
PERMuTATION GRoups

Thercforc,thc inversc of any3× 3matrix with intcgcr elcments and

detcrⅡ1inant1is alsO a3× 3matrix、Ⅴith intcgcr clcments。

FinaⅡ y,if A has dctcrn1inant1,thcn丿⒋
1̄alsO has dctcr∏

1inant l

Thcrefore,a11thc group propcrtics are satisⅡ cd,and so(::forms a grOup,

伤刀notation

It is usual to writc四2for四 米曰。SiⅡⅡlarly,日 米r/兴 △ is、Ⅴrittcn as fI3,

If刀 is pOsitive,thcn俨 mcans四 米四米 .¨ 米四.(HCrc,thcrc a℃ 刀 cO∮es of日 )

四0is taken as thc identity clcmcnt,g.

〃
z9mcans四 1米

四
1※

,¨ 米四
1,(HCⅡ

,ag缸n,thcrc a￡ 刀 co∮es of〃 1)

EⅡvision in a group

In a grOup C∴ wC cannot diⅤ ide by ε.Instead,wc1nuItipIy by its inⅤ ersc,四
^l,

which has thc samc c汉 cct as dividing by rr.

Whcn rnultip1ying by fr^1,we1nust cnsure that wc rnultip1y bOth sides、 Ⅴith△
^1

in the same position.For eⅩ amp1c,if D=c,、 ve havc

rrˉ
l米

D=曰
^1米

c  and  乃 米 frˉ
l二

=f米 曰
^l

Wc cannot haⅤ e rrˉ
1米 DE=c*f/^1。

Permutation groups

Supposc that wc arc ghcn刀 o||∶∶)l∶ie∝ sin a pa⒒ kular Ordcr,By switching twO
o句 Ctˉ tS,We can change that order SwitGhing the o妫 c∝ sin pos⒒ions1and2is

rCprCsCntcd by thC n。 tation(12)or(::∶

)∶ ∶;∶la丨
言

t∶

;∶
l茗:li∶itOswitching thc oojects in positiOns5and

mOvc thc ot刂 ect in pO蛀tion1to po蛀 uon8,the ot刂 cctin po⒍ tiOn8to
positiOn5,and thc Ot刂 cct in position5back to pOsition1,thc notatiOn for this

岬 昀 ∝
G:D严

lllCalld贼 沁 硎 豇d`

锏 盹 tl△e llo雨∞ ⑿ m泗
G0G:盼

咖 ⒃ 涮

∶虽:糨::l∶丘二:if∶∶∶∶Fii∶ stratcd belo、 v
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CHAPTER 17 GR0uPs

The set whi(冫 h cOnt缸 ns al1possiblc pcrmutations of彳 o凵 eds forms a group.

The binary opcratiOn is thc composition of the pcrmutations.Wc can vcrⅡ V a1l

four group propcrtics。

Closure Composing two pcrmutatons of刀 o臼ects匪v∞ another permutaton
Of the刀 o匀 e∝s.

Associatilrity The composition of per1nutations is associative,but wc wi11not

proⅤe it。

lOnC、Ⅴay to provc this is to cncodc thc pcrmutations as an r,× 刀Inatrix

containing1s and Os,and thcn thc compOsition wⅡ l corrcspond to the

multipⅡcation of matriccs,whiCh Wc know is associatiⅤ c。 However,this
tcchnique is beyond thc scopc ofthis book。 )

Wc can s虹nply statc without proof that thc composition of permutations is

associative.

Identity Thc idcntity pcmutation which dOes not interchangc any o砀 ccts is a

membcr ofthc sct.

Inverses The inⅤ erse of a typ忆 al pc∏△utation(伤 3c.¨ ③is the pcHnutation

(歹 ...cD⑶ ,whch恕 also a member ofthc∞ t.

⒏ncc there are刀 !ways of a叮 an虫ng刀 o切 ec·ts,it follows that there arc刀 !

d蓝erent perInutations in the perlnutation group of″ clements,which is

denoted by S⒒ ~

Generator of a group

If围 悠a mcmbcr of a grOup and四 ≠召,'。 al∞ a memb∝ of the⒏ oup。

If ε2≠ 召,ε
2米 ε or砑 3wiⅡ also be a member ofthc group。

If rris a generator of a group,then every rnember ofthe group1nay bc

eⅩpresscd as c方 for some integer庀 .

and thc Incmbcrs oftheIfthe group is丘nitc,thcn围 r==召 for some intcgcr r,

group arc

ff,伤
2,伤3,¨

.,△
严̄ 1  and  

四
r==g

For cxamplc,in thc grOup((B,c,四2,泸
,ε

41,米
)with四

5=g,cach of c,△ 2,'and
rr4is a gencrator。 (Scc pages391-2.)

CycIic groups

CycⅡc groups are the s虹 nplest type of group。 In any cychc group,thcrc is some

elcmcnt‘γ whiGh generates the group。 Hcncc,the e1emcnts ofthe group are

(召 ,叱 淤 免
g坳 米 气 四 切 米 淤 免 ⋯ l or fg,%',泸 ,⋯ )
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ABELIAN GR0UPs

Examples of cycIic aⅡ d noⅡ c̄ycⅡc groups

● The group(1,i,-1,_i)is Cydic

Since,i2=-1and i3=_i,thc grOup can bc writtcn as(1,i,i2,i31.

● Thc group ofintegers undcr addition(mod4)is alSO a cychc group.Thc
clcmcnts of this grOup arc I0,1,2,31.Thc gr。up can be wⅡ tten as(g,l,12,13)

We havc alrcady sccn that12=1米 1=l+1llllod4)=2(mod4).

Noticc that these t、Ⅴo cyCⅡ C grOups arc vcry siFnⅡ ar,bOth having four clcmcnts,

On pagc388,、 Ⅴc、ⅤⅡl snd that thcy arc isomorphic,since they haⅤ c idcntical

structures

●Thc intcgc“ undcr addition(mOd″)alWays forms a cyd忆 group,which can
a1ways be gcnerated by Onc c1cmcnt。

● Thc symmctries of a pentagOn arc not cyclic If、Ⅴc rcpcat a rotatiOn again

and again,wc、 viⅡ neⅤer gct a rcflcction,If we repcat a rcflection again and

again,、Ⅴc Only eVer gct that reΠection and its identity.ThcrefOrc,thcrc is no

way in which wc can rcpcat the same sym1nctry ovcr and over again and gct

aⅡ the synⅡ nctrics。 So,the group of syⅡ11nctrics of a pcntagOn cannot bc

cychc,

AbeⅡ an groups

An abeⅡ an group is a grOup in xlJhich r/米 b==D来 围 for eⅤ ery pair Of elemcnts

rr and3.In othcr、 Ⅴords,it docs nOt rnatter which way round wc combinc thc

clcmcnts,An abchan grOup is sOmct虹nes ca11cd a coⅡⅡnutatiⅤ e group,sincc

evcry pair Of elements cOⅡ 11nutcs。

Wc notc that a grOup is abchan when thc group tablc has syIlll11ctry in the

lcading diagOnal

(This class of groups is namcd aRcr the prodigiously gifted Norwegian

mathcmat⒗ ian Niels Hcnrik Abcl(1802-2㈥ )

