrcver possible。

::∶:f:(∶∶∶∶:犭找 1∶[F~1∶f:}l捃r器培甘::∶∶∶r扩 ::lfl;1:∶
°mb汕

鲨  Hencc,wc get

薹     3cos g~4sin g=5c。 s(9+53,1° )

鲨 Example7Find thc gcneral sOlution of5cos ε-12蛙ng=6.5Hcnce
:  Rnd thC sOluuons wh忆 h he bctwcen0° and360°

耋    sOLvTION

薹 Using5COS g-12sin a=Rc。 s(a+⑻ ,we Ⅱnd
¤     R=√ ′52+122=13

R
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CHAPTER 2 FVRTHER TRIGON0METRV WITH CALCULUs

爨  wh忆 h gives

;     c。 sα =⊥ → α=臼。酽
鼹                   13

蟊  Theref。 rc,wc have

犟     5c。sg~12sin ε=I3cos(g+67.4o)
瑟  So,5cos g~12s血 a=6.5becomes

≡        13cos凹 +67.4° )=6.5

:   →∞sm+⒍Q=竿 =⒍ 5
■                               13
0

:  wh忆 h gives

∶           g~+67.4o==360刀°
=L60°

∶  TherCforc,tl△ e gener缸 ∞lution^

罗     g=360刀
°±60° -67.4°

孟   vvhcn刀 =o,both solutions arc ncgatiⅤ e and are outsidc the rcquired
窭   rangc。 Thcrefore,thc solutions rcquired arc232.6° and352.6° oⅣhen
瑟  刀=1)。

●四sin J+j cos J〓 丑⒍n(J+⑷

Expanding R蚯 n(ε +α),wC obt缸 n

四sin ε+3cos ε=R蚯n gcosα +Rc。sg蛀nα

Equating the coeⅢ cients of sin g givcs∶ c=R COsα

Equating the coefflcients of cos9giⅤ cs∶ D=R sin α

Thereforc,we again havc

R=√ ′四2+32

∞sα =旦 and sinα =垒

邕  ExampIe8Turn24⒍ ng+7cOs g int。 R⒍n(g+α )

嚣    sOLvTloN

镏   Wc have

覆     R=√ ′242+72=25

邋  wh妃 h gives

曩    cos α=簦 →α=16·r
蘖  Hence,we gct
镶     24sin g+7c。 sa=25sin(g+16.3o)

R
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HARM0NIC FORM

Note To avoid thc probleⅡ 1of possibly obtaining twO diffcrent valucs for α
,

wc sclect whichever one of R cOs(g~α ),R cOS(g+α ),R“n(g_α)or
R sin(g+α )contains thc samc sign as thc cxprcs⒍ on bong simpliΠ cd.

Thus,wc wOuld cOnvert3sin g~4cOsg into thc form R sin(a_⑻ ,which is
thc Only trigonOmctric formula giving f/sin g~3cOs g。 In this casc,wc havc

R=√
′
32+42=5

3
COS α=—  →  α=531°

5

which givc

3sin g-4cos a=5⒍ n(g~53,1° )

鲨   Exannple9 FOr cach Of

莒   a) fr豸 )==24cos ε-+7sin g    b) frJ)==2~+4sin g~3cOs g
罩   flnd

麈  D tllC rangc d Ⅴalues for flD  iD a ma妊 mum pollt  iiD a minimum poillt
鏖    sOLuTION

: al D using24∞ sε +7sin ε=R∞ s(ε —⑻,we havc

霞         R=√ ′242+72=25

帚      ∞sα =嬖 →α=16.3。
25

鲨      wh忆h ghe

鬈        24cos ε+7⒍na=25c。 s(ε -16.3° )
:     N。w,c。sghⅡ a ma虹 mum of+1and a minimum of-1。 Thcrcfore,
鼍       thc range。 f Ⅴalucs Of cOs(ε _16,3° )is-1to+1,whiGh givcs thc
髯    range of Ⅴalues of25cOs(g~16,3° )as-25tO+25.That is,

罡        -25≤ fr~l)≤ 25

僵   ii)For tl.c ma虹 mum pont,we havc cos(g~16.3° )=1.Thcrcforc,

g~16.3。 =0 →  g=16,3°

麈     HCncC9thC ma虹mum pontis(16.3° ,25)

墅   "DF。r tllc minimum pollt,wc haⅦ COs m-16.3。)=— l,ThcrcfoⅡ ,

鳘        ε-16,3° =180° → ε=1963°

鬟     Hence,tlle mhimum pollt`(196.3° ,-25),

鳌 ⑴D  ㈦ ==
2+4蚯 ng~3c。 sε

霉     wC found h Example6tllat3cOs g~4蓝 ng=5c。 s(ε +53,1° )。
蠹     Theref。犯,wc haⅤc

flx)=
2-5∞ s(g+53.1° )
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CHAPTER 2 FVRTHER TRIGONOMETRΥ  WITH CALCVLVs

鬟     ThC den。 mina∞rh孙 a rangc f1·om-3to7,(Remcmber that

∶   1÷ 0=∞·)ThCrcforc,ffJ)has a range

:              ff豸 )'÷  and ※豸)≤ 一告
:   iD The maⅩimum pont^found whcre cos凹 +53.1° )is+1.That怂 ,

