
AL mET"oDsCHAPTER 13 NVMERlC〗

Using trhngle PTQ,we havc

Gradicnt of tangcnt==PQ
QT

→  f′ (α)=罟

、  flα )→ Q1 P(c汜
)

The,‘-Ⅴalue of the point T is

α—QT=α 一n

wh忆h is a bcttcr approⅩ 1mation tO the root of※ 豸)=0.
When the root of※兀)=0is not C1ose to α,the rllcth°d
may faⅡ。For cxamplc,in Figurc A,thc ncxt苋 -Value

which is furthcr from thc root than α is.found is at T,

And in Figure B,f/(α )=0,which^unhclpful。

In its iteratiⅤe forn1,the Ne、 Ⅴton_Raphson1method givcs

α″+l=α 刀一

糕

F坨ure A

Figure B暨
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EXample3 Use the Newton_Raphson rnethod,with an initial value of

x=1,to flnd a root of※ 豸)≡ 豸3+5x-9to three signiflcant flgures.

sOLVTIo"

Let α bc thc rcquired root。

Df℃rcntiating※艿)≡ J3+5艿 -9,we have

f′ (豸)=3艿
2+5

Putting αl=1,we obt缸n

ftα1)=1+5-9=-3
卩(α1)=3+5=8

Using Ncwton_Raphson,we haⅤe

α刀+1=α ″一

羯

which gives

呦=岣一嚣 =1+吾 =邮
Hence,we have

α3=1.375-
f(1.375)
=I.375_

0,474609375
=1.3305271

P(1∶370 10.671875
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sOLuTION OF POLΥ N0MlAL EQUATIONs

which then giⅤ es

吻 =㈤ 犯Ⅱ _

=⒈ 3305271一
⒍00:07077027=⒈

32974436
10,310907

α3and α4arc now so close togcther that、 Ⅴe can say that the root is1,33to
three signiflcant flgures.rThe r。 ot is actua11y1.329744to seⅤ en signiflcant

figures.Were、 ve to repeat the procedure a few Inore thnes,we、 Ⅴould find

that the root is1329744122,correct to ten signiΠ cant ngures.)

So,thc root of ftx)≡ 丌3+5x-9is1,33,corrcct to thrce signi丘 cant
ngurcs。

Iteration

An itcrativc prOccss is One、 Ⅴhich is repcatcd scvcral tiIncs,fo11ov注 ng cxactly

the samc proccdurc cach ti1nc,

It proⅤidcs yct anOthcr way of obtaining the solution to an cquatiOn flJ)=0,

in which、Ⅴc rcarrangc thc cquation tO create an iteratiⅤ e formuIa of the form

豸″+1=g(冗″)

、Ⅴhcrc犭″+l is a Closcr approxhnatiOn than J″ to the solution Of fr.)=o

For cxample,we can rearrange x3+5x-9=0as

'=9-5Ⅰ
 →  △=氵t5x

from which wc can Obtain the iteratiⅤ e fOrmu1a

x刀 +1=(9-5x刀泸
AlternatiⅤely,we can rearrange x3+5x-9=0as

'=9~5x 
→ x2=2~5 →  X=

X

frOm、Ⅴhich wc can obtain the iterativc formula

钿=√%
Natura11y,some iterativc prOccdurcs produce an accurate solution1norc

quickly than others,and somc itcrativc procedures faⅡ  quickly.

Fgf∞a硎⒐·烬k喀 钿 =V:亏1Γ;·
"d⒈
η¨ 咖

X2 二二

丌3= =√
′
-0.5 which does not cxist

HOw to decide which iterativc fon△ula to use is bcyond thc scopc Ofthe

A-level syllabuscs,and therefore of this boOk,A11the itcrations you wⅡ l rncct

at this lcvcl rcsult in one Of the patterns shOwn next。

_

9
~
x

5

_

9
~
2
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CHAPTER 13 NVmERlcAL METHODs

耋   ExampIe4 LTsc x″ +1=÷ (x9-← 1)to flnd a so1ution to
: ※J)=·3-6x+1=0.

翳    sOLVTlON

嚣 As in the previous methods,we need tO detcrminc an intcrvalin which thc
口   root hes.

琶 Putting x=2and艿 =3in fl豸 )=豸3-6x+1,we obtain

蠹     ※2)=-3 and ※3)=10

鲨  ThCrCforc,there is a root of※ x)=0for a Ⅴdue of J bctwccn2and3。

鼋   窝 :∶
’
甙宀F1§、龟[l、

E∶

Ⅰ1、 :}=^4’
there is another root of K艿 )=0for a

蜃恤仙=:″ +⋯mh=⒉⒕hⅦ

叠  均=:田 +D=“
腽  wh忆h红vCs
冁

炱  汕=:σ +D=⑿腼
蘖       x4=0,23128

蠢   we see that these Ⅴalues of x are not conⅤ crging to the rcquired root.

鼋  Alternathely,starting at xl=3,we haⅤc
鹱

均=:(33+1)=管 =4号
坨=:lrg:'+1]=17· 1049

齄   Wc see that thesc values of x are not cOnvcrging to thc root cither,

In Example4,we note that starting bclow thc root

scnds thc itcration to thc smal1cr root,whereas

starting abovc thc root scnds thc iteration off tO

inflnity,Wc can graphicaⅡy rcprcsent thcse results by

a staircase diagraΠl,as shown on thc right。

starting point

abovc root

↑
st,rllting point

bclo、 v root
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soLuTIoN OF POLΥ N0MIAL EQuATI0Ns
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Example5 Starting with豸 =-1,use thc iteration yY刀 +l

to「lnd thc root to threc signiflcant fIgurcs。

sOLVTION

Using x″ +1=:犭刀
2ˉ 2with△ 1==_I,we have

Ⅰ2=告 -2=-1昙 =-1· 83333

·3=告 (1· 83333)2-2=-1磊 =-1· 4398

X4==-1,654488883   x5==-△ .543777756

x6=-1.602791707  x7=-1,571843124

x:=-1.588218199  艿9=-1.579593825
Thercfore,the root is-1.58,corrcct to threc signiflcant丘 gures。

Eventua11y,we、ⅤOuld flnd that thc root is-1,582575695。

Thc result in Example5is represented graphicaⅡ y
by a pattcrn which spirals into the root,as shOwn

On the right,Hencc,it is ca11cd a cobweb diagram.