DeterⅡⅡning which groups are abelian

COnsidcr the binary opcration。 Addition is always cOΠ 11nutative,and thc

multiphcation of numbcrs is alsO always coⅡ1Inutative.Ho、Ⅴcver,thc

mtlltⅡ l忆atiOn Of m狨 r忆cs^nof commutathc,since,in gcn∝ 驸,AB≠ BA,
where A and B are rnatrices

Thus,br cⅩ amplc,thc group Of(0,1,2,3)undCr addtion(mod θ is abClhn,
since夕 -+3=D+rr for any intcgers rr and3.

To show that thc group Of2× 21natriccs、vith intcgcr clements and

dctcrⅡ1inant1is not an abchan group,、 Ⅴc nced to snd one pair ofrnatrices

A and B with AB≠ BA.
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CHApTER 17 GROuPs

For eⅩamplc,wc havc

(: l)(l :)=(: :)

(l :)(: :)=(∶  ∶)
This single eⅩ ample prOves that-he group of2× 21natrices with integer

clcmcnts and dctcrⅡ ⒒nants is not an abcⅡ an group。

The set of transformations of a pcntagon is not abcⅡ an,sinGe there is a

diffcrcnce betllzeen pcrfOrⅡⅡng a rcnccti。 n fo11owcd by a rotation,and

perforn1ing a rotatiOn fO11Owed by a rcΠ cction.

TOQ   :Cforc transfor11.ation·
          TOQ   :eforc transfor1nation。

s    R                                s    R

::λ

∶:∶。
r         QOs  :I∷

f;;;、 l〗;Cl°

ckⅥ注sC

R   s P    T

TOR揣
蜉

砥  sOQ撒
缶 η 甜 悫

P    Q                                T    P

AⅡ cyc1ic groups are abeⅡ aⅡ

Proof

We need to proⅤ e that曰 米D=D米 %Whcre ε and3are any twO eleInents in a

cycⅡc group(【 ;:。 Since((;∶ is cychc,there is some element c which geⅡ erates((:∶ .

Since c gcncrates C,therc arc intcgcrs刀 and昭 for w纽 ich f〃 ==曰 and cP’
l=3,

Hence,we have

砑 米 D=C彳 米 C’
99==C刀 +幽

==c卿 *C刀 =D米 四

◇  ε米D=D米 ε

Hence,a1l cyclic groups are abeⅡ an。

BeneⅡt of abeⅡan groups

It is much easier to calculate in abeⅡ an groups than in nOn-abeⅡ an groups。

When calculating in non-abehan groups,we alw,ays have to cnsure that thc

elements arc in thcir cOrrcct positions.ChⅤ en below is an examplc of

calcu1ating in a non-abcⅡ an group.
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ABELIAN GR0UPs

Calculating in a non-abeliam group

Whcn a group is not abchan,it is important that、 Ⅴc do not svotCh the ordcr Of

any pair of clcments。 FOr cxample,consider the group Of sym1uctries of a

squarc。 This is thc dihcdral group D:,

Lct fr denote rOtatiOn by90° anticlockwise Then the rotations of thc squarc

are曰,四
2,曰3and g(曰4=c),as shown below

召 夕

Now lcti!,)bc thc rcaccti。 n shOwn below.

Thc Othcr rcΠ cctions arc givcn by四 米D,四
2米 3,and四 3米 3,as sho、Ⅴn bc1ow,

C米 D

We notc that D米 彐=泸 米D,、vhich leads to a、 Ⅴay Of writing down the group.

Thc group OfsyⅡ1Inetrics of a square is thc grOup whosc clcmcnts are

fg,c,·
2,泸

,四 米D,曰
2兴 D,泸 米Dl,with thc stipuIations that四 4=e,D2=g,

D米 r/=fr3兴 3.

These relations are enough to flnd the composition of any twO elements.But

again,、Ⅴe must be careful~the group is not abeⅡ an Hence,we canno钅 switch

the order of two elements

For cⅩamplc,con⒍ dcr(围 米D)米 (围
3米 D)Using D米 四 =伢 3米 3,we obtain

(△ 米
ω

米 (伢
3来

㈨ =(四 兴
ω

兴 (3米
⑶ =曰 米 (3米

ω
米 伢

U“ng D2=g,wc。 bt缸n

曰米(D米 D)米 曰 =ε 米C米 曰 =曰 米ε =曰
2

Hcncc,wc havc

(△ 米D)米 (四
3冰

ω=砑
2

SiⅡⅡlarly,wc havc

(围 兴
ω

米 四
2=四

米 (3米 ⑶
*c=曰 米(四

3米
乙)米 曰 =(四 米泸 )米 O米 zrl=

=四
4米

O米 ⑶ =g※ o涞 rrl=@米 ω
米△ =3米 四 =曰

3米
D

Ω2米 D 夕3米 3
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CHAPTER 17 GRoVPs

Bccause thc group is not abelian,wc also necd to be carcful when writing

down invcrsc olements。 The invcrsc of曰 来D is3— 1来 伢
^1,sinCe

(伢 米3)来 (Dl米 曰
1)=夕 米(3米 D1)坳 l=四

米召米四
l=C米

日
l=召

Order of a group

The order of a group is thc number of elcmcntsin thc group.bΙ ost of thc cases

wc havc dea1t、 vith so far inⅤ o1Ⅴ c Ⅱnite groups,、 vhich are those containing only

a flnitc number Of clc1mcnts。

To ind the ordcr of a group,we see how many e1cmcnts are in the group。 Hcre
are fOur eⅩ alllp1es∶

● Thc Order of thc group ofintegcrs under addition(mod4)is4,sincc the
elemcnts are(0,1,2,31.

● The ordcr of the group(1,i,-1,_il is4,蛀 ncc again therc are four elelllcnts。

●Thc Order ofthc group of syl△ lme“ies of a pentagon is10(see pagc376),

sincc there arc J{∶ ilvc rotations and11∶ ilve rcΠ cctions。

● The order ofthc pcr1nutation grOup5诜 is刀 !,since there are刀 !possib1c

arrangements Of″ o凵ec“ 6CC pagC382).

order of an eIement

In any flnitc group,any elcmcnt combincd repeatcdly`氵、严ith itself rnust

cvcntua⒒ y givc the idenuty element。 For examplc,in the group of addition
(mod θ,we haⅤe

1+1+l+1=0  and  2+2=0

In the group OfsyⅡ11netrics of a pentagOn,a rotatiOn through72° repeatcd
four1nore thncs,returns thc pentagon to its original position.So,flⅤ e rotations
through72° are equivalcnt to the idcntity sγπⅡnctry.