瑟        ε+53· 1° =360° → ε=306.9°
0

:     Theref。 m,tlle ma虹mum polltis O06.9° ,一 昔)。

篙   ⅡD ThC minimum pollt心 found whcrc cos(ε +53.1° )is-1.That^,
∶        ε+53.1o=180°  → g=126.9°
∶
蘧     TheⅡfore,tlle m血 imum poIlt^(126.9° ,÷ )·

Exerc:se2B

1 Find thc va1uc Of fR and of α in each ofthe foⅡ O、ving idcntitics。

a,5cos ε+12蚯nε ≡R cos(g— α)      bJ3cos g~4蛀 ng≡ R cos(9+α )
cl3sin g~4c。sg≡ R⒍n(g_⑻       d,cos2g+⒍n2g≡ Rc。s⑿g— α)
el6sin3a+8c。 s3ε ≡R⒍n(3g+α )

2 For cach ofthe fOⅡ o、ving expressions,Ⅱ nd

i) thC rnaxhnum and lnin虹 num values
Ⅱ) thC sma11cst non-ncgativc Ⅴalue of豸 for which this Occurs。

Whcrc ncccssary,givc yOur an⒏ 评cr correCt to onc dcchnal placc。

a,12cos g~9⒍na      b,8c。 s2ε +6⒍n2ε      cl:~3c。
sg-4sin g

⑷     Θ     o

3 Find thc gcncral sOlution,in degrees,of cach of these cquations.

∶∶∶∶;∫11∶∶;;Ji亡:     ∶}∶∶∶i∶;ˉ
5sin g=6· 5     c)cos2g+⒍ n2ε =丐万
+3⒍n23ε =0

Inverse trigonometric functioⅡ s

The inⅤ erse function sinˉ
1艿
,or arCsin艿,is dcf1ned as the angle whOse sine is豸 .

For exalnplc,

sin(詈
)=: 
→  -n-1(:)=膏

Hencc,if ε=sinˉ
l苋
,then sin ε=艿。

30
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INVERsE TRIGON0METRlC FVNCTIONs

sketching inverse trigonometric functions

Inverse slne graph

Thc graph ofy==sinˉ
l艿
is obtained by reflecting the graph of y==sin x in thc

line y=豸 .

To enable the sketch to be drawn to an acceptable degrec Of accuracy,we need

to flnd thc gradient of the sinc curvc at the origin.So,we dⅡ △erentiate

y=sin苋 ,which gives

ψ
=c。 sx

d艿

At thc Origin,where豸 ==0,wc havc

ψ =∞s0=1
d豸

So,the gradient of`==sin艿 at thc Origin is1.

We then procccd as fo11ows∶

● First,draw thc line`=x。 Show this as a dashed linc。
● NeⅩt,carefu11y sketch the graph of`==sin圪 rcmcmbering that`=豸 is a
tangcn-to`==sin豸 at the origin。
● Finally,carcfully sketch the reⅡ ection Of y==sin艿 in the linc`=圪 to giⅤc

thc graph shown below。

Thc graphs of othcr invcrsc trigonomctric functions arc found sknⅡ arly∶ that

is,by reflecting thc graph of thc rclcvant trigonometric function in the1ine

y=觅,Ifthc curve ofthe funcjon passes through the origin,start by Ⅱnding
its gradicnt at that point.

31
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CHAPTER 2 FuRTHER TRIGONOMETRΥ  WlTH CALCVLus

IⅡverse tan graph

E)ifFercntiating`==tan艿 to flnd the gradient,wc get

d,·

=∞c‰
d艿

At thc Origin,、 vhere x=0,we haⅤ e

曲`=sec20= 1 =1
d艿        cos2o

Thus,the gradient of y==tan J at the origin is1。

Thc graphs of`=tan x and`=tan_lx(or arctan x)are shown bclow,

IⅡverse cosiⅡe graph

The graphs of`=cos豸 and`=cOsˉ 1豸 (or`=arccos苈 )arC shown below.
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EXERCIsE 2C

Exerc:se2C

1 Find thc valuc Of each of thcse invcrsc funcdons.

㈤血丬⒍5   ⑴血(劫  Θ cos(≈乒)
⑴咖 11    Θ弼Cl西     O cot13

2 Sketch the graph Of cach of thesc invcrsc functiOns.

a) secˉ
lJ      b) cosec_l~l     c)c。

t-1丌

3rc。 s-1x=钅弘Ⅱnd蚰
^1豸·

4 ProⅤc that tanˉ
1(击
) =晋
+tan~lx

5 Find thc gcneral sOIution of thc cquation

3cos ε-7sin g=-6

Givc your answer in degrccs cOrreCt tO two deC⒒ nal places.  (NICCEA)

6    5cOs豸 -12⒍nx≡ R cos(x+⑺

、vhere R)0and α is acutc and1mcasurcd in degrees。

a) Find thC value of jFt,

b) Find thC valuc of α to onc dcchna1place.

c) HCncC,or othcrwise,fInd thc gcncral solution of thc cquatiOn

5cos x-12sin x=4   (EDEXCEL)

7D Write ftg)=7cos g~3sin ε in the form R cOs(g+⑶ ,where R^positivc and α
^acutc。Ⅱ) Find tl△ e ma灶mum and minimum vmucs。 f fl○ ,

Ⅱi) So1ve7cOs ε-3sin g=1,giⅤing the general solution in degrees.   (NICCEA)

8 a)Find a11va1ues of x between0° and360° satisfˇing

3cos丌 +sin x=-1

b) Find the gcncral sOlution of the equation

sin2x+sin4x=cOs2X+Cos4x  (WJEC)

9 Chven that

7c。sa+24sin ε≡R cOs(g_α )

where R)0,0≤ ∝≤ 90° ,

a)Ⅱnd thC valucs ofthc constants R and α.