Two Other pattcrns which you arc likcly to lmect are sho、 vn bclow。

In thc pattcrn On thc left,thc itcrativc Ⅴalues step dircctly into thc rOot ffom

abovc(Or bclow).The pattcrn on the right sp“ als out from thc root.

↑
Staning point

bclow root
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CHAPTER 13 NumERIcAL METH0Ds

Exercise13A

刂 Show that a root ofthe equation艿
3=7-5艿

lics in the intcrⅤ a11<兀 <2.Use lincar
intcrpo1ation to flnd this root cOrrect to t、Ⅴo dcChnal placcs。

2 Show that a roOt ofthe equation xc3x==121ies in thc interva10(苋 (1.Usc lincar

interpolation to flnd this root correCt to two deci1na1placcs。

3 Sllow that a rOot of the equation x3-4艿 :=51ics in thc intcrva12(艿 <3.Use interval

bisection to flnd this root correCt to two dcCi1nal places。

4 Show that a root ofthe equauon3x3~ˉ ex==01ies in the intcrva10(艿 <I.Use interval

bisection to flnd this root correCt to two decirnal places。

5 Show that a rOOt ofthe equation2艿
3_e知 =0Ⅱes in the interva10(艿 (1,L「 se hnear

interpolation to flnd this root correct to t、Ⅴo dcChna1places,

6 S血owthatarootoftheequationsint责 ==3x-11ics in the intcrⅤa10(豸 (1。 Use Ⅱncar

intcrpolation to fInd this roOt corrcCt to two decknal places.

7U蛀 ng t廴e Ncwton~Raphson rnethod,flnd the real root of x3+3艿 -7=0correct to two
decimal places.

8 An iterativc formula for solving a cubic is

觅刀+l=币 =4

a)Take x1=4and calculate艿 2,艿3,艿4,J5,豸6,觅7and艿 :.For each iteration,write down the flrst

flve dig⒒ s。

b)What is the solution,correct to three dp?

c)IIow many iterations are requircd to fInd this so1ution?

d) By replacing J刀 +l and艿″with x,show that this value is a solution of the equation

兀3+4豸2-3=0

9 It is givcn that the cquation c05x+苋
2-ˉ
3.5艿 :=0has exacJy one root in the interval[0,1],

Apply the biscction1ncthod thrce thnes to obtain a morc accurate detcrF11inatiOn of thc interⅤ al

containing thc root.

Calculate thc rninhnum numbcr of further appⅡ cations of thc bisection1method requircd to

make the lcngth of the hterv缸 less than105。  (sQA/CsY助

刂O       fl豸 )≡ tan艿 +1-4豸
2  

一

罟

<豸 (:

a) show that thc cquation R”◆=0has a root α in the intcrval[1.42,1.44]

b) Use linear interpolation oncc On the intcrval[1.42,1· 44]to flnd an estknatc of α,giⅤing your

answer to three decknal placcs。

c) Show that the equation K艿 )=0has another root卩 in the intcrval[0.6,0.7⒈
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EXERCIsE 13A

d)Use thC iteration

J刀 +1=告 (1+tan‰庐 而=o.65
to flnd卩 to three dec虹na1places。   (EDEXCEL)

i’     flJ)≡ 2豸 一豸3

a)Show that a root,α ,of the equation※艿)=0hCs in the intcrva11.3(α <1.4.
b) Taking1.37as your starting Ⅴalue,apply thc Newton~Raphson proccdurc Once to※ 豸)to
obtain a sccond approⅩhnati° n to this root∶ ChⅤe your answer to thrcc decknal places.

(EDEXCEL)

12 Show that the equation

e齐 +豸 -3=0

has a root bctw,ccn O and1.Usc the Ncv/ton_Raphson1method to solve thc equation,giving
your ans、vers correct to flve dcc虹nal places,Rccord your values of艿 0,xb艿 2,¨ 。to as rnany
deomal places as your cakulator wi11allow.  (wJEC)

13 Givcn that艿 is11△ easured in radians and ft艿)≡ sin x-0.4豸 ,

a)flnd the values of※2)and K2.5)and dCduce that the cq讧 ation J×θ=0has a root α in the
interval[2,2.5]

b)use lincar interpolation once on the interⅤ al[2,2.5]tO esthnate a valuc for α,giving your
answcr to two decimal placcs

c)using2.1as a丘 rst approxknation to α,use thc NclvtOn_Raphson prOccss once to flnd a
secOnd approⅩ i1nation to α,giⅤing your ans△ vcr to two dcc⒒na1places.   (EDEXCEL)

14 Thc equation艿 3-← 3J2¨ 1̄=0has a root bet、Ⅴecn O and1.Use the Newton_Raphson rncthOd,
、vith initial approxhnation0.5,to nnd this r。 ot correct to two decknal places。

Chve a clcar reason why it wOuld be impossiblc to use the Newton_Raphson1nethod with

initial approⅩ imauon0。    (ocR)

15 L1sc the Ncwzton-Raphson Fnetl△ od to flnd,correct to threc decknal places,the root of the
equation x3-10豸 =25which is cIose to4.  (oCR)

16    fl艿 )≡ COsh艿一艿3

a)ShOw that thc cquation fl艿 )=0has one rOot,α ,betWcen1and2。

A secOnd root,昆 of thC equatiOn※豸)=01ies close to6.14.

b)AppIy the Newton_Raphson procedure ρnce to fl艿)to obtain a sccond approximation to卩 ,

giving your answer to three dcciInal placcs.   (EDEXCEL)

17    fl艿 )≡ e齐 ~2x2

a) Show that the cquation fl兀 )=0has a root α in the intcrval[-1,0]and a root'in the
intcrⅤ al[1,2⒈

b) Use linear interpolation once on the intcrval[1,2]to flnd an approⅩ ⒒nation to卩,giving
your ans、 ver tO t、Ⅴo decimal places.

c)Appl,/the Newton_Raphson process tw忆 c to fl艿),starting w⒒ h-0.5,to Ⅱnd an
approⅩ⒒nation to α,giⅤing your丘 nal answer as accuratcly as you think is appropriatc.