The order,or period,Of an elemcnt is the sma11cst numbcr ofthnes wc have tO

rcpeat thc clcment beforc、 ve obtain thc identity elemcnt。 So,in the group(了
,

the ordcr of an clcmcnt,ε ,is IP,wherc刀 is thc smaⅡ cst intcger for which

俨 =召.For cxample,we haVe∶

● In the group of addition r△ nod4),thC Order of element1is4,since
1+1+1+I=0(mod θ.

●The order of clcment3,under addition rn· od4),。 4,蚯ncc3+3+3+3=
0(mod θ.

● The order of clcmcnt2is2,sincc wc nccd only combine2twicc beforc

rcturning to thc idcnuty∶ 2+2=0tl△△od4).The ordcr of0,which is also
the order of cvcry identity elemcnt in eⅤ cry group,is1.

386

www.as
warp

hy
sic

s.w
ee

bly
.co

m



sVBGR0VPs

● In the sym1netries of a pcntagon,thc Ordcr of any rcⅡ cction is2,sincc

combining thc samc rcflcction twicc rcturns us to the idcntity.Thc Order of

any rotation in thc sylnmctrics of a pentagon is5,sincc、 vc nCCd to rcpeat a

rotation four rnorc thncs bcforc rcturning to the identity.

Note

● The order of an element1nust not be1Ⅱ ore than the ordcr ofits group.

● The order of a group and the Order Of an elelnent arc completeˇ Ⅱfferent

concepts.

Subgroups

Con⒍der the group(0,1,2,3)ofintcge‘ under addition(mod4).Ifwejust takc

the smaⅡ er set(0,2)ofintCgCⅡ  under addu。 n(n.od4),We havc anothcr group。

(∶

l、冫、
`「

c can conflrm this by vcrifi,/ing aⅡ  ofthc group propcrties∶ closure,

associativity,idcnti圩 and inverses.)Since I0,21^a gr。 up whch心 wholly

contained within the original gr。 up,we say that乇 0,21怎 a subgr。 up of(0,1,2,3Ι .

That is,if bOth C and Jtr arc groups under the same binary operation,and

eⅤery lnember ofJJ:!「 is contained、
`1厂

ithin C,then JJ is a subgroup of C。

It is oftcn much easier tO check that Jf is a subgroup of(了 than to check from

scratch that丿 t is a group。 Thus,to conⅡrm that Jf is a subgroup of(7,we need

to proceed as fo11ows∶

1 Chcck that JJ contains thc identity of(9.

2 Chcck that if砑 and D arc in正几thcn rI来 D is a1so in正 Ⅰ

3 Ensurc that fOr cach四 in正几伢
^l is a1so in ff。

Wc Only necd tO vcrⅡ ťhat thCsc thrcc conditions arc satisⅡ cd,since they wⅡ l

cnsure that aⅡ  four group propcrtics arc satisflcd。

Closure Condition2chccks that rf is clOscd.

Assooati、 ity We know that丿 t Fnust be associativc,since it is a subset of G,

which is associative.

Iden△ty  Condition1chccks that丿 t has an idcntity。

Inverses  ConditiOn3chccks that cvcry clcmcnt in Jf has an invcrsc clcmcnt.

ExampIe11 ProⅤ e that the sct丿 T of rotations of a pentagon is a subgroup

ofthe set of aⅡ  syⅡ1rnetries of a pentagOn,

sOLVTION

Applying thc thrcc subgroup conditions,we flnd the foⅡ ov注ng∶

1 Thc identity sylll1nctry,a rotation through0° ,is in ff。

2 Thc cOmposition of two rotations is a1so a rotauon so,if r/and D are in

正几thcn c米 D is also in Ⅱ .

3The inⅤerse of a clock、 vise rotation through α
°
is an anticlockwisc

rotation through α
°
。Thcrcforc,thc invcrsc Of any clemcnt in ff is alsO

in JJ。
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CHAPTER 17 GROUPs

Isomorphic groups

Wc haⅤe alrcady found that thc group C=(0,1,2,31undcr addition(mod4)
and the grOup Jf=(1,i,-1,_i)under multipl忆 au。n are⒍mi1ar because thcy

are both cycⅡ c of order4。 By dra、ving their group tablcs,we can see that they

have idcntical structures.

+(mOd θ

0

1

2

3

0

1

2

3

1

2

3

0

2

3

0

1

3

0

1

2

Two groups which纽 aⅤc thc same structurc arc said to be isomorphic.

TO prOⅤ e that((∶ ;∶ and FJ are必omorpⅡ妃,we nccd to identify the way in wh妃h
、ve can map elemcnts of G onto elcmcnts of丿 :r.

In the case aboⅤe,wc can Fnap an integcr刀 ∈C onto the complex number
e冗

i″/2∈ JJ.T。 conflm that a Fnapping f from C to H is an isomorphisnl,we

must verify each of the followhg∶

1 Each and cvcry clcment of C is rnaps onto a unique elcment of f:r,

2 Each and every elemcnt of Ffis the imagc of exaCdy oⅡ e clemcnt of(了 .

3Thc image ofthe identity Of C,fre),is thc identity of rf.

4The cOmposition element fto米 fl⑶ h fr跽 tl△e same clemcnt as thc image

※σ米D)ofthe compo蚯 tion clc1nent(曰 来D)in G.

ExampIe12Show that the mapping※ 刀)=C砬
刀/2from C=Io,1,2,31to

Π =(1,i,-1,_iΙ  o an心 om。 rphism。

sOLVTION

We need tO check that f satis「lcs a11four cOnditions for isomorphis111。

1 f identifics thc imagc of cach11△ embcr of C.

2Each and eⅤ cry mcmbcr of Jf^thc image of fl刀 )for somc刀 .This is

becausc

1=cOπ i/2 i=cπi/2 ~1=`冗 i/2 _i=Jπ i/2

3Thc image ofthe idcnt⒒ y of C,0,is ft0),which is1。 This is the identity

of f几 which conflΠ us that thc identity elcment in C is llaapped onto the

idcntity element in H.