Hcncc Πnd

b) the general sOlution of thc cquation7cOs g+24sin g=15

c)the rangc of thc functiOn flg)Where

叉ε)≡
5+(7c。sg+24sin ε)2   0≤

g<360。   (EDEXCEL)
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CHAPTER 2 FVRTHER TRIG0N0METRΥ  WITH CALCULVs

10 Find,in degrees,the va1uc ofthc acute anglc α for which

c∞ g-〔雨 ⒍ng≡ 2cos(a+⑻

for a11values of g.

Solvc thc equation

COs J— (√勿 sin J=√Ξ  o° ≤ x≤ 360°   (EDEXCEL)

1彐 EXpress cos g+√5⒍n ε in thc form R cOs(g_α ),where R)o and0° <α (90° .

Hencc flnd the genera1so1ution of the equation

cos ε+√t蛀nε =2cos40°

giⅤing yOur ans、 vers in dcgrccs。    (AEB96)

12 The anglc α is such that0(α <膏 and R cos(ε -+α)≡≡84cos g~13sin免 whcre jR is some

pOsitiⅤe real numbcr。

a) StatC thC value of R and flnd α,in radians,corrcct to three dccknal p1ac· cs.
b) HencC dCtcrn1ine thc gcncral solution,in radians,of thc equation

84cos g~13蛀ng=17   (AE:98)

13       ※艿)≡ 7cOs苋 -24蛀n艿

Chven that ft艿 )三≡R♀os(x4-α ),whCre R≥ o,0≤ α≤
膏
,and x and α arel⒒casurcd in radians,

a)Ⅱnd R and show that α=1.29to two dcci1nal p1accs。

Hcnce writc down

b)tllC minimum Ⅴduc of frθ
c) thC valuc of△ in thc intcrva10≤ 艿≤2冗 WhiCh givcs this rninhnum va1uc.
d)Find thC sma11est two positive valucs of艿 for which

7cos艿 -24sin艿 =10   (EDEXCEL)

140     ※g)≡ 9时ng+12c。 sg
Given that flg)≡ R蚯n(ε +α)whCrC R)0,0≤ α≤90° ,

a) 丘nd thC values ofthc constants R and α.
b) IIencc flnd thO Ⅴalucs of免 0≤ g(360。 ,f。 r which

9sin ε+12cos g=~7.5

giving your answcrs to the ncarest tenth of a degrce.

ii) Find,in radians in terms of冗 ,the general solution to the equation

√5⒍ n(ε 一 芸冗)=sin g   (EDEXCEL)
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Differentiation of inverse trigoⅡometric

sln1艿 or arcslm r

If`=sinˉ 1x,then siny==J。

Diffcrentiating siny=苋 ,wc obt缸n

cOs y{;÷ ==1

dx  cos`

Thcrcforc,we havc

爨        ∫冉 =⒌n 1艿 ~+c

锏 咖 勹 =蚰
丬

⑶
讪 雨 叩 =亠

曰

E)iffcrentiating,wc gct

c° s′
l≡万==l:

lNVERsE TRIG0N0METRIC FuNCTIONs

functions

√
′
1— λ2

→ 旦ェ= 1 =
d艿   围cos y

→ 旦芏=
d~Y

Thcrcfore,we havc

`
)χ

~
 
况

'
(

_

√ 日
2一
艿
2

苷;⒍n-1(芳)= √′△2一 丌2
which gives

鲎        ∫丐丐昙壬
=万

==s1n l(芳
)+c

If`=cos1J,We Can show that

击cOs lx=诗
which giⅤ es

胥        ∫瓦7f弯圣瓦万=-cos lJ-+c
In thc dagram on thc right,sin g=x,c。 s￠ =x and￠ =
TherefOrc,wc havc a=sin lx and￠ =cos1x,匪 ving

s1n1豸 =二 一cos lx
2

王~g,
2

_s1n2`
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CHAPTER 2 FuRTHER TRIGONOmETRΥ  wITH CALCuLUs

SO,wc gct

∫冉 =鼬·+c
=—Cos lX+d

where c==各 +c·

Hence,北 is unusual to use a function in cos^1艿 in differentiation Or in

intcgration,as it is s虹 nply an altcrnative to sinˉ
lx.

taⅡ
1̄艿
or arctan r

If y==tanˉ
l(芳

),then tan`=芳
。

Differentiating tan`=兰 ,we obtain
四

scc2y旦Z=:

→
睾
=赢 =页

丁「掊孑万
=丁

韧
→睾=l/℃

Thcrcfore,wc havc

告tan〈芳)=旆
wh忆h givcs

胥       ∫Ⅰ万￡::万 =:tan 1(芳)+c
Note 
击
tan~1苋 =-Γ

亻\万  and  ∫丁号考万
=tan^1艿 -卜 c

∶  ExampIe1o DⅡorentiate each ofthe following血 verse functions,

:训 d⑶ ⋯尸⒋bl taIl l⑶
■

■    sOLVTION
0

s ⑴U⒍ng苫;血
1(芳

)=丐丐暑告
=万

,We haⅤe

:  D  苦;血
丬
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INVERsE TR】 G0NOMETRlC