(EDEXCEL)

277

www.as
warp

hy
sic

s.w
ee

bly
.co

m



18

CHApTER 13 NuMERlCAL METH0Ds

a)solve x=0,5+sin△ by each ofthc fo11o、 ving two Incthods

0 An itCrathe mcthod,othcr than thc Newton一 Raphson method,呲 a⒒ing with xl=15.

ChⅤe a solutiOn which is correct tO J〔
liiVc signiscant J(∶

iigures.

iD The R龟wton~RaphsOn rncthod,appIed once oⅡ ly,starting fron1x1=1,5,

b) CalCulate thc gradicnt of0,5+sin、 whcre x=15.Con11Ⅱ ent On its relevancc to oⅡ e of thc

methods used in pa⒒ a,  (NEAB/sMP16-19)

Ghcn tll狨 flo=g_√(sin○ ,0(ε (告冗,shoW that

a) the equation f(a)==0has a root lying bctwccn去 冗and斋冗

酬O=卜筋罱纡
cl Taking斋冗as a ist app∞虹matiOn to tl△

`root of tllc cquation※
⑺=0,Llse tllc Newton_

Raphson proccdurc Oncc to find a second approxllllation,giving your ans、 Ⅴcr to two

dccimal p1aces。

d)Show that f′(9)=0When sin a=√ 5~2,  (EDEXCEL)

The flgurc shows the Ⅱne with equajon y=5x
and the curve with equation y=cx.They Imcet

where尢 =α and x=∥ ,ApprOximatc valucs fOr α

and卩 arc o2and2.5rcspcctivc1y.

a)The it∝ athe fOrmtlla曰″+l=尝卩″is usCd to
flnd a morc accurate apprOxirnation for(;丬:。

Taking纰 =02use thc iteratiⅤ c formula to

obtain砑2,ff3,fr4and rr5,giving your an9吖 ers to

four dccknal p1aces。

The NeⅥ/ton~Raphson processis used to Πnd a

mOre accurate appro虹m狨ion for β

b)Taking frx)≡ cx-5x and a§ rst approximatiOn to`Of2.5,apply thc Newton一 RaphsOn

prOccss oncc to obtain a secOnd approxhnatiOn,giⅤ ing yOur ans、Ⅴcr to three deci1ual places,

c) Explain,v注 th thc aid of a diagraⅡ l,、Ⅴhy thc Ne、Ⅴton—Raphson prOccss faⅡ s if the Ⅱrst

apprOximation used for尸 is ln5,  (EDEXCEL)

21 a)ThC cubic equation

x3-9x+3=0

has a root that hcs bet、 Ⅴccn O and1.Use thc Nel△ Iton_Raphson lncthOd、Ⅴith starung va1ue

J0=0,5to flnd this root,giving your ans、 Ⅴcr cOrrect tO six dcchnal placcs,

b)'′ rearrangemcnt Of thc cquation

~l+3=2tan~△

gives thc iterative forn△ ula

x刀 +1==tanˉ
1(至L讠

;I1)

By cOnsidering the condition for convcrgence,shOw that this iterativc formula can be uscd

to Πnd any rOot Ofthc equation.   lWJEC)

19

20
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EXERCIsE 13A

22 The diagralu bclow shows part ofthc graph ofthc fL】 nction几 whcre

flx)=
4x3-12x2+9x+3

al ThC gnph Offhas a minimum tt1r血 ng poIlt at(‘ 7,鲁 )and a ma虹 mum ttlrIling po11t at
(D,2).Use ca1culus to obtain the values of△ and D.

b)The linc x=c is a vertical asymptote to the graph of f

D Write down an cqu狨 iOn whch c mu酰 s·dtis1丨 :!o`冫 .

iD Lrse NewtOn’ sⅡ1cthod,with~x0=-o.2,to nnd an apprOximation to the valuc of c
correct tO four decimal places。

[NewtOn,s1nethod uscs the itcration x″ +l二=x刀
^p′
(丌刀)t° pr° ducc succcssivc approⅩ imatiOns

to a solutiOn of the cquation p(尢
)二=0.]    (SQA/CsYS)

23The cquation flx)=0has a roOt at豸 =ε,which is known tO bc dosc to△ =J0.By drawing a
suitablc graph to iⅡ ustrate this situation,dcrivc the formula for thc flrst iteration Of thc

Ncwton~Raphson mcthod ofs° lution of叉 x)=0,Hencc cxphin how the gcneral formuh is
obtaincd。

Itis knOwn that the equation※ x)=0,where

Kx)=3豸5-8△2+4

has threc distinct real roots of which twO arc positivc,

Usc thc NewtOn~Raphson methOd with starting value-1to dctcrlllinc thc ncgativc roOt

correct to thrcc decimal places。

It o knOwn that the other two roots he in the narrow intervⅢ  lO.75,12~sl.Use a dhgram to
cxplain、 vhy thc lⅪ e、Ⅴton_RaphsOn1nethod1nay bc dif∏ cult to use in the detcrl11ination of thcse
rOots,
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CHAPTER 13 NuMERIcAL mETHoDs

Itis proposcd to deteⅡ匝nc the root ncar豸 =0.75using sⅡ nple iterajon with thc itcrativc schcmc

豸刀+1=等 +击
Show that this1Ⅱ ay be suitable to obtain a solution in thc neighbourhood of豸 ==0.75.

Using艿 :=0.75as a starting value and recording successive iterates to three dec虹 na1p1aces,use

shnple itcration to deterⅡ 1ine this root to tWo dechnal places.

The third root is known to lie in the interⅤ al[1.2,1.25⒈ Use three applications of the bisecjon

method to deterⅡ蛀ne rd morc accurate esthnate of thc interva1in w纽 ich this root Ⅱes.
(sQA/CsY⑴

EvaIuation of areas under curves

When wc nccd to fInd the area undcr a curve but arc unab1c to intcgrate the

function,we have to use a numcricalFnethod。 The two most coⅡ 1Inon

numcriCa1techniques are the trapezium Fule and si1Ⅱ pson’ s ruIe。

Trapeziun1rule

We can flnd the area under a curvc by dra、 丙
`ing equa11y spaGed lincs paraⅡ

el to

the J`-axis。 These、ⅣⅡ1producc a number of trapezia of cqual widths,as thc

flgure shows。

I。
y3

y0 y1

o

If we dividc the豸-axis from艿 ==a to△ =b intO Jr equal intervals,thcn we wⅡ l

obtain J9彳:trapezia。

Let thc`-values of the curve at these艿 -valucs be`0,yb¨ ∴
`刀

,as shown.

Tllc area ofthc fl1ˉ 虬“apezhm厶 告屁o0+儿 ),where屁
^the诵
dth ofea山 吼rΦ .

Thc area ofthe scco11d trapcziu11△ is:屁Olˉ+y2).