4Wc rnust check that for a11integers刀 and r9,bcmeen O and3

※刀来砀)=fr⑷ 米※昭)

Sincc the binary operations in C is diffcrent frOm that in工 几thC

equation wc haⅤe tO chcck becomcs

fl刀 +I,T)=fl刀 )× ※I9c)
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LAGRANGE’ s THEOREM

、Ⅴhich givcs

※ 刀 +r,T)=C砬 Ⅱ +/ll冖
=e砬

″/2× e仙
印/2=※ 刀)× fr「 9J)

Hcncc,、vc havc

ft刀 米/9J)=fl⑷ 米义阴)

Since飞∽/c havc prOVcd that al1four conditiOns arc satisscd,fis an

isomOrphis1n⒒ oIll([9to Jf

Whcn、Ⅴe have found an isomorphisΠ 1bct、vccn two grOups,、Ⅴe kno、Ⅴ that

the t、 vo grOups arc csscntial1y the same.The elements are different,the

opcrations arc different,but because of condition4,thcy combine in the

same、Ⅴay。

Thcsc t、vO groups arc isomorphic.

Lagrange’s theorem

Lagrange’ s thcOrem states that for a1∶ inite group C,of Order I9,thc Ordcr`彳,7Of

thc subgroup J叮 is a factor of,T。

Thus,thc subgroups Of a group Of Ordcr10,have either ordcr2or ordcr5,

Thcrc is no necessity for a group of order10to have a subgroup of ordcr2,or a

subgroup of order5,but thc OnIy possible subgrOups must be of one ofthcsc Ordcrs,

Lagrangc’ s theorelll helps us undcrstand thc structure of grOups The1nore wc

can undcrstand ho、
^`differcnt groups rc1atc to cach othcr,the rnOre we can

hOpe to understand about groups in gcncral。

Examples of Lagrange’ s theorem

We have found Ⅲready tll扯 I0,21′ a subgr。 up oftlle group f0,1,2,3)of

intcges under ad&tiOn(mod⑶,I0,2)has。 rd∝ 2,and(0,1,2,3)has Ord∝ 4,

Sincc、ve kno、Ⅴ that4is divisiblc by2,this example agrccs、vith Lagrangc’ s

thcOrem.

On pagc387,、 Ⅴc also fOund that the group of rOtations of a pcntagon are a

subgrOup ofthc sy111Inetries of a pentagon Thcre arc flve rotations and ten

sym1mctrics of thc pcntagOn。 Again,、Ⅴc sCC that thc Order of the smaⅡ er

grOup(5)is a factor of the order of the larger group(10).This alsO agrccs with

Lagrangc’ s theOrem

Onc conscqucncc of Lagrangc’ s thcOrcm is the fo11ov注 ng∶

Thc Ordcr of an clcmcntis a factOr ofthe Order ofthe group.

Takc an element四 of a group,C,and cOnsidcr the cycⅡ c group generated by c,

If△ has Order r,,then曰 ″
==c,So,thc group,正 几generated by fris

(色 色
',泸

,⋯ ·,g″
_l)
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CHAPTER 17 GRoVPs

Sincc丿吁is a subgroup of(9,wc can use Lagrangc’ s thcOrenl,、 Ⅴhich states that
the order ofj〃 diⅤides the order of(3。

But thc Order of Ⅱ is Pa。 Hcnce,thc Order oft彡 ,dividcs the order of c。

蘖  ExampIe13A group,c,has subgroups(砑 l,(围,D,f,铣/l,and(· ,切).

锰  a)wh钭 。the Ⅱentity of(9?

ξ   b) ()ould(]contain only the svc clemcnts(rr,3,c,‘ 悦/l?Explain your
Ⅱ      answcr。
0

:  c)Wh乩 is tl△e small∞t pOssblc Order of(9?

霰    sOLVTlON

ζ  a【 ThC identity Of C lnust bc ε。This is bccause cvcry subgroup of((∶
:;∶ lnust

霭     contain thc identity of C7,and(ff)is a subgr。 up of(9。

晷⑴器昭舐廴泔:『嬲 :聍菇;喘裙戳拙肾J驾焦
G

矍    bc5,and s。 C cannot cOntain only thc flvc elelllcnts四 ,3,c,亻 and/

罗  c,ThC smε111cst ord∝ tl△时 C cOLlld havc心 thc smε 111e吼 numb∝ di、

`isiblc
鑫     by1,2and5。 This numbcr is10。

Groups of order3

If C is a group of order3,thcn the order of cvery clemcnt of C must divide3.

That is,thc Ordcr of eⅤcry elemcnt of C must be cither1or3。

Therc is only one clcment of ordcr1,thc idcntity clcment召
.

Since therc are thrcc clemcnts in C,thcrc1nust be two elcmcnts which arc not

of order1and hencc must cach bc of order3。

Lct ε bc an clcment of ordcr3。 Thcn曰 ,ε
2and rf3==召

are threc diffcrent
elcments in thc group。 Sincc there arc Only thrcc e1ements in thc group,it

fo11o、vs that rJ,ε
2and召 are alI thc elements in the group,and sO(9hasto be a

cycⅡc group of ordcr3。

Hcnce,a11groups of order3are cyclic.They are a1so a11isomorphic with each

Othcr.

Groups of order4

If C9is a group of order4,thcn a11the elcments Fnust havc Order I,2or4,Onc

of the elcmcnts rnust havc Ordcr1;this is thc identity elcment e。 If c has an
element四 of order4,thcn c,ε ,c2and四 3are the four eIements of C∴

and
thcrefore(F rnust bo the cycⅡ c grOup gcneratcd by ε.

Thus,if C is not thc cycⅡc group gencrated by c,no clcment of C has order4。
If C has nρ clCments of Order4,then cvery clemcnt apart f1· oΠ1g must havc
order2,Thcrcforc,the group is护 ,c,D,cl and ε2=D2='=c。
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GR0UPs0F

Thc Only unkno、Ⅴn is ho、v di浞巳rent clcmcnts cOmbinc,

If rr米 D=%thcn prcmultiplying both sides by rrˉ 1givcs

四
l米

四 =四
1米

(曰 米 乃),=(四
1兴

ffl米 D=c来 D=3

Since ffˉ
l米 四=巴 this giⅤ es3=g。 This cannOt be true,sincc g,rr,D,c、 Ⅴcrc

assumcd to be four df允 rent elcmcnts Of the group.Hence△ *D≠ △.