1

FUNCTIONs

鏊

鬻

胛

豳

鬈

■

a
豳

咴

嗓

攮

●

●

●

●

°

●

■

●

i

iD

b) Using

sOLVTION

a)

→

d ta

dx

d

dx

d sin-14J=Ⅰ L sin^1(营

) =dJ dx

⊥ 蚰 14吖 =√`1 16x2dx

尸⑶=旆冖̀c haⅤ e
tanˉ
1(昔

) =Ξ歹景
=万

ExampIe11 Evaluate a)
击

dx
卩

丨

J
o

bχd

~̄
汩

`
l
J
o

`
丶

丿

/

兰

2

(
`

一
n

卩

丨

J
o

⊥
诌
〓

冗

3ˇ亻Ⅰ 
°r

∫i飞7亓≡F∶丁dx=
=⒍n_I1_⒍ nˉ

10=

Thcrefore,we have

f7罴|万
d艿 =膏

b) For integrals in this form,、 Ⅴc a1ways rcduCc thc cOcfscicnt of丌 2to

unity befOrc intcgrating,IIcncc,in this case,wc have

0
_
冗
_
0
乙

x_

\
丶

J
/

上
诌

冗
~
3

⊥
诌
〓

\
丶

`
/
0一n

㈥
纠
⒏

︱s
i
n
_
ˉ

P
㈦

⊥
雨

 ̄
~
诌

 ̄
~
诌

~
~
 
 
 
 
~
~
 
 
 

〓

Hence,、vc obtain

‖丐砑芒亏7dx=
冗√5
9
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CHAPTER 2 FVRTHER TRIGONoⅢ ETRΥ  WITH CALCuLVs

艿2+6豸 +25

ExampIe日 2

sOLVTION

Whcn it is anticipatcd that thc intcgral wiⅡ  be an inverse trigonometric

function,we start by using the1nethod of completing the square to turn

the quadratic denominator into thc fo1。 mc(豸 +3y+c.Then we reducc
the cocfflcicnt of(尢 +ω2tO unity so that we can use thc standard

intcgration formula with(豸 +3)repla。ng艿。

Hcnce,we have

艿2+6艿 +25=(苋 +ω2+16

wh忆h gives

d豸

xd

~̄
咐

Γ
3
丨

J
o

eauaVE

¤

■

¤

翳

I
●

■

I
淼

翳

■

■

畲

翳

镳

日

囊

甾

●

灞

镳

鼹

涵

■

口

簸

翳

鼹

镛

蟊

蟊

●

攮

啜

腱

●

●

口

鼹

■

Thcrcforc,wc haⅤ e

f歹亻∷万d艿 =号

ExampIe刂 3 Find∫
ⅠⅠTT勹≡亏孑「

dx·

sOLVTlON

::∶∶黯 i1.尹
educe the coeⅢ cient of△ 2to unity before integrating.(See

Hence,we haⅤ c

∫面冉币
山 =石
∫
:冒
T∶万
凼

=诖
;∫

t吾氵∶
=dJ

Therefore,wc havc

∫斋 d“

Examp【 e14 Find∫

sOLVT】oN

冗
~
4

1
一

3
〓0_n

3
 
 
0
 
 
a/

Υ丶H
∪
≡̄
~
3

~
 
 
 
 
1

a
n
 
 
 
 

一
n

t
 
 
 
 
a

阻
B
⊥

t
3

~
~
 
 
 

〓

艿dΙ~
咐

卩

丨

J
o

c+

\
l
∫

/

锷
喏

一
na

1
一

4
_
5

1
~
乃

〓

c+

\
丶

J
/

纭
~
4

'
(

一na

1
一

⒛
〓

d豸

d苋
=∫

艿2+6豸 +25 (艿 +3)卩 +16
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INVERsE TRlGONOMETRIC FuNCTIONs

Thc intcgral、Ⅴc havc obtaincd is no、Ⅴin thc samc form as∫∶,f;:石歹,With
(x+3)rcp1aong丌 and4rcplaong曰  Thus,wc havc

∫丁「T:+—F了孑=∶}tan 1(∵)+c

ExampIe15

sOLVTlON

dx

√
′
ll-8x-4犭 2·

TO cOnvcrt I1-8丌 -4兀2into the form日 (x+D)2+c,it is easier丘 rst tO
factOrisc Out thc lninus sign,and then takc thc sign back insidc whcn thc

squarc is complctcd

Note  Thc Ⅱ1inus sign must bc kept within the square root

SO,factorising Out thc1ninus sign,、 ve haⅤ e

√
′11-8x-4x2=ˇ/_(4J2+8x-11)

ˇ/′11-8J-4x2=

=2

Substituting this intO thc given integral,、 Ⅴc have

Find∫

、Ⅴc gctThcn,cOmp1cting thc squarc,

`
丶

∫

/

Ⅱ
~
4
_
吖
0
乙+-4(x2

+x_
5
~
4

Ⅱ谔

/
∫

ˉ

丶

\

∫         =:∫
1)2

+c

-l(2年锷言立)+c

dλ

1  ~
=— s1n
2

which gi

n

1
_
2

〓
dJ

v
C
 
f
ˉ

ˉ

J √
′
11-8J-4x2

-4丨(x+

15-4(x+

亍
(x+
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CHAPTER 2 FVRTHER TRIG0NOMETRV WITH CALCVLus

Exercise2D

1 EⅡfferentiate each of the fo11o、 Ⅴing with rcspcct to苋 .

a) sinˉ
15艿

e) sinˉ
1艿2

i)sec_l觅

2 Find cach ofthe fo11oⅥ 注ng integra1s.

um丬 (南)ω⒂向
3

j) COtˉ l豸

⑴∫瓦7言÷≡|万歹
Θ∫。/:i∶歹
⑴∫晶

d) tanˉ 1导艿

h) (3tan— 15x)4

列∫蔫
⑷∫揣
ω∫揣

j∷

7歹葶≡毛蕨万
∫Ⅰ砭÷:;万歹

3 Evaluate each of the fo11ov注 ng dcflnitc integra1s,giⅤ ing thc exact Ⅴa1ue of your ans吖 cr.

in partial fractions.