Hcnce,the total area of the trapczia is

告
屁0o+`1)+告 屁01+y2)+.¨ +告 乃r,i刀 ~l+y刀 )

By co11ecting likc teΠns,wc obtain the trapezium rul0,which is

缲      Arρ
a≈
台
b,0+`″ +2o`1+`2+.¨ +y″ ~1)]

whcre屁 is thc width of a strip and yO and`刀 arc thc flrst and last ordinatcs.
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EvALuATION 0F AREAs uNDER cuRVEs

∶1∶T∶ ∫1jll∶

’by曲 e“ape犭um ru⒗ ,⒛ appro蛀 Ⅱ△沈eⅤ缸 ue h∫ 铲 d燕

sOLuTION

First,we dividc the艿 -axis frOm苋 =I to豸 =7
(the li1nits of the intcgral)into six strips(as r。 quested).

Hence,the x-Ⅴ alues of thcse points are艿 :=1,2,3,4,

5,6,7,as the f1gure shows.

The corresponding`-vaIues are c1,e2,e3,c4,e5,e6,c7。

Thcrefore,using the trapeziun△ rule,wc haˇ e

Area≈
台
D0ˉ←y″ +20+`2+.¨ -←

'刀

~1诃

^乡 :i[el~←
c7-← 2(e2-← e3-+c4-+e5-← c6)]

wh忆h giⅤes

Area:=1183.590416  or  1183.6  to1dp

The accuratc answer to Examplc6is c7-ˉ el,which is1093.914877or1093.9
to onc deC虹nal place.

The answer obtaincd by the trapcziunl rule can be made more accurate by

using rnorc strips of sma11cr width。

sⅡⅡpsom’s ruIe

Thc trapcziun△ rulc is rarely very accurate beCause

we usu扯ly use too s血 all a numbcr oftrape犭 瓦tO
approx⒒nate thc area tO be found.

We obtain a better approxhnation by imposing a

known,integrablc quadratic curve、 vhich passes
through points on the original curve.

siInpson’ s ru1e is based upo血 the use of a

quadratic curve which passes through threc

consecutive points。 Thus,Shnpson’ s rule丘nds thc
approxknate value for a pa⒈ of strips.

Consider thc quadratio curve y=⒍

'+3苈
+c,passing through three

consccutivc points,(屁 ,`2),(0,`1)and(一肋,`0),as shown on the right。

When艿 =0,y=`1 →  c=`1 [1]

When艿 =屁,`=`2 →

When苈 =一屁,'=为  →

Addng⒓]and l~s],We。 bt缸n

y0+`2=2c'+2`l

`2=四
饧2+铴 +`I   ⒓]

`0=四
屁2一 锄+yl  l~s]

281
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CHAPTER 13 NUMERICAL METHODs

Using integration to flnd the area under the quadratic curve,wc have

Arca of pair of strips==j∶勿⒄豸2-+Dx+c)dx

=[受尹+气乒+c艿l∶汤
=至望:+鱼望:+c肋 ~(~望

誓

L+」
笃÷

— c屁
)

=旦
笞

二+2c肋

sub吼ituting from I11and ul,we obt缸 n

Arca of pair of strips==              +z`力

=弩 00+4,`l+`2)

Using a number of such pairs of strips,we haⅤ c

TOtal area≈
誓
00+4y1+`2)+弩 02ˉ←4`3+`4)+弩 04ˉ+H,,5+y6)+.¨

≈
弩
00→-4`l+`2+`2+H,l3+y4+y4+4y5+`6+.¨ )

By factorising,we Obtain SⅡ npson’ s rulc,which is

、+.¨ )+2l,’2+踟 +比 +.¨ 订

Last+4× Sum of odds+2× Sum of evensl

Note  There nⅡust aluTays bc an eⅤen numbcr of strips。 That is,J191nust be even。

量   ExampIe7 Find,by Si1npson’
s rule,an approxiFnate value for∫

∶
e为 d艿·

:  Usc⒍x intervals.

。    sOLVTION

∶  F订st,We dhide thc艿 -a虹 s from豸 =1to x=7(thC hmits of the integrd)
二   intO six strips(as rcqucsted).

毒   |】:Ⅰ;bcF∶;;:Jl:s∶
re using Silllpson’ s rule,、Ⅳc cnsure that wc usc an eveⅡ

蠹  Hencc,thc x-vdues of thcsc points are苋 =1,2,3,4,5,6,7.(sCC top
∶   flgure on page281.)
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EXERCIsE 13B

炱  The c。 rrespOnding`-valucs are cl,e2,c3,c4,C5,C6,e7.

爨  ThCref。 re,using⒏ mpsOn’ s rlllc,we havc

宫  AⅨ
n≈
扣
+卩 +馋2+酽 +眄 +狰3+甸

蓼  which虫 vcs
鼙           2⒋ rca==109933761  or  1099,3  to1dp

Note On pagc281,wc gave thc accuratc value Of th^area as1093.9rto1dp)·
Hencc,the va1uc obtaincd by ShnpsOn’ s rulc gives a better approxknation than

that obtaincd by the trapcziun1rule。

Exercise13B

1 Using flve cqua11y spaccd ordinates,cstknatc the valuc of cach of the follo、 ving to four dcchnal
placcs by means ofi)the trapcziun△ rulc,and ii)Shnpson’ s rulc.

㈤f俩  ⑴f'山  Θf吒山 ⑾f俨ⅥJ
2 Using six strips,Ⅱ nd an estimate fOr∫∶xxdx by mcans of:)Si1npson’ s rule,and
")thC trapcziun△

rulc.

3 a) ShOw that the lcngth ofthe arc,s,of thc curⅤ c、vith equation`=cOsh x bet、 Ⅴecn x=0and
豸=2is given by

s=∫
icosh丌
dx

b) Obtain an estknate to this intcgral by using SknpsOn’ s rulc、 vith flve cquaⅡy spaccd
ordinatcs,giⅤ ing your ans、Ⅴer tO four dccirnal places.

c) Find thC CⅩ act value of s。

d) DetCrllline the pcrcentagc errOr which results from using the cstimatc for s calculatcd in

part b rather than thc cxact valuc obtained in part c,giⅤ ing your answcr to onc signiJ:∶ icant
丘gurc,  (EDEXCEL)

4        几=∫
|x知
C一分dⅠ   r,≥ o

a)ShoW that几 =刀几~2-2C^吉 ,刀 ≥ 2,
b)Evaluatc rO in terms of c。

c) Find,using the rcsults of parts a and b,the value of r+in terllls of c。

d) Sho、v that thc approxhnatc valuc for Jl using S虹 npsOn’ s rulc with three cqua11y spaced
ordinates is

:(2√
t^e~去 +e^告)   (EDExCEL)

283

www.as
warp

hy
sic

s.w
ee

bly
.co

m



CHAPTER 13 NVMERlCAL METHODs

5        /=∫∶丐页石劳·≡丌d豸
a) Using f1vc cquaⅡ y spaced ordinates,obtain estknatcs for'4,to fOur dcchnal places,by

means of
i) the trapeziun△ rulc

ii) Si1npson’ s rule.

b)Find

∫瓦Π7瓦去·Γ可Fd豸
and hencc cvaluate/1giving your answcr tO four deci1nal places,

c)WhiCh of your cstimates in part a is thc Inorc aCCurate?Givc a rcason for your ansvvcr.