If△ 米3=仇 then by postInu1tip1ying both sides by D_l,、 Ⅴe can prOve shnⅡ arly

that四 =g,A third option wOuld be that日 来D=巴 but then premu⒒ iplying

both sidcs by fr would givc四 米r/米 J,=fr米 g SinCc`=召 ,this gives D=△ ,、vhich

is a1sO impOssiblc,Sincc thc set is dosed and夕 米D≠ 曰,D org,we haⅤ c

〃米D=C

S⒒nⅡarly,、vc can prOvc thatf,米 f=彐 ,and that围 米c=D,TherefOrc,thcrc is

only onc、 vay in、vhich a group Of order4can bc anything other than cychc,

and this happcns if thc clements combine as dcscribed above Thc composition

table for this group is then∶

After f11ling in thc rO、v and the column next to召 ,and inscrting召 for四2,D2and

C2,、Ⅴe Can Complctc thc composiuon tablc very si1nply by using thc rulc that

cach Incmbcr Ofthc grOup,g,‘ 彡r,i∶,,f,OCCurS Oncc and only oncc in cvery row

and cOlumn,

EⅡstinguishing between the two groups of order4

VVe havc prOvcd that there are only twO diffcrent groups of Order4.Hcnce,

any grOup Of Ordcr4is cither isOmOrphic to a cyclic group of Ordcr4,Or

isOmorphic tO thc group、ⅤhOsc cOmpOsition table is givcn aboⅤ c,

Thcrc are twO、Ⅴays to distinguish bctwccn groups Of Ordcr4∶

● If C contains an clcment Of Ordcr4,thcn it is cycⅡ c.

● If C contains thrcc elemcnts Of ordcr2,theo it is nOt cychc

Groups of order5

If C is a group Of Ordcr5,then thc Ordcr Of cⅤ cry clcmcnt of C must bc a

factOr Of5。 Sincc5is prhne,thc Ordcr of each clcment rnust be eithcr1 or5.

Thcre is only onc clcmcnt Of ordcr1,and that is the identity clemcnt,

Selcct any element other than thc identity c1cmcnt,and let this be rT Thcn rr

has ordcr5,and sO thc Ⅱve elements Ofthc group must be四 ,〃
2,围 3,四4and rr5,

、Ⅴhich is g。 Sincc the grOup has only fivc elements,thcsc arc a11thc c1cmcnts of

thc group,and thc grOup is cychc

0RDER 5
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CHAPTER 17 GROUPs

Wc note that cⅤ ery elemcnt cxcluding thc idcntity element is a generator.

Therefore,any group of ordcr5is cycⅡ c,and aⅡ groups of order5are
Isomorphic.

Groups of order6

There arc Only two groups of order6∶

● Typc1∶ thc cycⅡ G group。

● Typc2∶ thc group Ofsym1netries of an cquⅡ ateral triangle。

If we are given a group of ordcr6,thcrc arc scvcral ways to tcⅡ
`Ⅳ

hether it is

cycⅡ c。

E"stinguisⅡng between types1and2

If(【;;is abeⅡ an,then it Fnust be CycⅡ c.The grOup of syⅡ unetrics of an

cquⅡateral triangle is not abeⅡan.

If C has an element of order6,then it rnust be a1△ ember ofthc cycⅡ c group of

order6。 There is no syⅡ Ⅱnetry that completely generates the group of

synⅡnctrics of an cquⅡ atera1triangle.

If C:has three elements of order2,then it is isomorphic to thc group of

sym111etries of an equⅡ ateral triangle。 These three elements of ordcr2

corrcspOnd to the thrcc rcⅡ ections of an cquⅡateral trianglc.In thc cyGlic

group of ordcr6,thcrc is only onc clcmcnt of order2.

砦  Example14The symnetri∞ of a square form thc dihedrd group,D:。

霎  Find

馨己:l\;甘t描:1J贽菇芽‰⒊4.

潋    sOLVTION
0

蠢   a) sincc jD:has ordcr8,thcre can be no subgroups of order3,since3

瑟     docs n。 t diⅤ idc8。

盔 b,LCt H bC a subgroup of Ordcr4。

鼹     If there is a rotation Of90° in正几thCn Jf must be the sct of aⅡ

蓄      r。 tati。 ns of a square.This is beoausc a rotation of90° gcnerates all

∶   f。 ur r。tations of a,squarc,and because H has only four elemcnts。

麈     If a reflection in a diagonal is in正 乙then the only other re∏ection in Ⅱ

∶     is the reflection in the other diagona1.

ξ 笼滥J〖I∶呷i:甘】苫揖亻11{茹品f紧擀窑瞌揣:;l:魄⒒扩
嚣   elemcnt,whCh`imposs山 le,since rf has。rd∝ 4,
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EXERClsE 17B
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ShnⅡarly,if a reflcction which is not in a diagonal is included,thc

other reflection which is nOt a reⅡ ection in cithcr diagonal,must be in

thc subgroup.

Therefore,the only subgroups Of D:of order4are∶

●All four rotrdtions Oyclic subgroup).

● One rotation of180° ,together with the two renecti。 ns in the

di~:l1gonals and the identity.

● One rotation of180° ,together with thc two rcnecti。 ns which arc Ⅱot

rc∏cctions in thc diagonals and thc idcntity。

EXample彐 5 C is thc group of sylnlnctrics of a square.Find aⅡ  the

solutions to the equation豸 3=艿 in the group C。

sOLVTION

Wc reaⅡ y want to divide both sides of this equation by∶ ,(;。 However,we
cannot diⅤ ide in groups,and so、 ∽/e1nust flrst Fnu1tip1y both sides of the

equation by x l。 ⒏ncc thc group讷 not abelian,we must speci灯 whethcr
wc arc going to prc-or post1nultiply by x^1.Wc wⅡ l pick

postlnu1tiphcation(although cithcr way`Ⅳ orks in this casc),、 Ⅳhich giⅤes

艿
3=豸

→  J米 豸 米艿 =丌

→  (豸 来 x米 豸)米 兀
l=x米

艿
l

→ (x米 x)来 (J米 x1)=J来 觅1

=>  艿米艿来B==召

→  X涞 X=召

→  豸
2=召

Therefore,the solution is a11syn11nctrics whiGh,donc twicc,givc thc

identity.

Such transformations are ca11ed self inverse,sincc they are their own

inverses.(See also page375.)

In the group of sylnrnctrics of a square,these transfomations are a11four

reⅡections,a rotation through180° ,and thc identity transformation。

Exercise17B

1 Consider the two groups∶

Gl∶ (R+,×),the sct of pos"ive real numbers undcr multiphcation

G2∶ (R,+),thC sCt of red numbcrs under addition

i) What arc thc idcntity clements in each of thc two groups?

ii) Why must zcrO be eⅩcluded from thc sct of clemcnts in G1?
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CHAPTER 刂7 GRoVPs

Consider the Fnapping

nR+→ R

ft豸)=logc(J)

Ⅱ0Explain why th^mapping dcflnes an^omorphkm from Glto G⒉    (NICCEA)

2 Consider thc fo11ov注 ng three groups,

Gl∶ lf1,3,7,91,× 1o),i.C,thc set f1,3,7,91under multiplication mod10

G2∶ ((1,5,7,111,× 12)

G3∶ tf1,3,5,71,× :)

Draw up the group tablcs for Gl,δ2and GR and use thcm to∶

∶) flnd which t、vo are isomorphic to cach other and write down an isomorphis1n betwccn them

ii) so1ve the cquatiOn艿 3=x in each Ofthe three groups.  (NICCEA)