(oCR)

⑴1冉
丬尝宀

⑴f岛 向f蔫 ⑷f南

Evaluate each of the fo11o飞 冫
`ing deflnite intcgrals,￡

当iving your answcr correct to three signiflcant

flgurcs。

⑴J1晶 ⑴r晶
⑶f⑷1黼 o菇

5 Find thc cxact valuc of∫∶赢 dx·    “)CR)
6 Express5+4艿 一 豸

2in thc for1n四 一 (x-3尸 ,whcrc四 and3arc pO蚯 tivc constants。 Hcnce flnd

thc exact Ⅴalue of

诺  凼⒅
7 Exprcss

Show that

菇空、犭群竞岁肾十卫
但
σ

一na

1
~
2

+

\
丶

J
/

侄
σ
n+

0
乙

〓艿d

40
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EXERCIsE 2D

8Givcn that`=艿 一√(I— x2)Sin1J,Show that

dy   Js1n 1~l

dx √(l-J2)
Hcnce,or othcrWise,evaluatc

f诌嬲
d犭

ghing your answ∝ in tcrms Of冗 and√ 3。  (ocR,

dz     1
9 Chvcn that z==tan~l汛 derive the rcsult d艿

   1+J2。

[No cre⒍twⅢ be虫vcn for m∝ ely quoting tllc∞陬 lt ft· om tllc jIL沁 r‘丫 F9rr,9仞 /rr召。]

Hencc cxprcss击 (tan1。ヵ)血 terms J艿,`and軎 ,

Given that x and`satis勾 thC CquatiOn

忱n lx+妞nl`+tan1oV)=桔冗

proⅤc仇at,毗n← 1,睾 =-1告诌·⑩Cθ

10D Ghen tllat`=sh lx,扯 ⅡⅤc the rcsdt:专 =丐
TΓ≡丐F⒎

[NOC∞ dt WⅢ bc gi``en fOr m∝ ely quoting the restllt f1· om the L打 矽‘t/rF9rr9f〃
`乏

7g]

⑴∏nd击谈卜均·
⑴U⒍ng曲e abole∞sdts,snd付⒍n lx扯·⑩C⑴
11 Given that x=;,show that

∫艿v/lx2~1)d艿 =_∫、/(1~JP2)°
Find∫
∶∶T灭Ⅰ;TI1ⅠT dx·

  (°CR)

12犭垮里早;胃:l:百∵既盅l∶llIl;、 :∶絮;∶∶磊,a    A
pcrpcndicular is droppcd to E),a pOint on the radius

OC,so that the x-coOrdinate of D is莎 。This is shown
in the J[∴jlgure On the right。

i) ShoW that the arca ofthc se∝ or AOB is告 蚯n1r.
ii) Find thc arca of thc“ i泛廴nglc OBD in tcrms of莎 。
iii)Hence show that

O

汹 =喊冖 d丫一亻√t△△歹

+y2=1
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CHAPTER 2 FVRTHER TRlGONOMETRΥ  WITH CALCVLVs

iˇ)By using integration by parts,show that

忏̈ ⒍丫=·√t··歹+菇冉 山
)̌ By using parts i"and iv,prove that

汹=1冉 唧㈥

42
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s日严召 鹏 瞰 艚 C夕 v召 ,ln/

曜盯海翔呻6θ 0578蝥 $掩ao§挠0属 o璐

3 POIar coordinates

Position of a point

The position of a pOint,P,in a plane1nay bc givcn in tcrms ofits distancc

frOn1a fixed pOint,O,ca11ed the pole,and thc anglc which OP makcs with a

Rxcd line,ca11ed the initiaI Ⅱne,When thc positiOn of a point is givcn in this

way,、1vc have the polar coordinates of thc point,

In the diagraⅡ 1on thc right,thc cartcsian coOrdinatcs Of

point P、Ⅴould bc given as(x,`).

Its position in polar coordinatcs would be given as(r,g),

where【 ≥Ol is the distancc Of P f1·om the origin,O,and
g is thc anticlock,vise angle、 vhich OP makes、Ⅴith thc
氵f-aⅩis,which is nOr1nal1y taken as the initial Ⅱnc,

g is n。rma11y lneasurcd in radians and its principal Ⅴalue is

takcn tO be betlleen一冗and冗。

ExampIe1 PlOt thc pOint P with coordinatcs

(4,膏
) and the point Q with coordinates (2, 

—
|子)·

s0LVTION

⑴ D脚 Mmm峭 md岫 O屺 泅 ⒏

ȟkc OP=4units.