(EDEXCEL)

6        几=∫
T7Π÷:丐孑丁d兀

a)Show that刀 几 =豸
刀̄ 1√(1+觅 2)— (刀 -1)‰ ~2,刀 ≥ 2.

The curve C has cquation

'=√
(1+') `≥

0

Thc snite region R is boundcd by C,the豸 -aⅩis and thc lines with equations豸 =0and豸 =2。
The region丿 R is rotatcd through2冗 radians about thc豸 -axis.

b) Find thC volume ofthe solid sO formcd,giving your answer in tcrms of冗 ,surds and natural
logarithms。

An estimate for the Ⅴolume obtaincd in part b is found using S虹 npson’ s rule with threc

ordinates。

c) Find the pcrcentage error resulting from using ths esthnatc,giving your answer to threc

dcci1nal places.  (EDEXCEL)

7 For0<艿 <π ,the Cη rve C has equauon`=lnsin豸 ).ThC rcgion ofthc plane bounded by C,

the豸
-axis and the lines艿

=卫 and艿 二
=丝 is rotatcd through2冗 radians about thc豸 -axis.

4        2
Show that the surface area of thc soⅡ d gcncratcd in this way is giⅤ en by‘~;I,whcrc

亠‰磋|髯u
L1sc thc trapczium rulc with four ordinates(threc strips)tO flnd an approⅩ hnatc valuc for s,

giⅤing your anⅡ汀er to three dec血nal places。   (AEB97)

8 Use the trapeziun△ rule,Ⅵ厂⒒h siⅩ intervals,to estimate thc value of

∫iln(1+· )d豸
sho、ving your、vOrking.Give your ansⅣer corrcct to thrce signiicant sgures.

Hcnce、Ⅳrite down an approxhnatc value for

fh昶 +汕 CocRl
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10

EXERCIsE 13B

Usc the trapeziun△ rulc with Ⅱvc intervals tO csthnatc thc valuc of

f5汨
+铷

shov注ng yOur、Ⅴorking,Give your ans、 vcr corrcct tO tWo deCiInal placcs,

By expanding(1+x0告 in powcrs of J as far as thc tcrm in x4,and intcgrating tcrm by term,
Obtain a second cst⒒natc for thc valuc of

f5仰
+汛

giⅤing this answer also corrcct to tWo deomal placcs,  (ocR)

Dcrive SiIllpsOn’ s rulc、Ⅴith Ⅱ″o strips for evaluating an approxi1natiOn to∫∶勿f(x)dx·
Usc SirnpsOn’s compositc rulc with four strips to obtain an csti1natc of∫∶cos(x-2)ln x dx,
(tJsC fiⅤ e dcomal placc arithllletic in your calculatiOn,)   (sQA/cSYS)

Usc the compOsite trapeziun1rule with four sub-intcrvals to obtain an apprOxhnation to thc

de丘 nite integral

∫∶x sin(冗△)dJ
(GhC your丘 nal answcr tO four dccimal phces.)  lsQA/CSY⑴

Usc the trapeziun△ ruIe,、vith four interⅤ als,tO estimatc the value of12

∫∶、/(x—÷)dJ
shoⅥong yOur、Ⅴorking and giving your ans、 ver corrcct to
t、ⅤO dccimal pIaces

The diagran△ shows part ofthc graph of`=即 /(x_÷
)·

     y

i) StatC,With a rcasOn,whethcr this use of the trapczium

rule gives an undcrcstimatc Or an Overestimatc of the

valuc of∫∶勺/(x-÷ )dx·                           。
") state,without further calculation,whcther increasingthc numbcr OfintcrⅤ als in the trapeziunl rulc from

four to eight、Ⅳould lead to a larger or a smaⅡ er esti1nate

for∫∶勺/(x—÷)dx· C;ivC a reasOn for your answcr。    (ocR)
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CHAPTER 13 NVMERlCAL METHODs

Step■by■step so1ution of differential equations

First-order differemtial equations

]!、/l[ost differential cquations cannot bc solv。 d cⅩactly,but nccd a

stcp-by-stcp approach。

Thesc1ncthOds depend on dra、 Ⅴing lincs para1lcl to the`ˉaxis,

distance/r apart.

肋is ca11ed the step Iength.

singIe-step approxⅡ natioⅡ

Thc linear apprOxhnation

竺      (苦蚩)0  2⊥亏
2竺

is cOlnrnon1y used in thc step-by-step solution of first-order differential

cquation。 Itis known as Euler’ s血e山od,aftcr Loonard Euler(1707-83),

thc prOhflc SⅥ注ss rnathcmatician.We derivc it as foⅡ ows。

氓\th rcfercncc to the figurc On the right,P(艿0,`0)is a point         y
on the curvc y=※ x)and Q(xl,`l)is another point on the

curve close to P,whcre xl一 苋0二=/9and力 is smaⅡ .

Wc see that the gradient of the chor-PQ is approⅩ hnatcly

the same as thc gradient ofthc tangent at P.Hence,wc haⅤ e

NaturaⅡ y,thc accuracy of this rncthod depends on thc sizc of the step lcngth,/J.