3 Show thatthe sct ofail1natriccs of the for111 (:  f),whCre刀 is an integer,forlns a group undcr

the operauon。 fmatriⅩ  mu1jpl妃 ajon。 CYou may assulne tl△ e assooadⅤity ofmatⅡx mu⒒ip1忆 ation。 )

Describc the geomctrical transfor1nation reprcscnted by the matlix (:  f)·     (oC:°

4i) ThC SCt of intcgers(1,3,5,71,together with tl△ e oper犹 ion of multiplic狨iOn modt11o8,forms

a group C。 Show the opcration table for((∶ :;∶

ii) IdCntify thrcc proper subgroups of(:;。

ⅡD ThC fl【nctions免 g,h,k arc deⅡ ncd,for x≠ 0,as fo11ows∶

f∶ 豸→艿 g∶ x→ ⊥ h∶ x→ ~艿  k∶ 艿→ _⊥
艿                     X

Thc set乇几g,h,kl under thc operaton of cOmposition of functo“ forms a group H。 Show
the operation table for J了 .

iˇ)state,with a reason,whcther or not C and丿吁are isomorphic.  (oCR)

5a1Let C=(1,3,5,7⒈ Construct thc Caylcy table fOr C with rcspcct to multiplication(mod8),

and detcrllline whethcr or not C is a group with rOspcct to this opcration。

b)Explain why the set Z:_(01is n。 t a group under multipⅡ cation(InOd8).

cl For whch valu∞ of刀 do∞ Z刀 -(01fOrm a gr。up und∝ 血 ult0l忆at0n(modr9J?
(sQA/CsY⑴

6 Show that the sct of a11matriccs of thc forn△
 (1∶

19刀   1∶∶刀)’

whCrc刀 is an intcger乇 positive,

ncgathc Or zerol,forms a group C und∝ the operaton of m狨 rk multΦ l忆at0n.(You may
assumc tl△ 乩m肫rk mtlltiplic狨 ion讷 associat卜 c。 )

The subset of C which consists of thosc clcmcnts for which刀 is an cⅤ en intcgcr ωositivc,

negative or zero)′ dCnotcd by Ⅱ .Deterr匝nc whcther or not Jf is a subgroup Of C,justiJ:∶
,严
ing

your answer.  (oCθ

7 a) It is givcn that豸 and y arc clcments of a1nultiphcative group(彐 with identity召 ,and that
X2=C,`2=召 and ov)2=召 .Show that v=`豸 。

b)The rnultipⅡ cativc group丿 1「 is coⅡ11nutatiⅤ e.TwO clcmcnts曰 and D of丿:r arc such that四 has

ordcr2and3has order3。 Show that cD has ordcr6.    lOcR)
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EXERCIsE 17B

Thc group C con⒍ sts of the set of six1natrices I,A,B,C,D,E dcnncd bel。 w,undcr the
opcration of matrix1nultiphcation。

A= B=

C= D= E=

i) Copy and complcte the foⅡ oⅥ注ng group table for C.

I A B C D E

ii) Show that(::is not cycⅡ c。

Ⅱi) Find aⅡ the propcr subgroups of G。

iˇ)ThC group正r consists of thc six cle血 ents1,2,3,4,5,6under rnultipⅡ cation Fnodu1o7。 The
multiphcative group K consists of the six elements氵 ,曰 ,曰

2,3,C3,曰 23,whcre jis the idcntity,

四3=D2=j and扬 =砑 23。 Dctcrmine whether

a)J〃 is isomorphic to C

b)K is iso1morphic to C

c)正r is is。morphic to K

Givc reasons for your conClu⒍ons.  (oCR)

g Thc rnultipⅡ catiⅤe group C has cight elcments c,‘彡I,i:9,c,‘·
Fi:’ ,〈

·犭c,i:,c,‘·
Ii:,c,where c is the identity.

The group is commutatiⅤ c,and thc Order of each ofthe clements ε,3,c is2。

:)  State the orders of thc clcmcnts‘ 犭:;and‘J:)c.

ii) Find four subgroups of C of ordcr4。

∶Ⅱ) CⅡve a reason why no group of order8can havc a subgroup of ordcr3,

Thc group￡r llas elements0,1,2,¨ ”7with group operation addition Fnodulo8。

iˇ) Find thc Ordcr of cach element of f了 。

v, DetCrminc whcthcr G and Ⅱ are isomorph忆 and ju吼ify your cOndu⒍ on。   (oc尽)

I=
D
D

c
G

θ

θ

0
0
1
 
 
0
ˉ

0

G
c

D
D

0
1
0
 
 
0
0
〓

Ι

G
“

Ⅰ

Α

Β

C
D
Ε

Ⅰ

Α

Β

C
D

Β

Ⅰ

Α

Ε

C

Α

Β

Ⅰ

D
Ε
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CHAPTER 17 GRoVPs

10 The InultipⅡ cation tablcs for C九 a cychc grOup of order6,and正 几a non~cycⅡ c group of order6,
are shOwn belOw.

C冫ive the order of each e1cmcnt of(f7.

C⒈ivc thc Ordcr of cach element of丿 了and write down a11the proper subgroups of rJ.

T⒒e group且 r has clcments1,3,4,9,10,12with operation rnultipⅡ ca钍on1nodulo13.Statc to
which of([:;and Ⅰ thc group″ is isomorphic.For the two groups which arc isomorphic,

wr⒒e down a corrcspOndence betwccn thc clcments。   (ocR)

11Thc group C=Ic,`1,`2,`3,g1,g2,g3,g4Ι  has order8and⒒ s multiplication table is shown

bclo、v,

| 
召
召  `1  `2  `3  gl  g2  g3  g4

r,l  `2  」93  召  g4  g3  gl  g2

`2  `3  
召  丿’1  日2  g1  g4  g3

`3  B  `l  `2  g3  g4  g2  g1
g1  g3  g2  g4  g  丿92  f91  f93

g2  g4  gl  g3  `2  g  `3  `1

g3  g2  g4  g1  `3  `1  召  f92

g4  g1  g3  g2  `1  J93  `2  召

丶
丿

^
刂

〓Ⅱ

g3日l丿’3

`1

gl

g2

g3

g4

)
D
⑴

ˇ
)

Find thc Ordcrs of`l and`3.

Find two subgrOups of order4.

洚 1嬲 ∵ 磊 搬 描 抟 胃爷 堇 砦 :几 ::l惯智 滞 sF、 c⒙ j。n^colll∮α

multiplicatiOn.Show that丿 T is cychc.