Thcn P is thc pOint idcntiJ〔 ∶ilcd.

b) Dra、Ⅴ thC linc OQ at一
晋
radians to thc兀 -axis,Thc

ncgativc valuc of the anglc mcans that|:∶ is1neasured

盔琚苫?± 1(丨:Ⅰ:i∶∶
°n fr。 lll thc,f-axis。

ThCn Q is thC point idcntiⅡ cd,

48
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CHAPTER 3 P0LAR C0oRDINATEs

Exercise3A

PlOt the points with the foⅡ oⅥ注ng polar coordinates.

1  (3,毋
)

4 (2,誓
)

2  (2,管
)          3  (3,  晋)

5  (4,  毋)

connection between poIar and cartesian coordinates

In the diagra1n on the right,the point P is(艿 ,`)ih cartesian
coordinatcs and(r,ε )in polar coordinatcs.

Wc scc that

艿=rCos g  y=r sin g

r=√/'+`2  tan g=Z
艿

If either x or`is negatiⅤ e,wc should rcfcr to thc position of the point to

deterⅡⅡne the va1ue ofg.

We can use the above equations to convert the equation of a curve Ιrom its

cartcsian forn△ to its polar forⅡ 1,or Vice versa.

EXampIe2 Find the polar equation ofthe curvc豸 2+y2==2觅。

sOLuTION

Substituting x=rcOs免 y=r sin ε into艿 2+y2=2苋

rshown。n the rightl,we havc

`co`g+J。

z⒍n2g=2rc。sg

→ r2(cos2g+“

`O=zr·

cos g

=>  r2==2rCos ε

→ r=2∞sg (since r≠ ⑴
Hcnce,the polar equation of the given curve is r=2cos g。

Exerc:se3B

1 Find the cartcsian cquation of each of these curⅤ cs。

al r=4 b,rcos g=3 cJ rsing=7 d,r=c(1+cos⊙

el r=曰(1— ∞sε)  f)2=1+∞ sε
r

44
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sKETCHING CURVEs GlVEN IN PoLAR C00RDlNATEs

2 Find thc polar cquatiOn Of cach ofthcsc curvcs。

a)x2+`2=9    b)v=16     c【

e)x2+y2+8丿 =16 f)(x2+丿2)2=x2—

`2

苦+钅 =1 d)x2+`2=6x

The normal、Ⅴay to skctch a curvc cⅩ prcssed in polar coordinatcs is tO plot
pOints rOugh1y using sknp1c valucs Of g,

ExampIe3 Skctch r=rr cOs3ε ,

sOLuTlON

Part Of a tablc giving valucs for r is shown bclow

Sketching curves given in poIar coordinates

、Ⅴith thrce lOops Or lObcs。

NOticc that the lines g=膏 ,g=号 and g=J;干

are aⅡ tangents tO thc loops。 The tangcnts rneet at

the Origin or pOlc。 A11thrcc loops arc congruent.

Note  When g=∶ 生三,r=伤 c。s(瞥
) =— :四

·ThCrcf。rc,since r must

always bc pOsitive,the curvc does not eⅩ ist when a=丝 .

Si1nilarly,the curvc does nOt cxist for any value of g bct、 Ⅴecn

膏and号,晋 and警,弩 an卩瞥 -∶!-i∶

}∶

[:∶ and平

Plotting thc Ⅴalues givcn in the tablc and joining thc points givcs a curvc

J 0 冗
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⒙

卫

9

卫

6

卫

2

5
冗

~
9

11冗

18

‰
~
3

13冗
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7
冗
~
9

犰
~
6

四
诌~rr
2

c

1
_
2

0 0 曰

1
_
2 雨

一 四

2
曰
诌
一 四

2
夕

1
一

2
0
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CHAPTER 3 P0LAR Co0RDINATEs

EXampIe4 Skctch r:=1+2cOs a,

sOLUTION

Part Of a tab1c giving Ⅴalucs fOr r is shown bclOw,

To Ⅱnd when r is ncgativc,wc sOlⅤ C r=0∶

We note m狨 1+2c。 sε
^ncgmⅦ

 f。 1·哿(ε <弩 H抑ever,hA△el,el
cⅩ aⅡ1inations onIy positive Ⅴalues Of r arc rcquircd,、 vhich lmeans that,as

far as you arc conccrncd,thc curvc docs nOt cxist for Ⅴalucs of ε bct、veen

2卫 and∶±二,and sh。 uld not bc shown,

Whcn rnost rnodels of thc graphics calculator display this curvc,thcy

includc ncgative Ⅴalues of r,、Ⅴhich you should ignOrc。

Thc sketch Of厂 =1+2cOs g is sh。 wn bclow.

Thc dashed part represents the ncgatiⅤ e Ⅴalues of r、 vhich arc coⅡ 11uonly

displaycd by graphics calcu1ators.

【̌ost polar curvcs arc skctchcd in thc same way.