Gradient of PQ=Ψ

wh忆h ghes

Gradient of tangent at]P== (睾
)0Fv Ψ

Exannp∶ e8 Use a step length of0,1to flnd`(0,3)for睾 =ln(豸 →-`),

匪ⅤCn that`=2when豸 =0。

sOLVTION

Ψ
,⒕ 濒 洫

力≈̀
o+Fa(睾)0

which mcans that

`at new value of豸
C.C.When x is0.1)=

=`at original valuc of J+肋 ×
苦劳
at origina1Ⅴ alue of J

●

翻

燹

口

磁

灞

皤

钮

确

灞

蹋

油

备

镭

鼹

攮

■

●

蟊

鼹

涵

奶

鼹

癜

畿

鼹

啜

邋

≈

\
丶

`
/θgnU
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sTEP冖 BΥ s̄TEP s0△ UTlON 0F DIFFERENTIAL EQVATI0Ns

:  HCncC,we haⅤ e

:       ′(0· 1)≈ 2+0,11n(0+⑷
￡      → 、(o.1)≈ 2,0⒍闸

:   vve rCpCat this proccdurc、
vith thc Ⅴalues obtaincd for`and∠⊥±whcn

≡  J=01n。wb。ng trcatcd as the ori匪 n沮 v沮ucs,and thc new v狃uc for`
: bCing fOund R丫 x=0,2Thus,we obtain

〗     `(0· 2)≈ `(0.1)+乃 (:专)x=01
:     → `(0·⑷≈2· 0693+0.11n lO1+2.0693)
:     → 、(o.⑷ ≈2.1467
:  Repcating ag扯 n,wc havc

∶     ×0·⑴≈̀⑩·2)+乃 (睾)x=Ⅱ
:     → 、(o3)≈ 2,14臼 +0,11n lO,2+2.1467)
∶     → 丿(0.3)≈ 22320

帚 Exam洌
e9usC a s∞ p lcllgth d0.2to Ⅱnd× 1.⑶ fo1·

苦专
=C∞
sx驷
en th缸

∶ y=3whCn x=1.
■    sOLuTlON

叠   Using(睾 )0≈
ZL亓卫%wC Obtain

:       `1≈
y0+乃 (苦专)0

量
Which m丁

:∶瑟valuc。fx(i.C.When x is1· 2)=
∶            =`at o。

虫nⅢ vduc of冗 +/J×
睾
扯 o⒒匪n时 v破 ue Of x

∶   HCnce,we ha`∶〔1⑶≈3+⒐ 2否°s1
:     → 丿(1.⑷ ≈33433

∶   wC repeat this proccdurc with the values obtaincd for`and睾 、Ⅴhen
耋  x=1· 2n。w bong“ cated as thc oo虫 nal valucs,and the ncw vduc for丿

霞 bCing found fOr J=1.4.Thus,wc Obtain

∶  ㈣硎②嘁λ彐2
:     → ×1·θ≈3· 3433+0.2ec° sI2

髦     → ×1·θ≈3· 63"
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CHAPTER 13 NuMER【 CAL METHODs

Double-step approxⅡ natiom

A better appro妊 maoon必 ghen by

麈      (祟 )0γ些℃茄片±
which uscs a doublc stcp,as shown in the flgure on thc right.

Wc scc that thc gradicnt ofthe chord TQ is a bCttCr

approxhnation to the gradicnt of thc tangent at P

than that obtaincd with thc singlc stcp。

We havc

Gradient of chord TQ=竿

wh忆h gives

Gradicnt of tangent at P= (軎
)θ
γ竿

ExampIe10 Using

`when△
=⒈ 2for

,and using a step length of0.1,Ⅱ nd

由` 3艿
2—

`2dJ    2犭
`虫Ⅴen that y=2at艿 =1。

sOLVTlON

Since、汀c arc required to use the double-stcp approxirnation,we need to

know the values OfJ`attwo va1ues of J.

To flnd thc sccond value of y,、 Ⅴe usc thc single-step Imethod.As、 ve arc

giⅤen thc y-Ⅴ aluc when x==1,the original Ⅴalue of艿 is1,and the new
value of,c is1.1.Hence,we have

(号券)0  2⊥亏2⊥  => 乃≈̀o+力 (妊)0
wh忆h givcs

y(1.1)≈

`(1)+0.1(号券λ=1
Whcn艿 =1and`=2,wc have

ψ ~3艿
2— y2~ 3-4 _

d苋    2犭
`    2×

1× 2

wh忆h givcs

则⑴≈2+"×—÷
→ `01)≈ 1.975

≡~
⒛

≈

\
l
J
/句
面

/
f
ι

\
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sTEPˉ BΥ s̄TEP sOLVTlON OF DIFFERENtlAL EQVATIONs

Now wc haVet、vo valucs for`,we can use the double-step approxhnation

(睾)0 
垫彘L

→  '1≈ y1

whi9h giⅤ es

\
丶

J
/留屁2+

y(1.勾≈×D+2屁 (睾
)x=H

→ ×1.2)≈ 2+2× 0.1× 哔 1.9752

2× 1.1× 1.975

→ `(⒈2)≈ 2+2× 0.1× -0.062284

Thcrefore,when x=1.2,`=1.9875,correGt to4dp。

secondˉorder dⅡhreⅡtiaI equa伍 oⅡs of the form軎 =《r,、 )

氓

`th reference to the flgurc On the right,P is a point at氵

‘==一 告尼

on thc curve of::÷ against豸 ,and Q is a point at x==告屁on the
same curvc,、 vhcrc屁 is sma11.

Wc scc that the grad忆 nt ofthc chord PQ^appro虹 mately the samc
as thc gradient of the tangent at艿 ==0.Hence,we havc

Gradicnt of PQ= (睾
)扣
一(軎
)~吉勿

That is,wel△ ave

Gradient of tangcnt= (軎
)0≈

 (号
券)知

^(睾
)~告勿

wh忆h ghes

(孕
)0

缸      〓>  (卑)0
To sOlve numerical1y a sccond-ordcr differential cquation,、 Ⅴc need cithcr the

values OfJ`at two differcnt Ⅴalues of,‘ ,or one Ⅴalue ofJ`and onc value of{亭÷

yl-yO y0_yl
/9       屁
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CHAPTER 13 NuMER1cAL METHODs

麽  ExampIe1刂
翳

蘖         :;劳 =艿C°
osy

銎
y墅
肼 T罗 考哏 :·;,三Ψ

W’ l·en豸 =u扯 n伍句 =1wl△Cn

重    sOLvTION
罗  we use

量          (::劳 )。≈
∶  with

笆     `0as thC value when艿 =1.1

爨     ′1as the Ⅴalue whcn艿 =1.1+屁 =⒈2
:     、l as thc Ⅴalue when豸 =1.1一 屁=1
:  HCncC,we have