Thc set K=[,日,',泸 ,3,汕,'D,泸 D)^a∞ mmutative multiplicativc group of order8。 The
idcntity element o莎 and曰4=D2=氵.Determinc whcther any two of C,刀 1K are^omorph妃
tO eacⅡ  other and justi灯 your conclu蚯 ons。   (ocR)

g2  g3  g4  g5

召   g  g2  g3  g4  g5

g 酽 旷 酽 gb 召

旷 ￡ 酽 旷 召 g
g3  g4  g5   召   g  g2

酽 驴 召 g 酽 旷

胪 g g 旷 旷 酽

氵   /,l   力2  屁3   乃4  屁5

乃l  屁2   J   /a5  乃3  肋4

乃2   氵   屁1   乃4  力5  乃3

/J3   /B4  屁5   氵   /,l   力2

/T4  /l5  屁3  乃2   氵   力l

/95  %3   屁4  /Fl   力2   j
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EXERCIsE 17B

12 a)Explain why4× 14

b) COmplctc the group
=2for1nultipⅡ cation1nOdulo18。

table shown below for rnultiphcatiOn1nodulo °
°

c) StatC thC idcntity elemcnt,Find a subgroup of order2and a subgroup of ordcr3,

d) State,with a rcasOn,whethcr thc group in part b is isomorphic to the group Of syn1Inetrics

of an cqu⒒atcral trianglc,    lNEAB/sMP16-19)

13 Considcr thc1natrices

A=(: i) E1= E2=(」 1 :) E3=(: 辜)

\
丶

ˉ
`
/

0
 
1

l
_
3
0

/
r
ˉ

ˉ

`
\

E4=(: 飞号)
Dcscribc thc geometrical transfor1matiOns、 Ⅴhich correspOnd to El and E2。

C破culatc the three products∶ ElA,E2(ElA),E3(E2E1A)VeⅡ灯 that E4(E3E2ElA)=I.
Find thc inverse matriccs E「 1,E歹 1,EF1and E厅 1·

State hO、Ⅴ A can bc、Ⅴrittcn as a product Of thcsc invcrsc rnatriccs,Describe flllly the

geomctrical transformation corrcspOnding tO义⒋in tcrms of a composition of shcars and

stretchcs,giving thc scalc factors and rclevant dircctions in cach casc。    (NICCEA)

Form tlle cOmunat。 n nblc for tllc∞ t(3,6,9,12)und∝ tl△c opcr扯 ion mLlltⅡ l忆酎ion
modulo15.Write down any elemcnts、 vhich are sclf-inversc,

A binary operatiOn来 is dc丘 ncd on R by

r来 s=r+s+邓

Given that s=← ∶x∈ R,x≠ -1),show that s brms a grOup undcr the opcration米 。

Solvc thc cquatiOn

(x兴 2)来 J=3紫 (4米 yY)   (EDExcEL)

15 A nOn-abeⅡ an grOup C cOnsists of cight2× 21natrices,and the binary opcraJOn is1natrix
multiphcatiOn。 The eight distinct clcments Of C can bc written as

G=(I,A,A2,A3,B,AB,A2B,A3Bl     (*)

where I is the identity Fnatrix,and A,IB arc2× 21natriccs such that

A4=I  B2=I and BA=A3B

i) ShOw that(A2B× AB)=A and(AB× A2B)=A3,
ii) Evaluatc the fOⅡ Ovong products,giving each one as an elcment of([冫 as Ⅱstcd in(米 ),

(AB×A)  (AB×AB)  (B× A2)

)
D
η

ˇ
)

14i)

iI)
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CHAPTER 17 GROUPs

⑾
¨̌

)
ˇ

)
⒆

Find the order of each element of〈 (∶

:i∶ .

Show that(I,A2,B,A2Bl is a subgroup of(9.

Find the other two subgroups of C、 vhich havc Ordcr4。

For each Ofthe three subgroups of Order4,statc whether or not it is a cycⅡ c subgroup,

(MEI)

Four ofthc subgroups of a grOup,X,are乇 Zl,(''·t,JⅠ:;,C,Dl,(''· (,cl and(/,丿
::∶ 1.

a) Explain why X rnust contain rnore tⅡ an the flⅤe elements giⅤ cn abovc。 State the1ninⅡnum
number of extra elements which X rnust havc。

b)ThC subgroup(/,B,c,Dl悠 cycl允 .statc possible geomctrical transforma伍 ons wh妃h could

cOrrcspOnd to the elements''.【 ,丿%C and D and construct a tablc for this subgroup.
(NEAB阝 MP16-19)

The matrix ⅣΚα)is deflncd by

⒈江(α)==(∶
 丨 丨)

a【 Show tl△at thc set C=fM¤ )∶ α∈C,α ≠01forms a group under tl△e operaton Of matrk
multipⅡcatiOn,、 vhich may be assumed tO be associatiⅤ c。

b) Find the order of⒈ 江(告 i)and hence flnd a subgioup of(F of ordcr4and a subgroup of(F of

order2.

c,ShoW that thc sct Jf=(卜 Ι(α)∶ α=3庀 ,庀 ∈zl。 a subgroup of C.

dl Explain why thc sct s=uⅦ (α)∶ α=告庀,庀 ∈Z,庀 ≠01is n。t a subgroup of G.

(EDEXCEL)

a)Sho、Ⅴ that if J石 =(:衤
罟 f岁沼ε)thCn凡`=凡

whCre ris the2× 2idcntity1natriⅩ .

By choo蚯ng twO diffcrcnt valucs of g,cxhibit twO1natrices/,B su0h that/2=rand B2=r
bLlt0凵缈

2≠ Ⅰ
b,ProvC thatif C and D Orc刀 ×刀matriccs such that CP=凡 D2=rand c and D commute,

then(CD`=正
c) Let(∶’bC an abchan group,and dcnne Jf by

Ⅱ=(g∈ C∶ g2=召l

where c is thc idcntity clcmcnt of C。 Show that丿 sris a subgr。up of C。

d)The f0Ⅱov注ng is thc1nultipⅡ cation tablc of t廴e group D:.

16
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REAL VECT0R sPACEs

i) DCtCrminc whcthcr Or not D:is abclian,

iD DCtCrminc whcthcr or not Ig∈ D:∶ g2=cl诋 a Subgroup of D:,  (SQA/CsY助

19Thc sk pcrmutations of tllc sct(1,2,31arc

冗l==(: : :)  冗2==(∶  : :)  冗3==(: : :)
冗4==(∶  i :)  冗5==(: : :)  π6==(l : :)

丨丨)〖IΙ:∶∶∶∶T3tr(石 t;;;±百∵烈碎:∶

°ns’ sh°、Ⅴ that冗 5o冗3=冗 6.