Here arc thrcc tips which wⅡ l hclp yOu to sketch curvcs giVcn in polar coOrdinatcs

\
丶

J
/

2
冗

~
3
_

Ο

/
(

4
冗

~
3

0
 
一̄
‰
~
3

~
~
 
_
~
 
 

〓

g
 
g
 
 

ε

‰一 ∞ 
 →

+
 

→

J 0
工

6

冗

_
Q
υ

卫

2

2
冗
_
3

2冗

3

冗
_
2
一

冗
~
3
一

冗

~
厶
υ

_ 0

r 3 1+√5 2 l 0 0 l 2 1+√3 3
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sKETCHING CuRVEs GIvEN IN P0LAR C0oRD刂 NATEs

LoOk for any syn11Ⅱ etry,If r is a function Of cOs g only,there is syⅡ l1nctry

abOut the initial hne.If r is a function of sin9only,thcrc is syllllllctry abOut

thc line g=卫 ,

2
Thc cquatiOns r=rr sin9and r=围 cos ε arc circles,

ExampIe5 Find thc cartcsian cquation of the curvc r=四 cos g,

s0LVTION

Ι̌u⒒iplying r=四 cosa by r,we gct

`=夕
rcOs a

Substitu伍 ng r2=x2+y2and x=r cOs乳 wC havc

x2+`2=“

which虫ves

(x一罟)2+`2=(詈)2
Tl1is is a circlc、Ⅴith centre (量 ,0) and radius fI。

Whcn a polar cquation contains scc9or cOsec g,it is。 ftcn easier to use its

cartesian equation.

ExampIe6 Sketch r=四 scc g,

sOLVtION

r=△ scc g= 
△

COS ε

=>  rCOs g二=f/

→  J=C

This is thc straight line sho、 vn on thc right,

EXampIe7Skctch r=曰 scc(α -9)

s0LVTION

Transposing tcrms,we havc

r cos(α —○=四

which giⅤ cs

rcOs ε cOsc/+rs1nas1nα =围

Rcplacing r cos ε、Ⅴith x and rsin a with、 ,wc get

丌COS α+`⒏nα =曰 ,

which is thc straight hne shown on thc right.
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CHAPTER3 P0LAR C0oRDINATEs

Exerc:se3C

丬 Skctch each of the curvcs given in QuCstion1of Excrcisc3B.

2 Skctch each Of the fo11Ovong curvcs。

a)r=勿 sin2g, 0<g<2冗

c,r=2+3cos ε, 一冗(ε (冗

e)r=4sec乳  ~各 (g<膏

b)r=fr∞ s4g, 0<g(2冗
d)r=伢g, 0<g<2冗

Area of a sector of a curve

Lct/1be the area boundcd by the curve r==※g)and the two radii at α and at ε,

As(:冫 increases by J(:冫 ,the incrcasc in area,J/,shown shaded,is given by

告′Jε <≤ J/≤ 告(r+Jr)2δ g  (using areas of scctors)

E)ividing throughout by扌 9‘9,we obtain

告
`≤ 钅管
≤告(r+Jr)2

As Ja~o,至∠ ~患
管
and Jr~→ 0.ThercfOre,we haⅤ e

d/=⊥

`dg  2
Integrajng both sidcs with respect to(:),we obtain

∫嗜管dε =∶;∫ r2dg
◇ /=:∫ r2dg

Thercfore,thc gencral equation for tl△ c arca of a seCtor of a curvc is

[       /=:∫
∶r2dg

when the area is bounded by the radⅡ  g=α and g=β

ExampIe8 Find the arca of one lOop ofthe curve r==四 cos3a。

sOLVTlON

Onc loop is boundcd by thc tangent1incs g=={詈 and ε=—
{詈

(sCC page46).

Thcrefore,its arca,'】,is givcn by

/=:I】 r2dg → /=:I】
'cos23ε

 dg

(r+ar,e+ae)
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Using thc doublc-anglc formula to integrate,、 Ⅴc havc

/=:rl2[悉
:(cos6ε

-← 1)da

=等
F∶∫⒓+唣
=等 (膏 +膏)=号乎

So,the area of one loop ofr=二 曰cos3g is纟 i三。

Note Itis often preferable to usc Only thc arca in thc irst quadrant whcn a

curvc is sy1111netrical in other quadrants,Thus,in Examplc8,instcad of using

:11围
2cos23ε

d免 wc could havc uscd2×
:∫∶
夕
2cOS23g dg。

●

ExampIe9 Find the area boundcd by the curve r=Ft沼 and the lines

g=王 and g=冗 .

2

sOLuTION

The curve r=庀ε is shO、 vn fOr膏 ≤ g≤ 冗.

The arca,''~1,rcquired is given by

AREA0F A sECTOR0F A CURVE

√3⒍ng。 Find

/==∶
;∫∶/tˉ
2g2dg

=譬〖亭l∶=譬 (苦一釜)
IIcncc,thc arca rcquired is Z苎

2冗 3

48

7/k/2冗
3

48

ExampIe10 Skctch thc curvcs r=1+cosε  and r=

al thC pOints whcrc thc curⅤ cs meet

b)the area contained bctwccn the Curves.

sOLVTION

Before sketching thc twO curⅤ es,wc notc that

●r=1+cOs g^蚯 milar tO1+2cosε ωagc4Θ
.r=√t⒍ n ε is⒍milar tO r=四 cOs ε lpagc4D.
a)ThC tWO curvcs mect whcn

1+cOs g=√ tsin g

\
丶

J
/

g
_
2

/
(

oc

丶

丶
J
/

ε

_
2

/
(

n
0
彡≡

\
丶

J
/

g
_
2

+

g
_
2

/
(

n≡gn
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CHAPTER 3 POLAR C0oRDINATEs

b
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翳

攮

鑫

蠲

鼹

播

鬯

■

●

灞

●

●

Ⅱ

and

COs g三≡2COs2(:) -1
wc cxprcss1+cos g=√5蚯ng as

1+2cos2(:)-1=2√tsin(罟
)cos

→  2cos2(:) ==2~ξ sin(:)cos

wh忆h giⅤes

⑶

⑶

=0

◇  g=冗

g=

Thercfore,thc curⅤ es l1△ eet at (:,:;) and(0,冗 )

Remember Th∝ca∞ polar coor山n狨cs← ,0.