童    (舁)x=Ⅱ≈Z⑿《拶Lm

啻   
→ (卑

)y=H≈
Z巳望
⒊亓焉∷
±L⊥

∶ when x=1· 1and`=1⒓ ,we hve

:   舁=⒈ 1J∞”=⒈ 580~sB
:  wh忆h ghes

:  挈 ≈⒈⒌⒑̄sg
圣      → yC·勾≈2·4-1+0.0158038

:      ◇
`c·

纷≈1·41猊
:   We repCat this procedure,using

∶          (:;昔 )0  2⊥二二2;;二L2二⊥
:  with

:     `0as the Ⅴaluc when豸 =⒈ 2

黟     `l as the Ⅴalue when苈 =⒈2+乃 =⒈ 3

莒   归 Ⅱ 1hC谰 ue讪 en艿 =” 屁=H

罂  Hencc,wc obt缸n

营   (軎)豸 =”≈巫k督铲型n
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sTEPˉ BΥ s̄TEP s0LuTI0N oF DIFFERENTlAL EQUATI0Ns

鼍 For J=⒈2and`=⒈ 4158,this臣 vCs

蘖   (卑)λ =” =⒈4003≈
鼋        → `α .3)≈ 2,8316-1.2+0,014003

吕         ◇ `α·3)≈ 1·6456

: Thcrcf。 rc,when豸 =13,`=16456,correct tO4dp

鑫   ExampIe12

耋         :;;=1+J cos`+sin`cOs`
叠 "ng a stCp lctlg仇

J0.O~s,血Ⅲ
`岫
en J=1,1,gl△ cn th狨

睾
=1

: and`=0whCn x=1。

:    sOLuTION

∶∶   ]:ecause wc arc givcn j,`and{∶|}∶}|at only one Ⅴaluc Of,f,we nccd to use a
髯  3r吼-Ordcr step-by-step appro>【 imatiOn to Ⅱnd a∞ cOnd vE辶luc for`。

:  wC knOW the Ⅴdue of`whcn J=1,so x=1bccOmcs thc o⒒ 虫nal vⅢ ue

: f° rx· WC cq碰re a step lcngth Of0,05,hence wc use

:         (卑 )0≈
芏⊥二≡
;肾

±」生±
。  with

:     、0as thc value when x=l
:     y1as thc value when x=1+屁 =⒈ 05

罴     `l aS thC valuc when x=1一 乃=⒍ 95

莒   鞴r∶∶:∶:J:I阝
atc first~ordcr step-by-stcp rnethod is thc dOublc-step

啻          (睾 )0  2⊥ |予扌
L⊥

:  Wh忆 h gives

薹   1≈
罗     → 0· 1≈

`α

·05)— l’t0,95)     I11

U⒍ng(卑
)0≈

芏凵
纩
上 ,诵伍 x=1and`=0,wc ob咖 n

(卑
)x=1≈
塑坠吃尸型些
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CHAPTER 13 NuMERIcAL METHODs

罴 whCn兀 =1and`=0,we havc

量          (::劳 )x=1  1-← 1cos0-← sin O c。s0=2
爨  Wh忆 h giⅤes

:                   2≈
y(1· 05)+`(0.95)

■                           0.0025

盔     → 0· OO5≈ ,ll1。Ⅱ)+`⑩ ,95)    l9l

:  Hcncc,adding I1]and r丬 ,wc obt缸n、(1.0匀 ≈0.0525。

罟  wC haⅤ C n。w two Ⅴalucs of丿 ,namely`(1)and`(1,0D,so we are able to
●   usc

量          (::劳 )0
∶ to丘nd`when x=1.1

饔  Thus9WC havc

:   (軎 )x=⑷5≈
型⊥舄#Ln

∶ when x=⒈ o5and y=⒍ 0525,we沮so havc

量   (孕)λ ="5=1+⒈ 05cos⒍0525+血⒍0525cos⒍0525
:             =2.100957

盂  wh忆 h gives

:      2.100957≈ y(1· 1)-2× ⒍0525+0
罗                              0· 052

:     → ×1.1)≈ o.0025× 2.100957+0.105
■

:     → ,lr1.1)≈ 0.H03
■   Therefore,、Ⅴhen J=1.1,`=0.1103,correct to4dp.

TayIor’s series

The other1nain rnethod for solving diffcrential equations numerical1y is tO use

Taylor’ s series(the deriⅤ ation of which is beyond thc scopc ofthis book)∶

ψ》丬⑿艹 洲 ⑺ +甲 吩
甲
张⑶⒈ ·

We use this series to flnd valucs ofJ[i(x),or、 ,near a given value of fl豸 )(see
Examp1c1⑷。Its most common application o in the speci狃 case whcn ε=0,
wh忆h givcs

V=⑽ +∥⑼+彗⑽+替幻¨
Notice that this is thc same as bⅠ ac1aurin’ s scries,、vⅡich、Ⅳe studied on pagcs

177-9。 In the numerical solution of dⅡ△erential equatiOns,when w。 rcfcr to a

scrics we al、 vays rnean Tay1or’ s scrics,though it is rare1y seen in its fl】 Ⅱ form。
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TAYL0R’ s sERIEs

砦  ExampIe13Expand ftx)up to termsin x4,whc∞

曩      竽←+x:专 +`=0

蓄   given that`=1and苦 +=0at x=0,Hcnce丘 nd`when x=0.01,giving
琶  your answcr to11dccimε 辶l placcs.

罡    sOLvTIoN

膏   E)ifferentiating:;芳 +J:专 +`=0,wC obtain

曩   軎+睾 +丌卑+睾 =0
蓍      ◇ 萼占+x萼←+2睾 =0
:  DiⅡ。renthting ag缸n,we obt加 n

蓄   軎+卑 +丌軎+2卑 =0
莒       → 竽艹+Ⅹ萼∶+3萼←=0
曩   :ut1《 0)==1 and f′ (0)==0(givCn),So、Ⅴe havc

ξ   Rom軎 +x祟 +`=⒍ ⑽-1

耋   Rom軎 +x卑 +2睾 =⒍ 卩⑼=0

:   ·Om軎 +x軎 +3軎 =⒍ w⑼ =3
毒  wh忆h ghe

:         flx)=1一彗+￡箐÷
:  Theref。re,substituting x=001,we obt缸 n

罩  即 ⑴ =卜 唧 ∞ +吉 ×⑽ OOO Ol

翥  That is,`=099995000125,correct tO11dp as thc next term is1012。

矗  Example14Expand y up to tcrmsin(x-1沪 ,whcre

熏      萼缶+`:专 =兀

量 
驷 en伍扯 y=0and睾 =1at x=1。 Hencc md`llllcn x=1o1,匪访ng

鑫  y。ur a“w∝ to sk dcomal places,
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CHAPTER 13 NUMERICAL METHODs