∶I}⒊∶r⒊∶∶∶揣 :∶∶rΙ;∶Ill:I:1奋:昱鞯群l晏 :⒊甘【l∶Ι∶∶1∶
hCsC蕉

茎J丨

tati° ns。

20 COnsider thc binary Opcration⑦ as dcⅡ ncd by

fr⑦ f,=〃 -+D-+曰3

D Show that

曰 ⑦ 0⑦ 0=四 +D+c+曰 D+Dc+〃 c+四 Df

ii) ProvC(B0is associative

COnsidcr the a1gebraic system consisting of the set of rcal numbcrs,R,and thc Operation￠z冫 .

i") Ilind thc idcntity c1cmcnt for this binary opcrat1On,

iˇ) By considcring thc inⅤcrsc Of thc clcmcnt fr,shO、 Ⅴ that this systcm is not a group,

)̌ 户L grOup can be formed using this operation and a subsct Of R。 Statc ho、Ⅴ风can bc amcndcd
to fOrm t11is subsct.  (NICCEA)

Real vector spaces

Groups havc Onc binary opcratiOn。 In Ⅴector spaces,thcrc arc two opcratiOns∶

addition and Fnultiphcation.The sknplest,interesting real vector space is the

t、Ⅴo-dirncnsiOna1vcctOr space R2,

Just as、Ⅴith groups,tO check that、 Ⅴe haⅤc a real vcctor spacc,、 vC nCCd to

vcrify that certain propcrties arc satissed

A re引 Ⅴector space consists of a sct of vectOrs吒 which admit oftwo
operations,+and。 ,and havc thc fo1lO、 Ⅴing six prOpertics∶

· (V1 +)is an abeⅡ aⅡ group。 Thc idcntity of this group is thc zcrO vector0。

● If Ⅴ is a vcctOr in/and兄 ∈ R,thcn`。 Ⅴ is a vcctor in/,

●If Ⅴ and w are vectors in/and`∈ R,thcn尤 。llr+w)=尻 .Ⅴ +尻 。Ⅴ,

●If Ⅴ∈/and戈 ,〃 ∈R,thcn(尻 +/l).Ⅴ =尻 .Ⅴ +//。 Ⅴ,

● If v∈ /and尻 ,/l∈ R,thcn尤 (〃 。Ⅴ)=(尻〃).Ⅴ ,

● For any Ⅴ∈ 匕 1.Ⅴ =Ⅴ
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CHAPTER17 GROups

The last fOur properties dc丘nc thc operation of rnultipⅡ cation by sGalars,

、vhich、vc have already uscd、 vith geometric Ⅴcctors(sec pagc94)。

Three⋯di1nensionaI space

Let/be thc thrcc-di1nensional vector spacc R3。 We can deflnc any ⅤeCtor in
terms ofi,j and k.For example,2i+3k is a vectorin th^space.We know
how to perform addition in tho Ⅴcctor spaCe∶ weju虬 add the componcn“
scparately.We also knOw how to multiply a Ⅴector by a real scalar.All of thc
real Ⅴector spacc propcrtics arc satisJ丨 lilcd。

Complex numbers

The set of aⅡ  complcx numbers can be treated as a rcal vector spacc。 Wc can
write any complcx number in the forn1四 -+3i,whcre四 and3arc rcal numbers.
AdditiOn is performcd in thc nOrmal、 Ⅴay,and wc knoⅥ/hOw to multiply any
complcx number by a reaI scalar。 Ag缸n,we veⅡf,/that thc rc时 vcc· tor space

propertics arc satisfIed.

IinearIy independent sets

Lct/be a Ⅴe∝or space.Wc say that(v1,v2,.¨ ,V刀 l厶 a Ⅱnearˇ hdependent

set i免 whenever∶Σ冫‰cⅤ庀=0,wC can dcduce that兄庀=0for cvery庀 .

Jc=l

Let us con“ dcr t纽 e vcctors i and jin noΠnaltwo-di1nensional space.And1ct us
虹nagine that we are trying to fo11ow paths from the origin back to itsclf by
following thc vedors i and j.Two examplcs are shown below.

In both cascs,the total number of components of vcctor i We fo11ow is0.

⒏mihr圩 ,thc total number of cOmponcnts ofvetitorj wc follow必 o.Now,the
only way that跛 +研 =0`if Ω=3=0。 So,i and j arc linearly indcpcndent,

on the othcr hand,thc ⅤectoFs i,j and2i-ˉ 3j are not hncarly indcpcndent.

Thc diagram on the right shOws that_⒉ +3j+1(⒉ -3D=0.
Any thrcc Ⅴectors in twO-di1nensional spacc are Ⅱot lincarly indcpendent.

spanning sets and basis vectors

Let/bc a Ⅴector spacc,The set fv1,v2,,¨ ,v刀 l0called a spaⅡ“Ⅱg setif we
Can l评rite any clcment v of/as a suⅡ1,

j↑

j↑

-

v
屁

刀

∑

H

〓v
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REAL VECT0R sPACEs

户L basis is a spanning sct that is also a lincar1y indcpcndcnt set.A basis cxists

in any real vcctor space.2`ny t、 ⅤO bases Ofthc samc vcctOr spacc havc the same

number Of elements

The v∞tOⅡ i,j,and k form a basis for th∞ c-climcnsi()nal space

The numbcr Of elements in a basis Of/is ca11cd thc dhnension of/.

Thc vcctors1and i forln a basis fOr thc sct Of a1lcomp1cⅩ  numbcrs。 Thus,thc
sct of a11complcx numbcrs havc di1ncnsion two、 vhcn rcgarded as a rcal vcctor

space。

Linear mappings

A hnear mapping T∶ /-/is One which sati蚰 es

T(尤Ⅴ)=尤T(Ⅴ) for eⅤery尤 ∈R,Ⅴ ∈/

and

T(Ⅴ +w)=T(Ⅴ)+T(w)

Lincar lllappings arc cOmplctcly dctcrⅡ 1incd by their effcct on a basis.

For eⅩamplc,consider an antic1ockwisc rotation of90° in R2.This rnovcs

vectOr i onto j,and it a1so lllOVCS j onto_i。 It follows that the vector2i+习 is

carricd to药 +3(— i).

Now,if wc use el to denote i,the Ⅱrst basis element,and e,to denote j,the
second basis clement,we haⅤ e

T(el)=e。  T(e2)=— el

For cOnvenience,wc represent e1by the column Ⅴcctor

colullln vcctor (:)·

Wc can thcn rcprcscnt T by thc Fnatrix

T=(: 飞1)
、Ⅴhich givcs

Chybedna

\
)

1
0

/
f
ι

\

e〓

`
丶

`
/

0
1

/
(

〓

丶

丶

∫

/

1
0

/
∫

丶

\

Τ〓
`
丿

eT

and

T(e2)=T(:)=(飞 1)=—
el

V1厂c notc that T dcpends on our chOicc of basis.

Examplc16i1lustratcs the differcncc that a change Of basis can makc to a

transfOrmation rnatriⅩ
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