To flnd the area containcd bctwcen the curvcs,wC dra、 V

the line OP and considcr scparately the two areas so

formed.

The area shaded in thc diagram虹 nmediatcly right is

bounded by the curvc r=√t⒍n g and thc two radⅡ

g=0and g=卫
.

3

Hcnc⒐伽s area o:f(诌血吖J·
Thc arca shadcd in the lower diagram on thc rightis

bOundcd by thc curve r=1+cOs a and the two radii

g=卫 and冗 .

3

Hcncc,this area is∶Σ∫∶(1-← cos a)2dg。
Thcrcforc,thc area contained be小Ⅳccn the two curⅤ cs

is given by

:∫F(v/3sin a)2dg~+∶ ;∫∶(1-+cos g)2dg

o
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oc

=:∫〖3sin2ε  dε -← :∫∶(I-+2cos ε-+cos2g)dg
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EXERCIsE 3D
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ThcrcfoⅡ ,tllc aⅡ a cOlataincd witllin tllc curves is垫 一堕

Exercise3D

1  Find thc arca bOunded by the curve r=曰 g and the radii a二 =号,9=冗

2  FOr eaCh Ofthe foⅡ o、ving curves,丘 nd the arca encloscd by onc loop

a)r=曰 cos2ε b)严 =c Sin2g c)r=c COS4ε

3  Find the arca cncloscd by thc curve r=f/cOs g.

4  Find thc arca cnclosed by the curvc r=2+3cOs g。

5 a)Find the polar cquation of thc curvc(豸2+`2)3=v4.

b)I-1Cncc,i)skctch thc curve,and ii)Π nd thC arca cncloscd by thc curⅤ c,

6  Find、Ⅴhcrc thc fo1lO、 ving twO curvcs intcrscct

r=2sin g  0≤ g<冗

and  r=2(1_sin ε)  ~冗 (9(冗

Hencc,find thc arca、 vhich is bct、 vccn the twO curVcs.

7  In this qucstiOn you1nay use thc identity s沏 3g≡ 3sin g-4sin3g,Thc cartcsian cquation of a
curvc(3is

(艿
2+`2)(x2+`2— ⒊V)+4四

`3=0where夕 )0,

a)ShOw that,in tcrms of polar coordinates←,o,thC
cquation of C is厂 =ε sin3ε。
b) ThC curvc consists of thrcc cqual lOops,as shown

in the diagram,Thc point O is thc pole,and OL

is the initial Ⅱnc.

Find,in terms Of四 ,thc exact valuc Ofthc area Of one
of these1oOps.  (NEAB)
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CHAPTER3 P0LAR C00RDlNATEs

a) Sketch thc curⅤe with polar equajon

r=四(2+cos O 0≤ ε(2冗

and c is a positiⅤ e cons-ant。

bΙark on your sketch the polar coordinates ofthe points where the curve1neets the

hal孓Ⅱnes g=0,ε =飞 g=号 and ε=昆升
b) Find the area of the region enclosed by this curve,giving your answer in terms of冗 and四 ,

(EDEXCEL)

The diagram shows a sketch ofthe loop whose polar equation is

r=2(1— sin g)√ (c。 sε)  一告冗≤g≤ 告冗

whcrc O o the potc,

创ˉn
i
t
iī
n
e

a) Show that the arca cnclosed by thc lOop is詈 .

b) Sho`v that the initial Ⅱnc diⅤides the area enclosed by the loop in the ratio1∶ 7.   (NEAB)
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EQUATIONs OF THE TANGENTs To A CuRVE

Equations of the tangents to a curve

Thc tangcnts to r=r9cOs3ε perpendicuIar to thc initial hne
arc shOwn on thc right.

Thcse arc at points A,wherc∶ ,(;is at a rnaxknum,B and

C whcre x is at a Ⅱ1inhnun1,and lD,、 vhcrc lˉ has a point

of inf1cxion.

Wc notc that艿 =rcOs g。 Thcrcfore,to Ⅱnd thc FnaⅩ iIuum
and1ninhnu111values Of yv,、 ve flnd the1naxhnun1and thc
Π1ini111ulla valucs Of r cOs g。

Since`二=四 cOS3ε,we have

J=fr COs3gc。 sg

which gives

括
=-3四 s1n3gc。 sg~日 c。 s3ε s1ng

Thc Fnaxknulll and the Π1inⅡnum valucs Occur whcn号
言
=0· That is,whcn

-3ε “n3gc。sg~四 c。 s3g sin ε=0
Wc⒍mpli灯 tl△。Cxpression using tlle h∝ Or formulac∶

虻n/酬 B=:h“/+③ +岬 驯
and

⑽獭:=:h</+③ 岬 圳
、Ⅴhich givc括 ==o、vhen

:[si114g-+sin2g]~←∶≡[si114g_sin2ε ]二=0

→   2sin4a-← sin2g=o

Applying thc doublc-anglc for1nula,、 Ⅴe get

4sin29cos2g+sin29==0

sin2ε (4cos2ε +1)=0
which gives

sⅡ12ε =0  or  cOs2g=~去

蚰⒛=0→ a=⒐手飞⋯
cOs2ε =_÷ → g=倪±0.912

胆:冤1:F找锟拈￡l点絮Ι摅 1:罐
·
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