。    sOLVTION

ξ   AstheⅤ aluesof`and::÷ arc givCn飞Ⅳhcn艿 ==1,飞 ve must usc the fLl11
鳆  version。 f Taylor’ s scrics and obtain a sOlution for`in pOwers of x-1。

g   Exffcrcntiating::劳 +`苦蚩==圪 wC obtain

宫      ￡苗+睾×睾+`萼缶t1丁 0

薹     → 軎+(:劳)2勹軎-1=0
盂 But※ 1)=0and f(1)=1(givCn),sO WC haVe

曩   Rom卑 +y軎 =犭:双D=1

耋   Rom軎 +(軎)2勹卑1=⒍ 卩⑴=0
琶  whkh give

曩           Κ
豸)==(豸 -1)-← KIiI丿 D匚

踺  (NotC tllat⒍ ncc f″ (1)=0,tl⒑rc^no term血 o-1)3.)

爨  whcn艿 =1.01,wc obt缸 n

:     ※0.1)=⒍01+⒍00005
: ThCrCforc,`=0.010050,coⅡect to6dp as the next term^10司 .

Exercise13C

In Quesuons1t。 4,and the Taylor’ s series so1ution for y up to and including terms in豸 4∶

1睾 ='+x:,for whch`=1,l△ ·hen x=0。

2 
苦蚩
=·
2`-+xV2,for which`=2,、

vhcn艿 =0.

3 」E∠ +~艿
:蚩
+4y==0,for which:蚩 =1and y==0wh。 n豸 =0.

4 」三∠+、睾+2艿
2y=09for which{:钅 =0and y=1when豸 =0,

Hencc snd y corrcct to nine dcciInal places whcn艿 =0.01.
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EXERCIsE 13C

5 Chvcn that

卑=x3+2`3

and that y=0and:蚩 =1、Ⅴhcn x==0,eⅩ pand`as a pOwcr serics in(x-ˉ 1).HCnce Ⅱnd儿

corrcct to four dechna1placcs,、 Ⅴhen a)x二二11,and b)x=0,9.

6 Chven that`satisflcs the differential cquatiOn

鱼 ~dl,旦∠=0

and that`==0at x==0,and睾 ==2at x==0,usc thc Taylor scries1nethod tO Πnd a scries for

`in asccnding po、

Ⅴcrs of Ⅰ up to,and inc1uding,thc terIn in丌 3,   (EDEXCEL)

7 Obtain the Taylor polynOmial of dcgrcc two for thc functiOn sin x ncar丌 =卫。Estimatc thc
4

value of sin46° using the△ rst-dcgrcc approⅩ imatlOn。   (sQA/CsYs)

8Obtain thc TaylOr pOlynomial of dcgrec two,in thc【 orm fr0,5+乃 )=fO+cI力 +fi力
2for thc

岫⑾⑼=栽 ⒄̈ =h
Statc,、Ⅴith a rcasOn,whcther f(Jr)is SCnsitivc to smaⅡ Changcs in the Ⅴaluc of x in thc
noghbourhOod of x=0.5.  (sQA/CSYS)

9    竺ェ+x旦二+3、 =0

、Ⅴhcrc`=1at J==0and:蚩 =2at x==0。

Find J`as a scrics in asccnding pOwers Of,c,up to and including the terIn in,c3,   (EDEXCEL)

10Ghen that`s耐 sⅡcs the dffcrcnud叫ua⒒。ll苦专=o+″ ,and y=1狨 x=o,

a) Ⅱ11d expressions for舁 an(1軎·

b)IICnce,or othe「 评isc,丘nd`as a scrics in asccnding po、 Ⅴcrs of x up to and including thc te∏η
in氵‘3。

c) Use yOur scrics to esthnatc thc Ⅴaluc of y at J=-0,1,giving your ans、 Ⅴcr to one dcc⒒ nal
placc,  (EDEXCEL)

11 Obtain thc scrics so1ution in asccnding powcrs Of x,up to and including the ter1n in J3,of the

differential cquatiOn

軎+丿 :+-4`==0
givcn that`=3and{:÷ =2at J=0.   (EDEXCEL)
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CHAPTER 13 NuMERIcAL METH0Ds

12  :蚩 =`0丿 1),`=1狨 J=0

a) UsC the approⅩ hnation of卫⊥
i于

2⊥ ≈
 (:十 )0to Cst打

nate thc Ⅴaluc of`at x=二 0,1

b) USing a step length of0.1wⅡ h thc approxirnatiOn2互
:亏

2⊥≈
 (睾)1and your an"Ⅳ

cr from

part a,cst虹 nate thc va1uc ofy at x=0,2,

c) LTSing a step length of0,1again and by rcpcating the apphcation Of the approx虹nation uscd
in part b,cstimatc thc value of丿 at x二=03,  (EDEXCEL)

13 The function`(x)satiSflCs the differcntial cquation

:+=叉
x,`)

whcrc flx,y)=(x2+`2)吉 ,and`(0)=1.

a)UsC thC Euler fOrmula

yr+1=yr+力 fl△
',`r)

with乃 =0,1to obtain an apprOximation to y(0,1),

b) L1Se the improvcd Euler formula

y严 +1=′厂+力 flx、 ,`r)

togcthcr、Ⅴith your answer to part a tO Obtain an approx虹 natiOn tO`(0.2),giving your
answcr correct tO thrcc dcomal places.  (NEAB)

14 The1nOtion of onc point Of a turbine blade is givcn by

￡肾:=4、 -+3    鲁=5-4x
Initially,x=2,`=0.

a) Use a step-by-stcp1nethod with dr==0.o5to esthnate its pOsition one tcnth Of a second

later

b) Find a sccond-ordcr equation,in x and r only,、Ⅴhich gives thc displaccmcnt J at any thne r.

c) Write down a first-ordcr diffcrcntial equatiOn in丿 r andJ`only。 SolⅤ e this equation by an

exact mcthod,lea说ng your solution in the form义 力 =g(x).  (NEAB/SMP“ -19)

15 The function`(x)satis丘 es thc differential cquation

苦茔=※x,D

where flJ,`)=2+芏 and y(1)=1.
X

a)LTSC thC Euler fOΠ uula

yr+1=`r+屁 flx',`〃 )

with乃 =0,05tO Obt缸 n an appro妊 matc value for`(1.2),giving your answer cOrrcct tO three
dccimal placcs,
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